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Abstract

Nowadays, multidimensional data structures, known as tensors, are widely used in many
applications like earth observation from remote sensing image sequences. However, the
increasing spatial, spectral and temporal resolution of the acquired images, introduces con-
siderable challenges in terms of data storage and transfer, making critical the necessity of
an efficient compression system for high dimensional data. In this paper, we propose a
tensor-based compression algorithm that retains the structure of the data and achieves a
high compression ratio. Specifically, our method learns a dictionary of specially structured
tensors using the Alternating Direction Method of Multipliers, as well as a symbol encoding
dictionary. During run-time, a quantized and encoded sparse vector of coefficients is trans-
mitted, instead of the whole multidimensional signal. Experimental results on real satellite
image sequences demonstrate the efficacy of our method compared to a state-of-the-art
compression method.

Introduction

In the last decades, remotely sensed images have been widely used in various Earth
Observation related applications, including forest monitoring, disaster evaluation, and
land cover estimation among others. From an imaging system point of view however,
the increasing spatial, spectral and temporal resolutions of the acquired images lead
to new challenges due to the moderate increase in space-to-ground transmission band-
width. As aresult, there is an urgent need for efficient compression algorithms capable
of reducing the storage and transmission requirements to ground-based stations.

High dimensional observations like time series of images from different modalities
represent a class of observations that although are described by multiple dimensions,
they are typically characterized by a significantly smaller number of degrees of free-
dom. This is due to the fact that image time-series from different modalities usually
exhibit high redundancies across space, time and modality. As a consequence, data
compression can significantly reduce the size of multi-modal image time series without
significant loss in quality, exploiting the inherent structure of the data.

From a data structure point of view, image sequences collected from airborne
and spaceborne sensors, are naturally encoded by means of high dimensional data
structures, known as tensors [1, 2]. Tensors are multidimensional arrays that provide a
concrete way to represent multimedia data, with entries indexed by several variables.
For instance, a time series of images encoding information across multiple spectral



bands can be modeled as a 4D object with two spatial, one spectral and one temporal
variable.

In this paper, we propose an efficient compression algorithm that uses a novel
tensor dictionary learning method based on the CANDECOMP/PARAFAC (CP)
decomposition [3] of the tensor data. Specifically, the proposed method involves a
training process, in which a dictionary of specially structured tensors is estimated
using an Alternating Direction Method of Multipliers (ADMM) [4] approach. Fur-
thermore, a symbol encoding dictionary is also learned from training samples. Given
the learned models, a new instance is first presented by a set of sparse coefficients
corresponding to linear combination of the elements of the learned dictionary. To
further increase the compression rate, the derived coefficients are subsequently quan-
tized and encoded in order to be transmitted, significantly reducing the number of
bits required to represent the useful information of the data.

The key novelties of this work are: (i) We proposed an end-to-end compression
algorithm, that includes both quantization and encoding of high-dimensional data,
making it directly applicable in real-world applications; (ii) We present a novel tensor
dictionary learning method for the compression of high dimensional data, by learning
a tensor dictionary that is used to represent every new sample given a set of previous
samples; (iii) We report the performance of the proposed method on 3D remote
sensing observations.

Related Work

To efficiently compress high dimensional data, the correlations among all variables
must be simultaneously removed. Typical compression algorithms for multispectral
images apply wavelet transform [5,6] or Principal Components Analysis (PCA) [7]
for introducing spectral decorrelation, followed by JPEG2000 [8], which is among
the best-performing algorithms for 2D still image compression. Although valid, this
approach is not capable of naturally exploiting spatio-spectral correlations, while it
cannot handle the temporal aspect of time-series.

To address these challenges, a limited number of tensor-based approaches for the
compression of multidimensional data have been presented that are able to retain the
structure of the data. Specifically, a nonnegative CP decomposition algorithm has
been proposed in [9] for compression of hyperspectral image time series where the
input data is represented by a few arrays with reduced dimensions. A compression
algorithm based on the CP decomposition is introduced in [10], in which a data tensor
is represented by a small number of rank-1 tensors, while in [11] a method based on
the Tucker decomposition, where the original tensor is compressed into a core tensor
and a factor matrix with compressed dimensionality, is presented. However, the above
models require either the transmission of all rank-1 tensors with their coefficients, or
the core tensor and the factor matrices. These requirements are in stark contrast to
the proposed approach that only requires the transmission of the sparse coefficients.
The proposed method can be regarded as an improved version of the one described
in [12], where in this case a tensor dictionary learning algorithm is introduced for
learning the rank-1 tensors used in the representation of new samples.



Although multidimensional dictionary learning algorithms [13] have been success-
fully employed for dynamic tomographic reconstruction [14, 15], video completion [16]
and multispectral image denoising [16,17], they have not been considered for com-
pression. Specifically, an extension of the K-SVD [18] algorithm, called as K-CPD,
is proposed in [19], using CP decomposition with a tensor dictionary that consists of
rank-1 tensors and a Multilinear Orthogonal Matching Pursuit (MOMP) algorithm
for the calculation of the sparse representation of the tensor signal. Furthermore, sev-
eral dictionary learning algorithms have been developed based on the Tucker model
[20-23], in which a dictionary for each mode is learned and the sparseness constraint
is applied to the core tensor. A low-rank regularization term in order to learn a dictio-
nary as a sum of few Kronecker products of smaller subdictionaries is also introduced
in [24].

Tensor Preliminaries

An N-way or Nth-order tensor X € RI1*/2X-*IN jg defined as a multidimensional
array, whereby the order of a tensor is the number of its dimensions. A fundamental
property of tensors is the tensor rank, a generalization of matrix rank. Specifically,
considering that a rank-1 N-th order tensor is the outer product of N vectors with
elements the product of the corresponding vector elements, the rank of a tensor is
defined as the minimum number of rank-1 tensors needed to produce the original
tensor. Unfortunately, there is no straightforward algorithm to determine the rank of
a given tensor; in fact, the problem is NP-hard [25]. However, in most applications,
one is really interested in fitting a model that has the essential or meaningful number
of components, which is much less than the actual rank of the tensor that we observe,
due to noise and sensor imperfections [2].

The CANDECOMP /PARAFAC (CP) decomposition represents an Nth-order ten-
sor X as a linear combination of rank-1 tensors, i.e.,

R
X = Z)\ragl) oa®o...a™ = [\ AW AWM, (1)

r=1
where R is a positive integer, A = [a&”) agn) e a%)] are the factor matrices, A € R

and a” € RI" forr =1,..,Randn=1,..., N.

A common framework for tensor computations is to turn the tensor into a matrix,
which is called matricization or unfolding of the tensor [26] and allows the use of
algorithms designed on matrices. Specifically, the mode-n matricization of A" is de-
noted as unfold, (X) = X, € R *Iizn I and corresponds to a matrix with columns
being the vectors obtained by fixing all indices of X except the n-th index. How-
ever, the structure of the data is not preserved in this way and the high dimensional
relationships, e.g., across neighbouring pixels or time instances, are lost.

Proposed Compression Method

The proposed compression method is composed of two parts, the training and the
runtime phase. During training, available data is utilized for developing the appro-



priate tensor representation model which is subsequently utilized for compression of
new samples. !

Training process

Given a set of training samples, each of them being an N-th order tensor X7 &
R 2xxIN we can produce an (N+1)-th order training tensor X = (X1, X%, ..., x7) €
RIxI2xxINXT “where T is the number of training samples.

To compress a multidimensional sample, we learn a tensor dictionary D € Rt InxK
that consists of K rank-1 tensors D) ¢ Rl *In L =1 . K, by solving the follow-
ing optimization problem

minp,A %HX —D X N+1 AH%

: (2)
subject to ||A(t,:)|lo < A, VE=1,..,T

where the constraint ||A(¢,:)|lo promotes sparsity on the coefficients of each sample
by keeping a number of non-zero elements that depends on the sparsity parameter A
and zeros out others. To solve this problem, we introduce a novel tensor dictionary
learning algorithm that is described below, using the Alternating Direction Method
of Multipliers (ADMM).

Despite the tensor dictionary, we also obtain a symbol encoding dictionary in
order to represent the compressed data in a binary format for transmission or storage.
Specifically, the coding dictionary maps a binary number to a discrete set of symbols
S, using fewer bits for the most common symbols. To populate the symbols of this
dictionary, we split the range of values of the sparse coefficients A obtained from the
proposed tensor dictionary learning method, into 2° — 1 equal partitions, where b is
a given number of bits. Then, the set of symbols S is defined to be the boundaries of
those partitions.

Compression and Decompression

In the subsequent compression process, each new sample X € R XIN can be
written as a linear combination of the atoms of the dictionary with sparse coefficients

X' =D xy.a, (3)

where a € R with |jal]jp < A, by solving the problem in (2) using the learned dic-
tionary. To achieve this, we apply the ADMM method described below, skipping the
dictionary update. Subsequently, we quantize the obtained sparse vector of coeffi-
cients a = (ay, .., ax) to b bits. Specifically, we use a uniform quantizer @ : R — 5,
assuming that the set of symbols S = {q1, qo, ..., go» } are the quantization levels and
Cs = qﬁ%, s =1,...,2° — 1 are the quantization boundaries. Then, we encode the
quantized vector of coefficients a, = [Q(ay), Q(a2), .., Q(ak)] in order to be trans-

mitted, using Huffman coding and the learned encoding dictionary. Therefore, we

!The code of the proposed compression method is available at https://github.com/spl-
icsforth /TensorDictionaryLearningWithRepresentationQuantization.



transmit only K numbers with a few non-zero elements, instead of the whole tensor
sample X, achieving a high compression ratio.

In order to decompress the received data a,, we only need to synthesize the dic-
tionary D obtained from the training process, with the decoded and quantized sparse
coefficients a,. Therefore, the reconstructed sample X’ " will be

X' ~ D Xn41 A, (4)

which is an efficient approximation of the test sample X, as will be demonstrated in
the experimental results Section.

Proposed Tensor Dictionary Learning Method

Given the training samples in the tensor X € RI1x2xxXINXT "we peed to learn the
tensor dictionary D € RIAx2x-xINxK and the sparse coefficients A € RT*K by
solving the minimization problem in (2), or equivalently the problem

win 1 — D xN+1A||F+AZ||A o (5)

To simplify the solution, we introduce the auxiliary variable G € R?*X such that
G = A, in order to impose the sparsity constraint on it. Therefore, we can reformulate
the minimization problem in (5) as

minp a g 3| — D ><N+1AHF+)\ZHG )llo (©)
t=1
subject to G = A

and we can apply the Alternating Direction Method of Multipliers (ADMM) to solve
it.
In more detail, the augmented Lagrangian function for the problem (6) is given

by

L(A,G,D,Y) = ,”X DxN+1A||F+AZ||G Yo+ <Y, G- A>+,||G Al

t=1
(7)

where Y € RT*K stands for the Lagrange multiplier matrix, while p > 0 denotes the
step size parameter. Following the general algorithmic strategy of the ADMM scheme,
we seek for the stationary point solving iteratively for each one of the variables while
keeping the others fixed. As a result, we create the following sequence of update rules
at each iteration [, until a maximum number of iterations is reached or the decrease

in the objective function between consecutive iterations is smaller than a predefined
threshold.



e For minimizing the augmented Lagrangian function with respect to the sparse
coding matrix A, we solve the individual sparse coding problem

A" = argmin, L. (8)
Setting, VAL = 0, the coefficients are updated as
A = (Xni1) Dy +Y +p-G) - (Divyry - Diyiyy +2-D7Y (9)
where I is the identity matrix with dimensions K x K.
e Similarly, we set VgL = 0 to update G as

x, x| >A

0, otherwise (10)

Y
G = H,(A — —), where H,(x)= {
p

is the hard-thresholding operator that keeps a number of non-zero elements
depending on the parameter A > 0 and zeros out others.

e For fixed sparse coefficients A and G, the tensor dictionary D can be obtained
by solving the individual problem

D* = argminy L. (11)
Setting, VpL = 0, we update
DO =pU=Y L ¥ xy, A7 (12)

at iteration ! and we normalize the dictionary D in order to have values in
the interval [0, 1].

e Finally, the Lagrangian multiplier matrix is updated as
YO =YD 4 p. (G- A) (13)
at each iteration [. In our setup, we set p = 0.6.

Note that in our method, we are able to directly solve (5) rather than solving it
with respect to each N-th order tensor sample X7. Thus, our sparse coding process
runs much faster than the other related solutions.

Experimental Results

The efficacy of the proposed compression algorithm is evaluated over time series of
satellite derived observations and more specifically time series of normalized difference
vegetation index (NDVI) [27]. Unlike other types of image time series, this class of
measurements is not characterized by typical "motion” but rather by slowly evolving
phenomena. In our experiments, we used times series of size 200 x 200 x 7, where
the last dimension indicates the number of days, using 50 samples for the training
process. The recovery performance is measured in terms of the Normalized Mean



Square Error (NMSE) which is defined as NMSE = Hy”;);)”}z”%, where ) and )" are the

original and the reconstructed signal, respectively.

An important parameter of the proposed method is the number of atoms of the
dictionary learned in the training process. Figure 1 reports on the reconstruction
quality for several time series and different number of atoms of the dictionary, using
80% sparsity level and 8 bits of quantization. The most robust behavior is observed
for a middle value of the number of atoms. However, the improvement is negligible,
as the coefficients are sparse enough in each case.
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Figure 1: Reconstruction quality for each test sample and different number of atoms of the
dictionary, using 80% sparsity level and 8 bits of quantization.

Another parameter that was examined is the effect of the sparsity on the vector
of coefficients that are transmitted during run-time. Figure 2 presents the NMSE for
different sparsity levels, using a dictionary with 500 atoms and 8 bits of quantization.
Notably, the reconstruction is more efficiently for high sparsity level. In addition,
higher sparsity of the coefficients leads to lower bits needed for transmission.
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Figure 2: Reconstruction quality for each test sample and different sparsity levels, using a
dictionary with 500 atoms and 8 bits of quantization.



Our study also emphasizes on the impact of the number of bits used for the
quantization of the coefficient vector, when a dictionary of 500 atoms is learned using
80% sparsity level. The results are reported in Table 1 for several testing samples and
number of quantization bits, indicating that more bits lead to better performance for
our method. However, the reconstruction quality is decreasing over time.

Table 1: Reconstruction error for different samples as a function of quantization bit number.

Number of NMSE
Bits 1st Sample | 10th Sample | 25th Sample | 35th Sample
4 0.2915 0.3226 0.3510 0.3936
6 0.1816 0.1941 0.2134 0.2510
8 0.1748 0.1860 0.2044 0.2425
04 —
Our Method
0351 JPEG2000
03+
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Z
0.15f 1
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Figure 3: Reconstruction quality for several test samples, using 0.06 bpppb with our com-
pression method and JPEG2000.

Table 2: Reconstruction quality for different number of bpppb.

bpppb
NMSE 0.20 0.16 0.08 0.03
Our Method | 0.1754 | 0.1751 | 0.1748 | 0.1777
JPEG2000 | 0.1838 [ 0.1929 | 0.2169 | 0.2493

Finally, we compared our algorithm with the state-of-the-art compression algo-
rithm, namely JPEG2000, applied without any decorrelation in the third dimension.
Specifically, Figure 3 presents the NMSE for several time series, using a dictionary
with 800 atoms, 10% sparsity level and 0.06 bits per pixel per band (bpppb), where a
band is a time instant in our case. The results indicate that our method can provide
a better approximation of the original data compared to JPEG2000 using such a high



compression ratio. This can also be observed from the results presented in Table
2, where the efficacy of both methods is examined on different compression rates.
As it was expected, the more the bpppb, the better the performance of JPEG2000.
However, our method can equally efficient reconstruct the signal, even for a higher
compression ratio, using the appropriate parameters.

Conclusions

In this work, we presented a novel tensor dictionary learning method that can be
used to efficiently compress high dimensional data. Our approach can be extended
to arbitrary high dimensions, retaining the structure of the data. It is also directly
applicable in real-world applications since it includes quantization and encoding of the
compressed data. Experimental results on real satellite image time series indicate the
efficient approximation of the compressed images, even for high compression ratios.
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