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ABSTRACT

Strong gravitational lensing can be used as a tool for constraining the substructure in the mass distribution of galaxies. In this
study we investigate the power spectrum of dark matter perturbations in a population of 23 Hubble Space Telescope images of
strong galaxy—galaxy lenses selected from The Sloan Lens ACS (SLACS) survey. We model the dark matter substructure as a
Gaussian random field perturbation on a smooth lens mass potential, characterized by power-law statistics. We expand upon the
previously developed machine learning framework to predict the power-law statistics by using a convolutional neural network
(CNN) that accounts for both epistemic and aleatoric uncertainties. For the training sets, we use the smooth lens mass potentials
and reconstructed source galaxies that have been previously modelled through traditional fits of analytical and shapelet profiles
as a starting point. We train three CNNs with different training set: the first using standard data augmentation on the best-fitting
reconstructed sources, the second using different reconstructed sources spaced throughout the posterior distribution, and the
third using a combination of the two data sets. We apply the trained CNNs to the SLACS data and find agreement in their
predictions. Our results suggest a significant substructure perturbation favouring a high frequency power spectrum across our

lens population.
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1 INTRODUCTION

Dark matter is a currently unknown component of the Universe that
does not interact electromagnetically with baryonic matter but is still
influenced by gravitational fields. The theory of Cold Dark Matter
(CDM) and dark energy have successfully explained the large-scale
structure and expansion of the Universe in both observed (Komatsu
et al. 2011; Aghanim et al. 2020) and simulated (Schaye et al. 2014;
Vogelsberger et al. 2014) data. On the small cosmological scale of
< 1 Mpc, however, different dark matter models diverge (Bullock &
Boylan-Kolchin 2017) challenging the CDM paradigm.

Strong gravitational lensing occurs when light from a distant
source galaxy is deflected by a closer galaxy along the observer’s line
of sight forming arcs, rings, and multiple images (an overview on the
theory and goals of strong gravitational lensing physics can be found
in Shajib et al. 2022). Dark matter can be studied by analysing its
effect on the shape and smoothness of the gravitational lens potential
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of the lensing galaxy (Koopmans 2005; Vegetti & Koopmans 2009).
It has been found that massive elliptical galaxies are very close to
being isothermal (Gavazzi et al. 2007; Treu et al. 2010; Suyu et al.
2014; Oldham & Auger 2018), but the presence of compact dark
substructures of the order of 108Mg, has been detected (e.g. Vegetti
et al. 2010; Hezaveh et al. 2016a; Li et al. 2016).

Currently several hundred strong galaxy—galaxy lensed systems
have been observed, with the most complete survey being the Sloan
Lens ACS (SLACS) Survey (Auger et al. 2009) that includes 85
lenses. This number is bound to greatly increase in the near future
with the European Space Agency’s Euclid telescope (Laureijs et al.
2011) that launched in 2023 July and the Vera C. Rubin Observatory
(Ivezi¢ et al. 2019) expected to be operational in 2024. Together
they are projected to observe billions of galaxies including tens of
thousands of strongly lensed systems (Collett 2015).

Traditional lens modelling relies on using parametric models,
where the lens and source parameters are optimized via Markov
Chain Monte Carlo (MCMC) sampling (Jullo et al. 2007). Various
techniques have emerged such as reconstructing the source on a
grid of pixels (Warren & Dye 2003; Vegetti & Koopmans 2009;
Galan et al. 2021; Nightingale et al. 2021; Vernardos & Koopmans
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2022) or with a basis set of shapelets (Refregier 2003; Birrer, Amara
& Refregier 2015; Tagore & Jackson 2016). These techniques are
computationally demanding, as they require sampling across a large
non-linear parameter space for each lens. Modelling one lens can take
weeks or months of computational time and often requires additional
expert intervention (Schuldt et al. 2021). Hence applying MCMC to
the tens of thousands of lenses anticipated in upcoming surveys
would prove challenging. With such a large number of strongly
lensed systems expected in the near future, there is a need for fast
and automated methods to analyse them all.

Machine learning (ML) methods excel at efficiently analysing
large quantities of data and have been successfully applied to a
number of problems in strong gravitational lensing. Convolutional
neural networks (CNNs) are particularly well suited for image
data and are now the standard method for strong gravitational lens
detection (Jacobs et al. 2017; Petrillo et al. 2017; Schaefer et al.
2018; Metcalf et al. 2019; Rojas et al. 2022; Savary et al. 2022;
Wilde et al. 2022). A fully trained neural network could model lenses
in a fraction of a second per system, enabling easy application to
tens of thousands of lenses. Hezaveh, Levasseur & Marshall (2017)
first demonstrated how a CNN could be used to estimate the strong
lens mass model parameters and introduced a method for obtaining
uncertainties on those predictions in Perreault Levasseur, Hezaveh &
Wechsler (2017). Since then there have been several other examples
of lens modelling using CNNs (Pearson, Li & Dye 2019; Pearson
et al. 2021; Schuldt et al. 2021; Wagner-Carena et al. 2021). CNNs
have also been applied to strong lensing problems involving dark
matter subhaloes (Alexander et al. 2020; Diaz Rivero & Dvorkin
2020; Varma, Fairbairn & Figueroa 2020; Alexander et al. 2021;
Ostdiek, Rivero & Dvorkin 2021; Montel et al. 2022; Adam et al.
2023; Wagner-Carena et al. 2023). The method proposed by Biggio
etal. (2022) for example, is a new approach that combines traditional
sampling and parametric techniques with ML, a fully-connected
network in this case, that is used to model the unknown prior on
the source or small-scale lens potential.

A common assumption in dark matter studies with lensing is
treating its effect as a perturbation on a smooth lens potential.
Although massive, isolated subhaloes can be modelled individually
and have a localized effect, the much more common smaller mass
subhaloes permeate the field of view and have a collective effect
on the lensed features of the source. This has led many authors
to treat such perturbations as a Gaussian random field (GRF;
Chatterjee & Koopmans 2017; Biggio et al. 2022; Galan et al. 2022;
Vernardos & Koopmans 2022; Bayer et al. 2023a, b). Alternatively
one could use a parametric approach where dark matter substructure
is modelled as an ensemble of individual subhaloes with Navarro—
Frenk—White (NFW; Navarro, Frenk & White 1997) profiles (e.g.
Montel et al. 2022; Wagner-Carena et al. 2023). In this work we
adopt the statistical approach of treating the lens perturbation as a
GRF parametrized by its power-law statistics.

Chatterjee & Koopmans (2017) first proposed a method for mea-
suring the GRF power law in simulated data by analysing the surface
brightness anomalies in the lens, which are the residuals between the
smooth lens model reconstruction and the data. They then predict
the GRF power-law parameters through an MCMC analysis of the
power spectrum. Bayer et al. (2023a) further developed the method
of measuring the power spectrum of surface brightness anomalies
and applied it to a sample of ten SLACS lenses, carefully modelling
the noise properties of each lens to predict the power spectrum. As
a pilot application, Bayer et al. (2023b) were able to obtain upper
bound constraints on the GRF power spectrum for the single SLACS
lens SDSS J0252+0039, selected due to its simple geometry and
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high signal-to-noise ratio. Recently, Biggio et al. (2022), Galan et al.
(2022), and Vernardos & Koopmans (2022) also showed how a GRF
perturbation to the lens potential could be recovered in mock data
using three different techniques, but they have not yet been applied
to real observations.

A common ML method of obtaining uncertainties on parameter
predictions is formulated in Kendall & Gal (2017) and applied to
strong lensing modelling in Perreault Levasseur et al. (2017) that
gives an approximate Bayesian framework for strong lens modelling
with uncertainties using variational inference. The method involves
minimizing a negative Gaussian log-likelihood loss function to
produce the mean and variance for each prediction and uses Monte
Carlo dropout as a method to incorporate the uncertainty in the
model weights. A different approach was employed by Vernardos,
Tsagkatakis & Pantazis (2020), who introduced a novel uncertainty-
aware neural network framework to quantify the uncertainty in
dark matter power spectrum parameter predictions. Their method
involves training a CNN to produce discrete probability vectors
in the parameter space that can also quantify the uncertainty in
the predictions. The CNN is trained by using uniform probability
distributions as target distributions (the training labels) instead of
using the true values directly. The CNN never knows the ground truth
values, since they can be anywhere within the target distribution. The
main advantage of this ML framework is that there can be arbitrary
uncertainty in the input labels and the output is a non-parametric
probability distribution.

In this work, we expand upon the uncertainty framework intro-
duced in Vernardos et al. (2020) and apply it to a sample of 23
observed strong galaxy—galaxy lenses selected from the SLACS
Survey (Auger et al. 2009). Vernardos et al. (2020) used only three
distinct source galaxies to generate a mock data set to train their
CNN, and it was found that the results were not generalizable to
other sources. Shajib et al. (2021) conducted traditional MCMC lens
modelling on the same SLACS sample and provided reconstructed
source brightness profiles. By using these reconstructed sources to
build our training set, we ensure that our CNN is trained with mock
lenses closely resembling the real data. We create three mock data sets
to train separate CNNss: the first applies standard data augmentation
techniques to the best-fitting sources, the second employs different
sources from various stages of the MCMC chain, and the third
combines the previous two data sets. We then apply the pre-trained
CNN:s to the SLACS lenses and average the resulting predictions to
better generalize our ultimate prediction to the SLACS data.

We first present our selected sample of SLACS lenses in Section 2.
We then describe the process of generating simulated strongly lensed
images in Section 3, followed by the training of an uncertainty-aware
CNN to predict the substructure mass power spectrum parameters in
Section 4. We apply the trained CNNs to our SLACS lens sample and
compare the results in Section 5. We offer our concluding remarks
and discussion in Section 6.

2 SLACS LENS SAMPLE

Our lens sample consists of 23 Hubble Space Telescope (HST) images
obtained by the Sloan Lens ACS Survey (Auger et al. 2009), the same
sample used by Shajib et al. (2021). Their original sample consisted
of 50 out of the 85 SLACS lenses selected on the basis of having
simpler source shapes, not having nearby satellite galaxies along the
line of sight, and not being disc-like (see section 2 of their paper for
more details). They were able to successfully model 23 out of the 50
selected lenses.
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Figure 1. Our lens sample of 23 HST images of SLACS lenses (Auger et al. 2009) taken in the visible bands F555W or 5606W. Each image is scaled by its
maximum brightness to better distinguish the arcs and rings of the lensed source from the lens light. All panels have the same dimensions, i.e. 5.5 arcsec on a

side with a resolution of 0.05 and 1 arcsec shown in the top leftmost panel.

The selected lenses were observed by either the Advanced Camera
for Surveys (ACS) or the Wide Field and Planetary Camera 2
(WFPC2). The WFPC2 images were reduced by the original SLACS
analysis (Auger et al. 2009), and Shajib et al. (2021) reduced the
ACS images using the AstroDrizzle! software package (Avila
et al. 2014). Each image has a width of 5.5 arcsec with a resolution
of 0.05 arcsec per pixel. Fig. 1 shows the 23 lensed images used in
this work.

3 LENS SIMULATION

In the absence of a large set of real observations, as is the case in
strong lensing, a synthetic training set should be designed to be broad
enough to include a large range of possible lenses but also include
images that are very close to the observations. Vernardos et al. (2020)
showed that the most important factor in this is the source brightness
profile. We address this by using the reconstructed sources obtained
by Shajib et al. (2021) to create training sets that are representative of
our SLACS lens sample. In this section, we present how we generate
our training sets using these sources, as well as our assumptions on
the lens mass, lens light, and instrumental effects.

3.1 Smooth lens potential

Our method can be used for any smooth lens model, but here we
select a singular isothermal ellipsoid (SIE; Kassiola & Kovner 1993;
Kormann, Schneider & Bartelmann 1994; Keeton & Kochanek 1998)
as it has been shown that massive elliptical galaxies, like those in
the SLACS sample, are close to isothermal (Gavazzi et al. 2007;
Treu et al. 2010; Suyu et al. 2014; Oldham & Auger 2018). The SIE
convergence is defined by:

b
Kx,y) = ——s, M
g 2/q*xr? + yr?

where b is the Einstein radius of the lens related to the strength of the
lens potential and ¢ is the minor to major axis ratio. The coordinates
(x7, y7) include a rotation by a position angle 6, and transverse shift

Thttps://github.com/spacetelescope/drizzlepac
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Table 1. Lens mass, lens light, and noise parameters and ranges for
generating the mock data set. Each parameter is drawn uniformly within
the given range. The lens light is modelled as an elliptical Sérsic profile with
mean location, orientation, and axis ratio correlated to the lens mass model
parameters {xo, Yo, ¢, 6pa} but deviated by a Gaussian random variable with
a standard deviation of 2.5 per cent the maximum range (see Section 3.4).
The effective radius refr of the Sérsic profile is proportional to the chosen
Einstein radius b. The pixelated sources are described in Section 3.3. We also
randomly select a point spread function to convolve with our simulated image
from the 23 available (see Section 3.5).

Name Description Min. Max.
Lens model parameters
b Einstein radius

0.8arcsec 1.8 arcsec
q axis ratio 0.5 1.0
Opa position angle 0.0° 180°
X0 lens centre

—0.larcsec 0.1 arcsec
Yo lens centre

—0.larcsec 0.1 arcsec
y shear magnitude 0.0 0.12
¢ shear direction 0.0° 180°
10g10(0,32¢,) GREF strength -5.0 -2.0
B GRF power-law 3.0 8.0
Additional lens light parameters
n Sérsic index 3.0 8.0
Feff half-light radius 0.5 2.6b
logo(R) lens light ratio —0.1 2.0
Noise parameters
Leor noise correlation

0.0arcsec  0.05 arcsec

log,o(Onoise) noise level —3.25 —2.25

by (xo, yo). We also include an external shear that is parametrized by
its magnitude y and direction ¢. Our smooth lens model is the sum
of the SIE and external shear deflection potentials and has seven free
parameters. The best-fitting values for these parameters have been
measured in Shajib et al. (2021, table 1). The parameter space in our
simulation is chosen to encompass the full range of all the selected
SLACS lenses and is given in Table 1.
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Figure 2. Realizations of a GRF with the same random noise realization but different power spectrum slopes B and fixed variance of the fluctuations 0521[, =1.
All panels have the same dimensions, i.e. 5.5 arcsec on a side with a resolution of 0.05 arcsec and 1 arcsec shown in the bottom leftmost panel.

3.2 GREF perturbations

We model the substructure perturbation on the lens potential as a
GREF, denoted by . The GRF is a stochastic field with characteristic
power spectrum parametrized by a power law:

P(k) = Ak", (@)

where A is the amplitude that scales with the variance of the zero
mean 8§y, B is the power-law coefficient, and k is the wavenumber
of the Fourier harmonic. The amplitude A is related to the variance
of the GRF by:

Lzaazw
Ekx Zk,, k=’

where L is the length of each side of the image, (75211, is the variance

Alosy, B, L) = 3)

of the fluctuation, and k = 4 /k2 + k2 is the magnitude of the Fourier

wavenumber. We follow the convention of Bayer et al. (2023b) and
predict the log-variance of the GRF loglo(afw) as a proxy for the
amplitude of the power-law A, since it is independent of the scale of
the image L and the power-law slope 8. Equation (3) can later be
used to transform our predicted loglo(afw) back to A.

Fig. 2 shows instances of a GRF for different values of S. It
can be seen that the power-law slope § determines the smoothness
or graininess of the GRF perturbation. The residuals between a
perturbed and unperturbed lens potential increases with larger o5y
and with smaller 8. In Vernardos et al. (2020, fig. 5), they show how
the residuals between a perturbed and unperturbed mock lens vary
as a function of A and . When 8 = 0, the GRF becomes normal
Gaussian white noise where each pixel is uncorrelated.

We use the range of B8 € [3, 8] consistent with Bayer et al. (2023b)
and Vernardos et al. (2020). This is motivated by the observation that
the GRF does not change significantly when g > 8, as shown in
Fig. 2. At 8 < 3 the GRF appears more granular than expected for
dark matter subhaloes, resembling random, slightly correlated noise.
We take the range of logw(oézw) € [—5, —2] based on the results
of Bayer et al. (2023b, fig. 9) where they showed the exclusionary
probability for lens SDSS J0252+0039 within that range. This is
also approximately the same scale as Vernardos et al. (2020) where
they considered log,,(A) € [—5, =2].

We calculate the GRF on a grid of pixels with the same size and
resolution as the SLACS observations, and the gradient is calculated

numerically to produce the deflection angles. Our total lens model is
the sum of the smooth lens model and the GRF perturbation:

W(x# }’) = wsmomh(x’ ylb’ q, epa’ X0, Y0, V> ¢) + Bllf(x’ ylot;l//s ﬂ)ﬁ
(C))

with seven free parameters from the smooth lens potential and two
from the GRFE. A new realization of the stochastic GRF, §v, is
generated for each mock lens. An example of a smooth and perturbed
lens potential is shown in Vernardos et al. (2020, fig. 2).

3.3 Source brightness profile

We use the reconstructed sources of our sample of 23 SLACS
lenses from Shajib et al. (2021) as source brightness profiles for
our mock lenses. Details about their lens modelling technique
can be found in section 3 of their paper, and the nominal source
brightness profiles are shown in their figs 2, 3, and 4. We focus
on how they obtained their best-fitting sources as well as the full
posterior distribution of the source parameters. The source galaxy
brightness profiles are modelled using a basis of shapelets (Refregier
2003) superimposed on an elliptical Sérsic profile (the elliptical
Sérsic profile is described in Section 3.4). Shapelets are a complete
set of orthogonal basis functions, and a brightness profile can be
fit with a finite subset of the basis functions by optimizing the
shapelet coefficients. This parametrization reduces the number of
free source parameters by at least an order of magnitude (from
thousands to less than a hundred) compared to using a pixelated grid
(Birrer et al. 2015; Tagore & Jackson 2016). Shapelet based source
reconstructions have previously been used to model quadruply lensed
quasars (Shajib et al. 2019) and time-delay lenses (Birrer et al. 2019;
Shajib et al. 2020). Shajib et al. (2021) used MCMC sampling to
obtain the posterior distributions of their model parameters, i.e. the
lens mass parameters and the Sérsic and shapelet coefficients of the
source.

We create two training sets with different methods of producing
sources and a third training set that combines mocks from both
methods. The first training set (data set 1) uses sources produced by
common data augmentation operations applied to the 23 best-fitting
sources from Shajib et al. (2021). The data augmentation scheme
used to generate sources for data set 1 includes the following steps:

MNRAS 532, 2248-2269 (2024)
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Figure 3. Example data augmentation of the best-fitting source for lens J1621+3931 used to create data set 1. The leftmost panel is the nominal reconstructed
source from Shajib et al. (2021). The subsequent panels are continued augmentations of the nominal profile. To generate a training set, the nominal source is
augmented at least once and up to five times. Each augmentation further degrades the image from the nominal source while maintaining its general shape and
size. All panels have the same dimensions, i.e. 2 arcsec on a side with a resolution of 0.05 arcsec and 0.5 arcsec shown in the leftmost panel.
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Figure 4. The left five panels show different sources from the MCMC chain produced by Shajib et al. (2021) for lens J1621+4-3931 and used to create data set 2.
The percentage through the MCMC chain is given in the top right of each panel where O per cent is the first source produced in the chain and 100 per cent is the
last. The first source (leftmost panel) has not converged yet and significantly deviates from the later reconstructions, but the reconstruction quickly converges,
as seen in the other panels. The rightmost panel shows the residuals between the 100 and 75 per cent sources from the MCMC chain. The two sources visually
appearing similar, but there are residuals of the order of 10 per cent between them. All panels have the same dimensions, i.e. 2 arcsec on a side with a resolution

of 0.05 arcsec and 0.5 arcsec shown in the leftmost panel.

(i) Select one of the 23 reconstructed source brightness profiles,
which have been normalized by their maximum brightness.

(i1)) Randomly select the number of times to augment the source
between 1 and 5 times, all with equal probability.

(iii) Multiply the source profile by a grid of correlated
noise centred at one, with a standard deviation selected from
the interval [0, 0.1], and a correlation chosen from the range
[0.05 arcsec, 0.2 arcsec].

(iv) Randomly flip, rotate the image by up to 360°, shear by up to
1° clockwise or counterclockwise, and scale the image up or down
by up to 2.5 per cent.

(v) Repeat steps 3 and 4 by the number of times selected in step
2.

The correlated noise used for data augmentation is generating
by convolving Gaussian white noise with a Gaussian kernel with
standard deviation representing the length scale of the correlation,
described in more detail in Section 3.5. An example of the data
augmentation procedure is given in Fig. 3 for lens J1621+4-3931. After
one augmentation the image remains very similar to the original best-
fitting source (besides the rotation), however, with each subsequent
augmentation it diverges further away.

The second training set (data set 2) is created by including
reconstructed sources from further down the MCMC chain. This way,
while the algorithm is searching the parameter space for the best-
fitting solution, but has not fully converged yet, the corresponding
sources will appear ‘perturbed’ but this time through a physical
model (i.e. through the lens parameters of the mass model and the
Sérsic and shaplet coefficients of the source model). We randomly
select sources uniformly across the entire MCMC chain for each
mock lens. We further diversify the training set by randomly flipping
and rotating the images up to 360° for each source in the same
way as the first data set but without changing the shape of the source.
Fig. 4 shows examples of different sources obtained from the MCMC
chain.

MNRAS 532, 2248-2269 (2024)

Our first method has the benefit of teaching the CNN to be invariant
under small changes in the source morphology. In particular, the
repeated multiplication of the nominal sources by correlated noise
can change the power spectrum of the source images. We want to
ensure the CNN is invariant to changes in the power spectrum of
the sources to avoid confusing them with the power spectrum of the
lensing perturbation. The downside is that we also include sources
in our training set that can be far from the best fitting. Our second
method benefits from taking sources directly from the MCMC chain,
which should be perturbed in a physically justifiable way and thus
be more representative of the SLACS data. One potential caveat is
that using only sources from the MCMC chain may systematically
bias the training set, since the MCMC will not converge exactly to
the true source brightness profile of the galaxy. We also create a third
training set (the combined data set) by randomly selecting half of the
prior two training sets. We later show in Section 5 that the resulting
predictions on the SLACS lenses are consistent across CNNS trained
with each data set, so the two methods perform similarly.

3.4 Lens galaxy light

In Bayer et al. (2023a, b) the lens light was subtracted before
estimating substructure properties, while Vernardos et al. (2020)
used different masks assuming perfect lens light subtraction. We
choose to explicitly include the lens light to avoid complications due
to imperfect lens light subtraction. We model the lens light as an
elliptical Sérsic profile (Sersic 1968) given by:

1/n
Vaq?xr? +y/2> |

Teff

I(x, Y) = Ie exXp _bn ( (5)

where the parameters {g, Oy, X0, yo} are defined in the same way
as the SIE potential, 7. is the effective (or half-light) radius, I.
is the amplitude, and n is the Sérsic index. The parameter b, is
fixed such that the luminosity contained in 7 is half the total. In real
lensed systems, the lens light does not necessarily exactly coincide in

920z Aepy G| uo Jasn 81819 10 Ausianiun Aq 61200/ 2/8v22/2/2ES/o10ne/seiul/woo dnooiwepese//:sdiy woll papeojumod



Measuring substructure power spectrum with CNNs 2253
s ) = 0.0017 8] el = 0.01” % 4hiw[l o, =0.05"] [Leor=0.1"] # 3
:-' i 3 i s i 3 kA e -'---r F " & - 2
i e T 3 WL, - .
- - ‘
i o ?: 5 » LR ; & . ¥ * 1 o
; M o £ - k]
\ R I R
’ i .-":__-u i i e , e : - "1 .‘- n® -1
- L e = i Syl " J -, ® - —
v L ; ' 2 a-. - h* 2
£ -t LSy s . -
5 3 _\.- ; z s £ e T s » 2 L ‘ - 3

Figure 5. Correlated noise for four different correlations L, each with a noise strength of oy0ise = 1. All panels have the same dimensions, i.e. 5.5 arcsec on

a side with a resolution of 0.05 arcsec and 1 arcsec shown in the leftmost panel.

location, shape, and orientation with the mass. We integrate this effect
into our simulation by slightly deviating the lens light parameters
from the lens mass parameters. This is achieved by drawing the lens
light parameters randomly from a normal distribution centred at the
lens mass parameters with a standard deviation equal to 2.5 per cent
of the maximum range (0.0125 for g, 2.25° for 6),, and 0.005 arcsec
for xg, o).

Although the lens light of elliptical galaxies is typically close to
a de Vaucouleurs’ profile (de Vaucouleurs 1948) with n = 4, we
include a wide range of the Sérsic index, n € [3.0, 8.0], to ensure
that our choice will not bias the training set. The effective radius
is correlated to the Einstein radius of the SIE deflection potential.
In Vernardos (2018), they found that the effective radius scales
approximately linearly with the Einstein radius with a best fitting
of b = 0.576 - re but with large deviations from the best-fitting line.
We set the range of the effective radius to reg € [0.5, 2.6] - b in order
to encapsulate the deviations from the linear best fitting. The lens
light is added after the source galaxy is lensed in order to set the
value of I, in such a way to closely mimic the contrast between
the lensed source and lens light in the SLACS data. A log-ratio
of log,,(R) € [-0.1, 2.0] between the maximum of the lens light
and the lensed source is selected. The maximum ratio of R = 100
is justified by Fig. 1, since the lensed source can always be seen
at levels greater than 1072, The minimum value is slightly less than
R = 1 since the lens light should typically be brighter than the lensed
source.

3.5 Point spread function and noise

After lensing the source and adding the lens light, we must convolve
the image with a point spread function (PSF) and add noise to mimic
the instrumental effects present in the observed data. Some of the
SLACS data were taken in the F555W filter of the ACS instrument
and some in F606W filter of the WFPC2. The PSFs for each of
our 23 lenses were obtained by Shajib et al. (2021) using the Tiny
Tim software? (Krist, Hook & Stoehr 2011). For each mock lens, we
randomly select a PSF from the 23 available and convolve it with the
lensed image. We randomly select the PSF instead of matching the
PSF to each source to diversify the training set and force the network
to distinguish between the instrumental effects and the lensed source.

The SLACS data were reduced through the drizzling procedure
(Fruchter & Hook 2002), which is known to induce correlations
between neighbouring pixels (Casertano et al. 2000). These correla-
tions can additionally be enhanced by the charge-transfer inefficiency
(Massey et al. 2009; Baggett, Gosmeyer & Noeske 2015). Correlated

Zhttps://github.com/spacetelescope/tinytim

noise was included in the dark matter subhalo study of Diaz Rivero &
Dvorkin (2020) who trained a CNN to detect dark matter subhaloes in
lensed galaxies and found a 10-20 per cent loss in accuracy compared
to using Gaussian white noise. Bayer et al. (2023a, Section 4.5)
describes a detailed procedure for obtaining the noise properties of
drizzled HST images using both the background sky noise and photon
shot noise.

We introduce correlated noise into our simulated images using
a simpler and more general approach. We first create a grid of
uncorrelated Gaussian white noise at the same resolution as the
data and then convolve it with a Gaussian kernel to induce a
correlation. The standard deviation of the Gaussian kernel, denoted
Lo, determines the noise correlation length. Fig. 5 shows examples
of correlated noise for four different values of L..,. As L, increases,
the noise gets more and more correlated between neighbouring pixels
and appears clumpier. When L., = 0 arcsec, we recover the white
noise case where each pixel is completely uncorrelated. We sample
the correlation length uniformly in L., € [0 arcsec, 0.05 arcsec] to
induce Gaussian correlations with a standard deviation up to one
pixel length. Incorporating correlated noise into our simulation is
particularly important, as the noise power spectrum could interfere
with measuring the power spectrum of the GRF perturbation. It is
essential for our CNNs to learn to distinguish between these two
effects to obtain unbiased results.

The Gaussian noise level o4 (i.€. the root mean squared
deviation of the noise) for each of our lenses was estimated by
Shajib et al. (2021). Most of the SLACS lenses have very low
noise levels, with J0734-3216 being the noisiest with opeise = 0.0048
when the peak brightness is normalized to one. Most images have
Onoise < 0.002. We sample the logarithm of the noise level uniformly
in log,(onoise) € [—3.25, —2.25] to encompass the SLACS data.
We then create a realization of correlated noise for a given oyoise
and L, as described above, and add it to the lensed image. The
images are normalized again by dividing by the peak brightness.
This method of generating correlated noise is also used in our data
augmentation scheme to generate source brightness profiles for data
set 1, as described in Section 3.3.

3.6 Mock data set

The parameters required to generate a mock lens are listed in Table 1.
Once a parameter vector is selected by uniformly drawing from the
listed range, we use the Mock Lenses in Time software package’
(MOLET; Vernardos 2021) to simulate the images. Each data set
consists of 250 000 lensed images with 230 000 used as the training

3https://github.com/gvernard/molet
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set and 20000 used as a validation set. We also include a final test
set for each method with 25 000 images. The third combined data set
uses a random half of data set 1 and 2. A random sample of 30 mock
lensed images from the combined data set is shown in Appendix A.

4 CONVOLUTIONAL NEURAL NETWORK

Our goal is to build and train a CNN to predict the GRF power
spectrum parameters loglo(af,/,) and B. Uncertainty estimation plays
a major role in our approach. In standard regression problems, a
neural network is trained using supervised learning to produce point
estimates. Only an overall systematic uncertainty can be estimated
based on the network’s performance on the test set using a metric
such as the root mean squared error.

We want to obtain uncertainties on each prediction instead of
point estimates. The uncertainty in ML can be broken up into
the aleatoric and epistemic uncertainties. The aleatoric uncertainty
is the systematic and irreducible uncertainty that comes from the
training data itself including factors such as the noise in the image,
the impact of the GRF, the source galaxy morphology, among
others. The epistemic uncertainty is the statistical uncertainty on
the network parameters and was not included in the original work of
Vernardos et al. (2020). We first describe our treatment of these two
sources of uncertainty and then the CNN architecture, training, and
performance.

4.1 Uncertainty

4.1.1 Training labels and aleatoric uncertainty

In typical image regression tasks, a CNN is trained using su-
pervised learning where each image has a training label corre-
sponding to the true value of the target parameters. Instead, we
want to produce a probability distribution of the target parameters
that incorporates the uncertainty in the predictions. This is done
through regression-via-classification using the method introduced in
Vernardos et al. (2020), where the output of our CNN consists of
N, = 100 classes corresponding to the bins of a discrete probability
distribution. The training labels are uniform probability distribu-
tions that include the ground truth values, i.e. the true logw(aazw)
and B, though the ground truth is never shown directly to the
CNN.

To create these target probability distributions, Vernardos et al.
(2020) used the total power P of residuals between perturbed and
unperturbed lensed images. The larger the residuals, the more pro-
nounced the perturbations and their imprint on the lens, thus receiving
narrower target distributions. Conversely, smaller perturbations are
more challenging to measure, and therefore, higher uncertainties
should be associated with the input labels. In this work we choose
an analytic expression that only depends on our GRF parameters
loglo(a‘fw) and B. This approach is more appropriate to apply to a
larger lens sample since it is independent of our choice of source and
mass model, which can vary greatly from lens to lens. Consistent
with Vernardos et al. (2020), we start from the ground truth and
assign a range around either side of it, determined by the number
of classes away form the ground truth. Each range is independently
drawn from a binomial distribution with parameters N and p given
by:

N =nN,,

N log]()(olszw)*log]()(or%ﬁ“) <(|—% ﬂﬁiﬂ"g". )
max —Pmin , (6)

p = por 10810 (0Aax)— 102100 in)
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Figure 6. Value of p as a function of loglo(oézw) and B from equation (6).
Notice the similarity with Vernardos et al. (2020, fig. 3), but here without any
dependence on the source or mass model.

where we set pg = 0.4, r = 2.0, and n = 0.9. Fig. 6 shows how p
varies across the parameter space of loglo(a;p) and B, matching the
behaviour of Vernardos et al. (2020, fig. 3). Equation (6) is chosen to
behave similarly to Vernardos et al. (2020, equations 4, 5) but only
depend on the GRF power-law parameters. In Vernardos et al. (2020)
n = 0.6 was arbitrarily used, while here we use a larger value to avoid
underestimating the uncertainty (further discussed in Section 4.3).
By design, the ground truth value could be anywhere in the uniform
probability distributions of the training labels but tends to closer to
the centre. Fig. 7 shows an example target and predicted distribution
of our fully trained CNN for one mock image in our test set. After
every epoch the training labels are regenerated, drawing new values
from the binomial distribution each time.

4.1.2 Epistemic uncertainty

We use a Bayesian neural network (BNN) to obtain uncertainty in
the model parameters. Each time the network makes a prediction, a
random value of each weight is drawn from a Gaussian probability
distribution with trainable mean and variance rather than having
fixed weights across the network (Graves 2011). During inference,
we repeatedly sample from the network to obtain an ensemble
of different predictions. The epistemic uncertainty is included by
averaging across the ensemble of 200 predictions from the BNN.
Fig. 8 shows five predictions of the network for the same test set
example as in Fig. 7. The epistemic uncertainty can be represented
as the increase in the uncertainty due to averaging across the different
samples.

Several methods are available for efficiently sampling from the
weight distributions of a BNN. We use the most common one, Flipout
(Wen et al. 2018), an efficient technique for optimizing a BNN
by generating pseudo-independent weight perturbations on mini-
batches of data. Unlike traditional methods where weight samples
are shared across all examples in a mini-batch, Flipout applies a
random sign matrix to the weights for each data point. This approach
efficiently decorrelates the gradients between different examples in
the mini-batch, reducing the gradient variance compared with shared
perturbations and thereby stabilizing the training process. Horttia
et al. (2020) showed that Flipout outperforms other methods of
sampling from the weight distributions of a BNN during training,
including Dropout, DropConnect, and the reparametrization trick.
The log-variance of the kernel posterior is initialized by A'(—9, 0.01)
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Figure 7. Target distributions (dashed orange lines) and predictions of the
CNN (blue solid lines) for loglo(aazw) (top) and B (bottom) for one example
mock image of the test set of the combined data set. The true value is indicated
by the vertical dashed line but is never given directly to the CNN. Our
predictions are obtained by drawing 200 samples from our BNN and averaging
them. The first five samples are shown in Fig. 8.

consistent with Hortta et al. (2020). In variational inference, the
negative evidence lower bound object (ELBO) is minimized with
respect to the variational parameters (Graves 2011; Gal & Ghahra-
mani 2016; Perreault Levasseur et al. 2017). The Kullback—Leibler
(KL) divergence between the variational distribution and the prior
is included in our loss to act as a regularization term to control the
standard deviation of each weight in the network. We also use KL-
annealing (Fu et al. 2019) linearly for the first 100 epochs to slowly
introduce the KL-divergence term. The authors of Hortda et al. (2020)
discuss how L, regularization can be used on the standard deviation
of each weight to calibrate the uncertainty in our predictions. We
apply an L, regularization of 1073 on the standard deviation.
Lowering the regularization leads to higher uncertainties on each
weight, while increasing the regularization makes the network behave
more deterministic by pushing the variances closer to zero. This
parameter can be adjusted in the same way that the dropout rate
can be adjusted using Monte Carlo dropout (Gal & Ghahramani
2016) to calibrate the uncertainty (Perreault Levasseur et al. 2017).
We note that the BNN will have twice as many parameters as a
corresponding deterministic network because we optimize both the
mean and standard deviation of each weight.

4.2 Convolutional neural network architecture

The CNN architecture used in Vernardos et al. (2020) consisted
of a series of seven convolutional layers that were then flattened
and followed by two fully connected layers for each parameter.

2255
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Figure 8. Example of multiple predictions made by our BNN for the same
test set example as in Fig. 7. The first five samples are shown in different
colours for loglo(aazw) (top) and B (bottom). The true value is indicated by
the dashed vertical line. We include the epistemic uncertainty by averaging
across the different samples, increase the overall uncertainty by widening the
probability distributions.

In this work we use a variant of ResNet-18 (He et al. 2015) to
include residual skip connections into our CNN. The addition of
skip connections enables CNNs to be significantly deeper without
suffering from vanishing gradient and degradation issues and has
been shown to improve gradient flow and training stability. We
also use squeeze and excitation connections (Hu et al. 2017) to
add a spatial attention mechanism to our network. The input of the
CNN is 110 x 110 pixel images (5.5 arcsec across with a resolution
of 0.05 arcsec per pixel to match the SLACS data). The standard
ResNet-18 starts with one convolutional layer with a filter size of 64
and 4 residual blocks with 4 convolutional layers each and filter sizes
of [64, 128, 256, 512], respectively. We use the same architecture
except with smaller filter sizes of [32, 64, 128, 256] to use fewer
parameters and avoid overfitting, and we include the addition of the
squeeze and excitation connections with a ratio of eight (He et al.
2015; Hu et al. 2017). The output of the final convolutional layer
is flattened and split into two separate fully connected layers with
N, = 100 classes, representing the bins of the discrete probability
distributions of our output in loglo(ogw) and B. The final fully
connected layers are deterministic instead of Bayesian since this has
been shown to improve performance (Hortda et al. 2020). We also
include a softmax activation function to normalize the final outputs
to a probability distributions such that all classes are positive and
sum to one. Our model* has 5 735 456 trainable parameters that are

“https://github.com/JFagin/GRF_ML
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initialized randomly and is implemented using TensorFlow and
the TensorFlow-Probability API (Abadi et al. 2015).

4.3 Training and performance

For our loss function we follow the approach of Vernardos et al.
(2020) and minimize a Jensen-Shannon (JS) divergence term be-
tween the target probability distributions Q and predicted probability
distributions P and an entropy term. The loss function is a weighted
sum of the two terms and given by:

L(P, Q)=AIS(P, Q)+ (1 —1)H(P), @)

where A determines the relative impact of each term. The JS-
divergence is a smooth and symmetric version of the KL-divergence
which minimizes the difference between the predicted probability
distributions and the target distributions. The entropy term serves as
a regularization term that only depends on the predicted probability
distribution. Minimizing the entropy term alone is a non-parametric
way of obtaining the smallest possible support for the predicted
distribution.

In Vernardos et al. (2020) they used a value of A = 0.9, but we use
a value of A = 0.975, which leads to the entropy term contributing
~ 45 per cent of the relative contribution to the loss. Our value for A
is purposely closer to 1 in order to avoid learning narrower predicted
probability distributions and thus underestimating the uncertainty.
In addition to equation (7), the regularization term of the BNN
described in Section 4.1.2 is appended to the loss to control the
standard deviation of the model weights.

We train the CNNs through multiple passes of the entire training
sets, referred to as epochs. Each CNN is trained for a total of
2000 epochs. During both training and inference, we augment
each image by randomly rotating in intervals of 90° and flipping
vertically or horizontally. This teaches the CNNs to remain invariant
under these transformations and effectively increases the number
of training examples by a factor of 8, preventing overfitting. We
find that augmenting the data during inference improves uncertainty
estimates as we average the predictions across various orientations.
We also sample a new realization of the training labels each epoch,
as mentioned in Section 4.1.1.

Our CNNs are trained by minimizing the loss function using an
Adam optimizer (Kingma & Ba 2017) with an initial learning rate of
1073 and a batch size of 250. The learning rate is exponentially
decayed to 10~ over the course of training. Fig. 9 shows how
the mean squared error (MSE) between the mean of each predicted
probability distribution and the ground truth varies with epoch across
the validation set of the combined data set. We note that the MSE is
indirectly minimized because the CNNs are never shown the ground
truth values directly. The parameter space is scaled from zero to
one for comparison, making the root MSE effectively represent a
percentage error relative to the total parameter space. The validation
MSE levels off by 2000 epochs, so further training could lead
to overfitting and be detrimental to the model performance. After
the CNNs are trained, we apply them to the test sets to evaluate
their performance. We report a final root MSE of 20.6 per cent for
loglo(aszw) and 19.9 per cent for 8 using the combined data set.
We estimate the relative contribution of the epistemic and aleatoric
uncertainties by comparing the standard deviation of our probability
distributions for a single prediction and the average of 200 predictions
for each test set example. We find that the standard deviation
increased by 9.2 per cent for log 10(052]/,) and 5.4 per cent for 8 for the
combined data set, which represents the percentage contribution of
the epistemic uncertainty as compared to the aleatoric uncertainty.
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Figure 9. Mean squared error as a function of epoch between the mean
of each predicted probability distribution and the ground truth across the
validation set of the combined data set. The ranges of our parameters are
scaled from zero to one for comparison.

We expect the contribution of the epistemic uncertainty to be small
compared to the aleatoric uncertainty since it should decrease with
the size of the training set, and we use a relatively large training set
of 220 000 images. Additional metrics and figures for data set 1 and
2 are given in Appendix B and show similar performance.

Fig.10 shows the mean of our predicted probability distributions
compared to the ground truth. Ideally the mean predictions would
equal the ground truth and follow the diagonal blue line. In many
cases, our predictions include substantial uncertainties causing de-
viations between the mean predictions and the ground truth. By
design, the mean of the output probability distributions can never
reach the edges of the parameter space. That would be the case
only if the distributions became delta functions, which is prevented
by the JS-divergence term in the loss function (see equation (7)).
Hence, the edges of the predictions are empty and we get a cluster of
predictions on either side of the parameter space. While alternative
metrics such as the mode could circumvent this boundary constraint,
we find the performance to be inferior compared to using the mean or
median. When using the prediction of our CNNss, the full probability
distribution should be used instead of summary statistics to avoid
bias. We also show a histogram of the difference between the mean
of our predicted probability distributions and the ground truth for
logm(aazw) and B in Fig. 11. There is a correlation between the
residuals in 10g10(o§v,) and B since it is easier to predict § when
logm(aﬁ/,) is large, as the lens perturbation is more impactful.

The coverage probabilities are the fraction of ground truth values
that lie within a given confidence interval of our predicted probability
distributions across the test set. To assess the validity of our predicted
probability distributions as uncertainties, Fig. 12 shows the coverage
probabilities for the 68, 95, and 99 per cent confidence intervals. We
assess these confidence intervals since they represent the lo, 20,
and 30 confidence intervals of a Gaussian, although our probability
distributions can take on any form. Ideally, all the ground truth
values would be within our reported confidence intervals at the
same rate as our predictions. The converge probabilities nearly
line up with the ideal case, so we can conclude that our predicted
probability distributions approximately represent the uncertainty in
our predictions. For better calibration of our uncertainties, we set
n = 0.9 in equation (6) and A = 0.975 in equation (7).
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Figure 10. Mean of our predicted probability distributions for loglo(oézw)
(top) and B (bottom) compared to the ground truth across the test set of the
combined data set. The diagonal blue line represents the ideal case where
each mean prediction would match the true value.
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Figure 11. Histogram of the difference between the mean of our predicted
probability distributions and the ground truth across the test set of the
combined data set. The ideal case where the mean prediction matches
the ground truth occurs at the centre, i.e. when A logm(oﬁzv,) and A B
are zero.
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Figure 12. Coverage probabilities for the combined data set, i.e. the fraction
of the test set which has ground truth values within 68, 95, and 99 per cent
confidence intervals. The ideal case of perfect uncertainty calibration, when
the coverage probabilities exactly match the middle confidence intervals, is
shown by the horizontal dashed lines.

5 APPLICATION TO SLACS LENS SAMPLE

After our three CNNs are trained, we apply them to the SLACS
lenses. The resulting probability distributions for loglo(ofv,) and B
are given in Fig. 13. While there are some differences between the
three predictions across the lenses, they generally follow the same
trends. This reassures us that the results have some resilience to how
the training sets are generated between the different source methods.
We include some additional systematic uncertainty, coming from
applying the three different CNNs to the real data, by averaging across
the separate results for each lens. The average predicted probability
distributions are given in Appendix B. Averaging across the results of
separately trained models is a strategy known as ensemble learning
(see Ganaie et al. 2022, for a review of ensemble deep learning).
By combining the results of our separately trained CNNs, we can
achieve better generalization on the real data and marginalize across
the different methods of choosing sources for our lensing simulation.
This averaging induces a conservative estimate of the uncertainty (i.e.
wider confidence levels), since averaging across multiple predictions
increases the uncertainty by widening our predicted probability
distributions.

The median values and their uncertainties for each lens are shown
in Fig. 14. We also show the shift in the median predictions of each
individual lens between the CNN trained on data set 1 compared
to data set 2 in the bottom right panel. This demonstrates that the
median predictions remain relatively stable despite using different
sources. The median values with a 68 per cent confidence interval
are also given numerically in Table 2. Our primary predictions can
be taken as the average results across the predictions of our three
CNNEs.

Fig. 15 shows the joint probability distributions across our SLACS
lens population for each CNN. Since each observation is indepen-
dent, we obtain the joint probability by multiplying the individual
predictions together across the lens population. We then average the
predictions of the separately trained CNNs to obtain a final joint
probability distribution given in the bottom right panel. The overall
trend is consistent between the three methods with average predicted
power-law parameters log,4(03%,) = —2.94%(03 and B = 4.677( ¢ at
the 68 per cent confidence level.
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Figure 13. Predicted probability distributions of 10g10(052¢) and B for each of the 23 SLACS lenses from the CNNs trained with data set 1 (blue), data set 2
(orange), and the combined data set (green). Each probability distribution represents the combined aleatoric and epistemic uncertainties by averaging over 200
predictions of our Bayesian neural network. The average probability distributions across the three CNNs’ predictions are given in Appendix B.
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Figure 14. The top two and bottom left panels show the median predictions and middle 68 per cent confidence intervals for our three separately trained CNNs.
The bottom right panel shows how the median predictions change between using data set 1 (circles) and 2 (triangles). The numerical values of each prediction

are given in Table 2.

Fig. 16 shows our predicted power-law parameters averaged
across our three CNNs compared to the smooth lensing parameters
estimated by Shajib et al. (2021, table 1). The same figures for
the CNNs trained with data set 1, data set 2, and the combined
data set are given in Appendix B and show very similar trends.
We find no strong correlation between our predicted substructure
parameters and the smooth lens parameters. This indicates there is no
substantial systematic bias in our results pertaining to the smooth lens
parameters. The uncertainty on these trends is large with the relatively
small lens population we analyse in this work, so more lenses may
be required to definitively measure trends in the substructure and
smooth mass parameters.

6 DISCUSSION AND CONCLUSIONS

We demonstrated how ML can be used to predict the power-law
statistics of a GRF perturbation to the lens potential by expanding
on the framework of Vernardos et al. (2020) to make it more viable
and reliable for observed data. In this study we used HST images of
23 SLACS lenses, which will be similar to Euclid in terms of data
quality and resolution. To apply ML to the tens of thousands of lenses

expected to be found by Euclid and the Vera C. Rubin observatory,
a sufficiently diverse training set should be produced. For example,
sources could be reconstructed by other ML methods such as Biggio
et al. (2022), Karchev, Coogan & Weniger (2022), and Adam et al.
(2023) to build a training set that encapsulates all the known lenses.
This could be combined with real galaxy images, simple analytic
brightness profiles, or galaxy images from generative deep learning
models (e.g. Lanusse et al. 2021). Ideally multiple training sets
would be produced with different sources to ensure that the resulting
predictions are independent of any particular assumption, like the
training sets constructed in this work. A larger population of lenses
will allow us to marginalize over the uncertainty in our predictions
and more tightly constrain the joint probability distribution of the
GRF power-law parameters, i.e. by narrowing the predictions in
Fig. 15.

In this study, we assumed an SIE plus external shear smooth lens
model and a GRF perturbation parametrized by a power law, but
our method could be used to quantify any type of perturbation on a
smooth lens mass model. Consistent with Chatterjee & Koopmans
(2017), Vernardos et al. (2020), and Bayer et al. (2023a, b), we
parametrized the GRF power spectrum using a simple power law
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Table 2. Median predicted logm(aszw) and B and 68 per cent confidence intervals for our selected SLACS lenses using the CNNs trained with data set 1, data
set 2, the combined data set, and then the average results across our three predictions.

Data set 1 Data set 2 Combined data set Average result

Lens name loglo(a{gw) B loglo(aﬁzw) B loglo(aazv,) B loglo(aszw) B

300290055 ~2.85704 4.26+09 -3.12750% 4.52F) 36 ~3.09705 4.36+02 —3.00708  441tlee
J0037-0942 2481030 4.9775:96 273108 6.03719] —2.8810:2 5.63F12 264103 5477126
J0252+0039 ~3.097022 4.26755° ~3.031088 4.26%07% -3.1200% 4.26%0< -3.09702% 426707
J0330—0020 —3.39+061 4117588 —3.52+061 4217576 —3.33+0-38 411571 3391038 4 161056
J0728+3835 2791033 4.9711:36 —3.18105) 4.877137 -3.15%058 4.82712 —-3.03703% 48772
J0737+3216 -327402% 431107 -3.5510%1 4161086 —3.4810% 411707 342706 42110
J0903+4116 273408 4161076 -2.70%0% 431491 ~2.887038 4.52% 04 276734 431105
J0959+0410 —2.587033 3.9610 1 3271010 47257 —3.03%038 472703 288102 44113
J1112+0826 -2.617538 4.467081 261703 4.97 041 2551033 4.877591 —2.58703¢ 477056
J1204+0358 2851038 5127096 —3.39107¢ 5.077548 —3.6410%8 4.97+1:2 —3.277000 507 a8
J1250+0523 261703 3.667040 2791042 3.9670% 2731032 3.761031 2707936 3.76+038
J1306+0600 —3.5240.10 4.5 % —3.301070 4.827021 —3.481073 4.727038 3451076 4677038
J1313+4615 276708 3.911018 2911032 4.67%0 02 -3.001032 4317078 2887098 4267031
J1402+6321 —2.73%03¢ 3.96703 ~2.857033 4.52% 041 ~2.70%032 4.16+0:¢ -2.7670% 416108
J1531-0105 3211060 4.57F )38 —-3.611082 5.53F121 —3.45H073 5.02F138 —3.42%07% 49704
3162143931 2617033 3.561042 -2.587033 3.6170% 2617033 3.66704 -2.587030 361704
316270053 ~3.09708 4.06+0:6 —3.421032 4.01104 ~3.451032 3.96108! -333703 401708
J1630+4520 ~2.451930 5.121088 ~2.707939 5.17% 588 2671530 5424000 —2.58793¢  520%)06
J1636+4707 285108 3.8110:%% 336105 436709 —3.09%0-2 3.9170%8 -3.06702 401757
J2238—0754 —3.457041 4.16155° —3.941032 4.1175:88 -3.70%94 4117501 -3.73%0% 4l
J2300+0022 361107 578104 —3.52+083 6.231996 3701000 5.17+13¢ -3.61107  573%12
J2303+1422 —2.647038 4.36707 -3.15705 4.677 08 282708 4.367991 —2.82703% 4467591
J2343-0030 ~2.85704 4.521076 —3.06+033 4.8270-96 —2.97+0-48 4727041 —2.041048 4 671086

(see equation 2), but a better parametrization could potentially be
developed by analysing the power spectrum of numerical N-body
and hydrodynamic simulations with different dark matter models.
We also note that the GRF statistical framework works well at
approximating the collective contribution of smaller mass dark matter
substructure, but if the lens perturbation is dominated by very few
large mass dark matter subhaloes, then this approximation breaks
down (Vegetti et al. 2010; Hezaveh et al. 2016b; Chatterjee &
Koopmans 2017). In future work, the low mass dark matter subhaloes
could be modelled as a GRF but include possible contamination by
the occasional large mass subhalo that can have a substantial localized
effect on the lens potential. Improvements could also be made to
disentangle baryonic substructure from the dark matter substructure
with the inclusion of boxyness, discyness, or other baryonic processes
in the smooth mass profile (see Van de Vyvere et al. 2022).

Our ML model may also be improved in future work. Following
Vernardos et al. (2020), our method predicts marginal probability dis-
tributions for our power-law parameters which makes our predicted
uncertainties uncorrelated. Our method could be further developed
to include correlations between the substructure parameters in the
uncertainty. This would be especially important if the GRF was
parametrized by a more complicated power spectrum where the
parameters could include significant degeneracies. The use of vision
transformers could also be considered, as they may show improved
performance compared to CNNs in strong lens parameter estimation
(Huang et al. 2022).

While we showed that our reported uncertainty range is appropri-
ate across the test set of mock images, there may be additional
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systematic uncertainties when applying the CNN to real lenses
which we cannot fully account for. We partially addressed this
by training three separate models using different source methods,
which Vernardos et al. (2020) found to be the most important
consideration. The sources from Shajib et al. (2021) may deviate
from the true sources of our lenses. In data set 2 we used the
entire MCMC chain, so any source discrepancies would have to be
completely outside the posterior distribution of the MCMC chain
to bias our network. We also compare the results of using the
network trained on the entire MCMC chain to the network trained
with sources produced through data augmentation of the best-fitting
sources and find agreement in the results. The data augmentation
procedure can lead to large deviations in the source morphology,
so the true sources would have to be completely outside that
posterior distribution as well. Other choices in building the training
set could also affect our results. For example, when simulating
our mock lenses we assumed a Sérsic lens light profile, while the
real data may have more complicated lens light profiles which
often require 2 Sérsic profiles to fit. Discrepancies in uncertainty
estimations may always exist when a neural network is trained
and tested with simulated data and then applied to real data. We
attempted to bridge some of these discrepancies by using separately
trained CNNs with complementary training sets containing differ-
ent sources and then averaging the resulting predicted probability
distributions, increasing the reported uncertainty. Further diversi-
fication could also be used by altering the smooth lens model,
the lens light model, or the observational effects across training
sets.
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Figure 15. Joint probability distributions across the 23 SLACS lenses for the prediction of the CNNs trained on each data set. The average between the three
CNNs’ predictions is given in the bottom right panel. The joint probabilities are obtained by multiplying the predictions of individual lenses across our SLACS
lens sample. Each of the contours contain the 68, 95, and 99 per cent probabilities. The dashed lines in the marginal distributions indicate the median value and

68 per cent confidence interval, which are also given numerically on top.

Thus far only a single lens has had its GRF power spectrum
constrained outside of this work by analysing the power spectrum
of surface brightness anomalies in Bayer et al. (2023b). They
constrained the GRF power spectrum in lens J0252+4-0039 to have
loglo(o{fw) < —2.5 at the 99 per cent confidence interval for 3 <
B < 8. This is consistent with our predictions where we find average
values of logyy(o2,) = —3.09%03} and B =4.26")7]. Follow up
studies are required to determine the consistency between our two
approaches on a larger lens sample.

For future observations, a combination of ML approaches like ours
and more traditional lens modelling approaches like in Bayer et al.

(2023b) may give better results than using either method individually.
A pre-trained neural network could be used to first give an estimate
of the GRF perturbation parameters across the tens of thousands of
lenses expected to be observed by next generation surveys in just
a few minutes of computational time with a single GPU. Lenses
with interesting properties could be selected for follow up studies
using a computationally expensive lens modelling approach to further
constrain the lens properties and double-check the ML predictions.
These methods can take weeks of computational time and often need
to be fine tuned to each system, making them unrealistic to apply
to all the lenses. As of now, the method of Bayer et al. (2023b)
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Figure 16. Predicted loglo(aszw) and B using the average predictions across our three CNNs compared to the lens mass and lens light parameters for the 23
SLACS lenses. The median predictions and 68 per cent confidence interval are given in blue. The various lens mass and lens light parameters were estimated by
Shajib et al. (2021, table 1). Here ysiope is the logarithmic slope of the mass profile and ¢/, is the major to minor axis ratio of the lens light. We fit 10 000 linear
best-fitting lines to the data by drawing values from our predicted probability distributions and lens model parameters to include the uncertainty in our fits. The
mean linear fits are shown as the black dashed lines and the 1o, 20, and 30 uncertainties are given in orange. The best-fitting slope, intercept, and R? are given
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only produces upper bound constraints on the GRF parameters
while our ML method can make direct predictions. In future work,
our predictions could also be compared with the predictions from
hydrodynamic simulations such as EAGLE (Schaye et al. 2014) and
IustrisTNG (Nelson et al. 2021).
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APPENDIX A: SAMPLE OF SIMULATED
STRONGLY LENSED IMAGES

Fig. A1l shows a sample of 30 mock strongly lensed images from the
combined data set. Some of these lensed images appear grainy or
offset due to strong perturbations to the smooth lens model.

APPENDIX B: ADDITIONAL FIGURES FROM
DIFFERENT DATA SETS

Fig. B1 shows additional figures from the CNNs trained on data set
1 and 2. This includes the MSE as a function of epoch, the mean
predictions compared to the ground truth, difference histograms
between the mean predictions and the ground truth, and the coverage
probabilities for the 68, 95, and 99 per cent confidence intervals.
Fig. B2 gives the average predicted probability distributions across
our three CNNs for each of the SLACS lenses. Figs B3, B4, and
BS5 give our predictions compared to the smooth lensing parameters
measured by Shajib et al. (2021) for our CNNss trained on data set 1,
data set 2, and the combined data set, respectively. Data set 1 (data
set 2) has a root MSE of 20.1 (20.7) per cent for log,O(Uszw) and
19.5 (20.1) per cent for 8. The relative contribution of the epistemic
uncertainties compared to the aleatoric uncertainty for data set 1
(data set 2) is 9.0 (8.9) per cent for loglo(oﬁp) and 5.5 (5.6) per cent
for B.

Figure A1. Random sample of 30 mock images from our combined data set. Each image is scaled by its maximum brightness to better distinguish the arcs and

rings of the lensed source from the lens light. All panels have the same dimensions as the SLACS data shown in Fig. 1, i.e. 5.5 arcsec on a side with a resolution

of 0.05 arcsec and 1 arcsec shown in the top leftmost panel.
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Figure B1. Same as Fig. 9, Fig. 10, Fig. 11, and Fig. 12 from top to bottom, but for data set 1 (left) and data set 2 (right).
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Figure B2. Same as Fig. 13 but the average predicted probability distributions across the predictions of our three CNNs. The median values are shown by the
vertical lines, and the 68 per cent confidence intervals are shown by the vertical dashed lines.
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Figure B4. Same as Fig. 16 but for data set 2.
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Figure B5. Same as Fig. 16 but for the combined data set.
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