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Multivariate Ordering in Color Image Filtering

Ioannis Pitas and Panagiotis Tsakalides

Abstract—Multivariate data ordering and its use in color
image filtering are presented in this paper. Marginal ordering,
reduced ordering, and the related multichannel filters are pre-
sented in detail. Several of the filters presented are extensions of
the single-channel filters based on order statistics, e.g., median
filters, trimmed mean filters. The statistical analysis of the
marginal order statistics is presented for the p-dimensional case.
The performance of the proposed filters is thoroughly examined
theoretically and by simulation for additive and impulsive noise
removal.

1. INTRODUCTION

IGITAL color image processing has very important

applications, i.e., digital video image processing [1],
[2], image synthesis [3], and high-definition TV (HDTV) [4].
However, until recently the development of color image
processing techniques did not follow the pace of the develop-
ment of black-and-white (BW) digital image processing.
There are various reasons for this. BW digital image process-
ing was the first natural candidate for development. Further-
more, the simplest approach to digital color image processing
is to use BW techniques on each channel independently.
Technological problems have also slowed down the develop-
ment of digital color image processing, e.g., the availability
and cost of color frame grabbers, the large memory, and
computation speed required. In past years, such technological
problems have been solved. BW digital image processing
techniques have reached a maturity that allowed scientists to
target their research on color image processing. Further-
more, multichannel signal processing has produced signifi-
cant results that can be used in color image processing. An
approach to nonlinear multichannel (color) image processing
is presented in this paper.

In his classical theory, Thomas Young stated that any color
can be reproduced by mixing an appropriate set of three
primary colors [5]. Therefore, any color image can be con-
sidered as a two-dimensional three-channel sequence. Fur-
thermore, in cases of constant brightness of a two-variable
scheme can be developed by factoring out luminance while
keeping only the chromaticity attributes—e.g., hue and satu-
ration—thus projecting the three-dimensional color space on
a plane. In this case, we can treat color image as a two-
dimensional two-channel sequence. Therefore, color image
processing is essentially multichannel two-dimensional signal
processing. Until recently, little attention was paid to the
multichannel nature of color images. Thus, BW image pro-
cessing techniques were applied to each channel separately.
Later, transformation techniques, e.g., the Karhunen-Loeve
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transformation, have been used to decorrelate the three chan-
nels in order to apply BW image processing techniques
afterward [6]. Although this is a valid approach, we think
that a more natural way to deal with color image processing
is to apply multichannel signal processing techniques [7]-[9].

In the following, the use of ordering of multivariate data in
multichannel signal processing is investigated with particular
application to color image processing. The work presented in
this paper extends previously reported work [10]-[12]. We
are concerned mainly with two ordering techniques—margi-
nal ordering (independent data ordering in each channel) and
reduced ordering—that are based on distance functions of
multivariate data. These ordering techniques are described in
Section II. The probability distributions of the p-dimensional
marginal order statistics are investigated in Section III. A
family of multichannel filters based on multivariate data
ordering, such as the marginal median, the vector median,
the marginal a-trimmed mean, and the multichannel modified
trimmed mean filter are described in Section IV. The perfor-
mance of the marginal median and the vector median filters
in impulsive noise filtering is investigated in Section V.
Simulation examples concerning the performance of the fil-
ters under study are described in Section VI. Conclusions are
drawn in Section VII.

II. MULTIVARIATE DATA ORDERING

Let us denote by X a p-dimensional random variable, i.e.,
a p-dimensional vector of random variables X =
[ X1, ..., X,]T. We denote by f(X) and F(X) the probabil-
ity density function (pdf) and the cumulative density function
(cdf) of this p-dimensional random variable, respectively.
Let X4, . . ., X, be n random samples from a p-dimensional
distribution having mean m and dispersion matrix % [13].
The notion of data ordering cannot be extended in a straight-
forward manner from the one-dimensional case to the case of
multivariate data. An excellent treatment of multivariate data
ordering was given in [14]. It is shown that there are several
ways to order multivariate data, but none of them is unam-
biguous nor universally agreeable. The following so-called
subordering principles are discussed in the literature: 1)
marginal ordering, 2) reduced (aggregate) ordering, 3) partial
ordering, and 4) conditional ordering [14]. We are mainly
interested in marginal and reduced ordering because they can
be used easily to develop nonlinear filters for color image
processing.

In marginal ordering, the multivariate samples are ordered
along each of the p dimensions:

Xy S Xy S -0 = Xygp
Xy < Xay S -0 = Xy
Xpy = Xpa) = - = Xpy ()
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i.e., ordering is performed in each channel of the multichan-
nel signal independently. Xy, X21)5 - + - » Xp(ry are the mini-
mal elements in each dimension. X, Xz()s - - + » Xp(n) 1€
the maximal eclements in each dimension. x(v iy =
[X1pa1ys -+ Xpeo +1)] is the (marginal) median of the mul-
tivariate data for n = 2v + 1. The ith marginal-order statis-
tic is the vector X =[xy, .. p(,)]T The vector
[X10rys X20rp -+ o0 Xpir T for arbltrary rblsri=sni=
I,...,pisa margmalporder statistic too. Needless to say
that the median or any ith marginal-order statistic may not
correspond to any of the samples X, . .., X,. In contrast, in
the one-dimensional case there is a one-to-one correspon-
dence between the samples X, ..., X, and the order statis-
tics Xy, - - - » X(py [15]. The statistical analysis of the p-di-
mensional marginal-order statistics is described in Section
II.

The reduced ordering (R ordering) is based on the gener-
alized distance

d=(x—2a)"-T ' (x —a) (2)

of a sample x from a point a that may be either the origin or
the sample arithmetic mean X:

Edl

s, ()

or the marginal median X, . ;,. I' may be the identity matrix,
the dispersion matrix X, or the sample dispersion matrix S:

SR E-R @

1
n

The various data X; are ordered according to their distances
d; from a. Thus, multivariate ordering is reduced to one-
dimensional ordering.

Both the reduced and marginal ordering can be used to
develop a family of nonlinear filters. Before the description
of this family, we concentrate on the study of some statistical
properties of the p-dimensional marginal-order statistics.
This study is a continuation of the study reported in [11].

III. PROBABILITY DISTRIBUTIONS OF THE
MARGINAL-ORDER STATISTICS

The study of the probability distribution of marginal-order
statistics started relatively early, and the probability density
function of the marginal median was investigated [16]. Re-
currence relations for the probability distribution of two-
dimensional marginal-order statistics were given [17]. The
asymptotic probability distribution of the p-dimensional
marginal-order statistics was also studied [18]. In the follow-
ing, expressions for the cdf and the pdf of the p-dimensional
order statistics are derived. The work presented here is a
generalization of the work reported in [11] for the two- and
three-dimensional cases. When n data samples are available,
the cdf of the two-dimensional order statistic [ X

e 1 Xaepl”
is given by [11]:

P{i, of X,; < x,, i, 0of Xy, < x,}

n min (iy, i,)

IIEDY

iy=ry iy=ry ng=max (0, il+i2—n)

n!

X oy — 1) (i3 = o) 11 — 1, — 1 + 1)
Fpo(xy, x3)  F (g, xp) - Fy (X, x,)
CFpTRTR(xy, X,) (%)

where F(x,, x,), i =0,...,3 are the probability masses

on the four regions of the (X;, X,) plane and they are given
by

Fy(xy, %3) = P{X; < Xy, X < x5} = F(xq, x3)
Fi(xy, %) = P{X; > x, X, < X,}

Fy(xy, %) = P{X; < x;, X, > x,}

Fy(xq, %3) = P{X, > x}, X, > x,}. (6)

F(x,, x,) is the joint cdf of the random vector x =
[ X,, X,]. Equation (5) is relatively complicated and does
not give analytic expressions of F . .(xy, X,) for arbitrary
data cdf F(x,, x,). However, it can be easily computed
numerically.

We proceed now to the derivation of an expression for the
cdf F(n ‘‘‘‘‘ (X1 oo Xp) of the p-dimensional order

statistic [ X, Xz(,z), ce Xp(,p)]T
Fo.. . r[,)(xl’ s Xp)
= P{ Xy S Xps s Xy < X}
n n
- E,
Pliyof Xy, <x,,...,i,0f X, <x,}. (7)

It is proven in Appendix A that the cdf for the p-dimensional
case is given by

FErI ,,,,, rp)( p)
n n n!
D SR Dl DRTHD pe
iy=ry ip=r, Ny nar_y H n.t
i=o
22-1
T F(xy. . x,) (®)
iz
subject to the constraints
n;=0 i=0,...,27-1 9)
27-1
> n;=n (10)
i=0
Yonp=iy,..., > on=1i, (11)
Jo=0 Jp-1=0
The probability density function f;, ., (X1, X,) is
given by:
f (X ¥ ) _ a Erl ..... rp)(xl’ s xp)
(e R T dx, +-+ dx,

—vm o~ o oy~ -
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We describe an alternative way to find the pdf of the
marginal-order statistics as follows. We shall focus on the
two-dimensional case. Let us consider the geometry in Fig.
1. A marginal-order statistic [ x;,,, xz(,z)]T at point (X, X,)
can come from data points lying either on (x,, x,) or on the
regions Ry, ..., Rj. There exist five such possibilities:

1) 1 point lies on (x,, X,)

2) 1 point lies in Ry, 1 point lies in R
3) 1 point lies in R}, 1 point lies in R}
4) 1 point lies in R}, 1 point lies in R}
5) 1 point lies in Rj, 1 point lies in R}

If Fy, ..., Fj denote the probability masses in Ry, .
the two-dimensional pdf is given by

’
c., Iy,

5
=2/

f(r,,rz)('xl’ X,) = P{Xl(r,) = X1 Xz(r1> = xz}

i=1
(13)
n! 3
f1=f(x7Y)Z 3 HF}"i(xlixZ)
ny H nt i=0
izo '
(14)
where
3
> n=n-1
i=0
ng+n,=r;—1
ng+n,=r,—1 (15)
n! 3
szFﬁFﬁz 3 Hf}"i(xl,xz) (16)
"o I n,"=°
i=o
where
3
Sn=n-2
i=0
ng+ny=ry,—-2
ng+ny,=r;—2 (17)
n! 3
fs=FFRY , oFin'(xl’ X3) (18)
ny n‘! =
Ln
where
3
2n=n-2

(19)

n 3
Ja= F{FéZ 3 H F].”f(xl, xz)
ny H ﬂ,-Y i=0

i=0

(20)
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X,
R, R R,
dxzt 1%, R, R,
R, Ro| R,
X,
i X1
dx;

Fig. 1. Regions used in the derivation of the pdf of the two-dimensional
marginal order statistics.

where
3
Sn=n-2
i=0
ng+n,=ry—1
ng+n,=r;—1 (21)
n! 3
f5s=F 62-3—H17,"‘(x1,x2) (22)
"o I ng =0
izo '
where
3
3 n,=n-2
i=0
ng+ny=ry,—-2
ng+ny,=ry— 1. (23)

The proof of (13)-(23) is included in Appendix B. This
approach to the derivation of the pdf of marginal-order
statistics can be extended to higher dimensions. However, it
is not recommended due to its increasing complexity.

The joint cdf of the p-dimensional order statistics

T T
|2 CTPRYR Xp(,p)] and [ Xy, - -5 Xyl can be de-
fined as follows:

F‘(rl,“..rp)(sl,...,sp)(xl’ MR xp’ tl’ e tp)

= P{ Xy S X1, o5 Xy < Xp0 Xy

Sty Xpy = t,}

Platleast r; Xy, < X,,...,atleast r, X, <x,

atleast s; Xy; < fy,...,atleast s, X,; < .}

n S n Jp
=3 > > Z P{iIOfXIt
=85 h=n Jp=Sp ip=Tp
=x, hof Xyt
i,of X, <x,,j,0f X, <t,},

x;<t; i=1,...,p (24)

for ry < s,,...,r,<s,. The two points (xy,..., x,) and
(24, ...,1,) define hyperplanes parallel to the p axes that
divide the p-dimensional space in 37 subspaces. If n;, F,
and i = 0,...,3” — 1 denote the number of data points and
the probability masses in each subspace, it can be easily



250

proven along similar lines with the proof in Appendix A that

Pliyof Xy, <Xy, jyof Xy <ty,...,1
of X, <x,, Jj,of X,;<t,} =

n! 3P-1
Yoo X e I (25)
ng nye_q I »;! i=0
izo '
under the constraints
371
> n=n
i=0
Z ni =, ’ n; = Ip
Ip=0 I, 1=0
Y om=gne X om=lp (26)
I,=0,1 I,_1=0,1

where i = (I,_q, I,_3, . - ., Ip); is the arithmetic represen-
tation of number i with base 3. Equations (25)-(26) give a
numerically tractable way to calculate the joint cdf of the
p-dimensional order statistics.

Having derived the probability distributions of the p-
dimensional marginal-order statistics, we proceed to their use
in multichannel signal filtering.

IV. MULTICHANNEL FILTERS BASED ON DATA ORDERING

One-dimensional order statistics (especially the median)
and their linear combinations such as the a-trimmed mean
and the L estimators have been used extensively as estima-
tors of one-dimensional location [10], [15], [19], [20]. The
definitions of L estimators can be easily extended to the
p-dimensional case by using marginal-order statistics. Thus,
the p-dimensional marginal L estimator is given by [11]:

n n

Tn=z

=1

(27)

- T ;
where Riiyoooip) = [Xiys oo xp(ip)] are the margma%-
order statistics and A; ip 2T P XD matrices. The p-di-
mensional marginal median 1s a special case of the L estima-
tor (27), for the following choice of matrices A ;

A =0 i#Ev+l
4

(28)

1

The cdf of the p-dimensional marginal median can be easily
derived from (8)-(11) by setting ry= -+ =r,=v+1,
for odd data number n = 2» + 1.

The p-dimensional marginal «-trimmed mean is another
special case of the p-dimensional L estimator and is defined
as follows [13]:

1 n—ayn

>

i=ayn+1

n(1 = 2ay) 1

= | ,, . (29

>

i=a,n+1

n(l - 2a,) o
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Robustness measures, €.g., influence function, gross-error
sensitivity [20] of the L estimators in the presence of outly-
ing observations were presented in [11]. The influence func-
tion of the two-dimensional marginal median was also
derived. It was found that the marginal median is a B-robust
estimator because its gross error sensitivity is finite [11].

Another definition of the multichannel median filter has
been proposed for color image filtering [12], [21]. It is called
vector median filter and its output is the vector that mini-
mizes the L, error norm:

n
Z lxi - Xmedl (30)

i=1
where | | denotes the Euclidean distance. The vector X 4
may or may not be one of the data x;, i=1,...,n. The

vector median (30) is related to reduced ordering rather than
to marginal ordering since it also uses distance measures. Its
implicit definition makes difficult its use in color image
filtlering because an iterative optimization algorithm is re-
quired to produce each output image pixel. The computa-
tional load is considerably reduced by forcing the median
X, t0 belong to the set {x,, i = 1,..., n}. In this case, the
L, norm of (30) is computed for x,., equal to every x,,
i=1,...,n The median is the data sample that minimizes
(30). Even in this case the computational complexity of the
vector median filter is relatively high because we have to
calculate n(n — 1)/2° p-dimensional norms of the form
|x; — x;| and to perform [n(n — 1)/2] — 1 comparisons.
The computation of the marginal median requires only
O(pnlog n) comparisons if the QUICKSORT algorithm is
used for its computation on each channel [10]. The computa-
tional complexity of the vector median filter is relatively
small for n = 3. In this case the vector median is given by:

xy if X, = X3] =[x = X,
and |x, — X3| = |x; — X3
X, if |x, = %3] = [x; = x4

= . (31
Fmed and |x; — X3| = |x, — X, G
xy if I, = X, | = |x3 = x4

and |x; = X, | = [x; = X, |

Only the calculation of three p-dimensional norms, as well as
two comparisons, are required [21].

The definition of the vector median (30) is equivalent to
the definition of the marginal median only for the one-
dimensional case. Generally, marginal and vector medians
are different for dimensions p = 2. However, the marginal
and the vector median tend to have approximately the same
values and similar behavior for multivariate data that are
strongly correlated among their different dimensions. For
example, if all multivariate data samples lie on a line on the
p-dimensional space, multivariate ordering is reduced to
one-dimensional ordering. In this case both marginal median
and vector median have the same value. For illustration
purposes, we shall consider the two dimensional case in more
detail for data x = [x,, xz]T having Gaussian distribution
with probability density function N(m, C) = N(m,, m,, r,

—vm o~ o oy~ -

scription prices!



PITAS AND TSAKALIDES: MULTIVARIATE ORDERING IN COLOR IMAGE FILTERING 251

0y, 0,) given by
1

2woy0,v/ (1 — r?)
. exp{— 1 [(xl - m1)2

Sf(xy, x3) =

2(1 - r?) ol
—2r(x1 - m;)ixz - m,) + (x, ;2’”2)2]}
(32)

m,, m,, and oy, 0, are the expected values and standard
deviations along the two dimensions. Variable r is the corre-
lation coefficient. We assume that o, = 0, = o In this case
the marginal median and the vector median have equal values
if the data points X; 1 < i < n satisfy x,;, = —x,,; (or x;; =
—X,;) for 1 <i<n. As it is proven in Appendix C, the
probability that the random variable x, is in the neighbor-
hood of x, or —x,, when o, = ¢, = ¢, is proportional to
the quantity

Pr{x,=x,0r x; = —x,}
\/1r-a-[\/(1+r)+\/(1—r)]—1 (33)
>4 .
2702 V1 -r?
Fig. 2 shows the above quantity when the correlation coeffi-
cient r varies between —1 and 1 and for 0 = 1,5. As
expected, the probability Pr {x, = x, or x; = —x,} attains
its maximum when the correlation coefficient reaches +1,
and it is larger for small values of the standard deviation o.
The probability that all data points satisfy x,; = x,;, i =
1, ..., n attains a maximum for r — 1:

Prix,=xy.i=1,...,n o ! _
(20\/;\/(1 -r))
(34)

Similarly, the probability that all data points satisfy x,; =
—Xy;, I =1,..., n attains a maximum for r - ~1:

1
., n}

* (20\/; V{1 +7r) )".

In conclusion, we can say that the performances of the two
medians are nearly identical when the correlation among the
two channels is large (r = + 1) and the standard deviation of
noise takes small values and it is equal on both channels. This
conclusion will explain some simulation results shown in
Section VI.

Both marginal median and vector median can be used as
filters of multichannel images. Their performance will be
assessed in subsequent sections. Another important class of
nonlinear filters for image processing can be introduced as a
compromise between the median and the moving average
filter. These filters are the trimmed mean filters [10], [22].
An extension of the a-trimmed mean filter [22] to the
multichannel case is given in (29) by using the marginal-order
statistics. Lee and Kassam [23] have introduced a modifica-

Pri{x;= —x,,i=1,..

i

—x2)/dx
25 30

2.0

w

4

X

Pr(x1:x2 or
1.0 15

0.5

Fig. 2. Probability that the coordinates of a two-dimensional random
variable are equal or opposite in value as a function of the correlation
coefficient r for two-dimensional Gaussian distribution having 0y = 0, = 0.

tion of the trimmed mean filter. They defined the modified
trimmed mean filter (MTM), which computes the sample
median in a window, determines an interval [med(x;) —
g, med(x;) + q] for an appropriately chosen value ¢, and
finally averages only the samples lying inside the filter win-
dow and having values in this interval. Thus, the MTM filter
can be thought of as a data-dependent version of the a-trim-
med mean filter. For small values of g the MTM filter
behaves as the median, whereas for large values of ¢q its
behavior approaches that of the moving average. Lee and
Kassam have also introduced the double-window MTM filter
(DW-MTM) as an extension of the MTM filters [23], [24].
This filter uses two windows of different size. First, the
sample median is computed in the small window and then
only those samples of the large window close to the sample
median are averaged to give the filter output. A DW-MTM
filter suppresses additive Gaussian noise effectively because it
uses a fairly large window for the averaging. It preserves
image edges because it rejects pixels having values far away
from the median of the small window. The extension of the
MTM and DW-MTM filters to the multichannel case can be
achieved by using the reduced ordering. The multichannel
MTM filter is defined as follows. First, the marginal median
inside each window is determined along each channel and the
vector of the medians X .4 is formed. Then, the input vectors
X; are ordered by means of their generalized distance d; =
x; — X0 - T7'- (x;, — X_..y). Vectors lying in the filter
window and having generalized distances d; smaller than a
threshold d are averaged and form the filter output. The
threshold value d may be selected as the average of the
generalized distances d;:

y, = EAzar.s'xi+r,j+s
Y z,.2a,,
T o
a =11 (X; = Xpmea) 'Fl'(xi"xmed)<d_ (35)

rs
0 otherwise
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A similar generalization can be done in order to define the
multichannel DW-MTM filter. As in the single-channel case,
two window sizes are used. The marginal median is com-
puted first inside the small window. Then, the data vectors
lying in the large window and having generalized distances
d; less than some value d are averaged to give the filter
output.

The matrix T' in the expression of the generalized distance
d; may be the identity matrix I or the sample dispersion
matrix Z. If we use I' = I, the data vectors are ordered
according to their Euclidean distance from x,, ;,. However,
it is well known that color distances are not Euclidean in the
Commission International de 1’Eclairage (CIE) primary sys-
tem red-green-blue (RGB) [1]. Color distances are approxi-
mated by the Euclidean distance in the other color coordinate
systems, e.g., in the modified universal camera site (UCS)
system and in the L*, ¢*, b* system [1]. Thus it is reason-
able to perform DW-MTM filtering on a transformed image.
Such an approach has been investigated by simulations. If the
matrix I' = ¥ is used, the data are ordered according to their
Mahalanobis distance from x, 4. The Mahalanobis distance
takes into account the relative dispersions and correlations
among the channels of the multichannel signal. Furthermore,
for the family of the elliptically symmetric distributions, the
Mahalonobis distance can be interpreted as a probabilistic
distance where equal distances imply equal likelihoods.

V. PERFORMANCE OF MARGINAL MEDIAN AND VECTOR
MEDIAN FILTERS IN THE PRESENCE OF IMPULSIVE NOISE

It is well known that median filters have very good perfor-
mance in impulsive noise filtering in the single-channel case
[10]. Therefore it is desirable to explore the performance of
median filters in multichannel impulsive noise filtering. Mul-
tichannel impulsive noise occurs in color image transmission
through noisy telecommunication channels, e.g., in TV im-
age transmission. A serious problem in multichannel impul-
sive noise filtering is the lack of appropriate probability
model for this type of noise. We extended the model of the
single-channel impulsive noise to the multichannel case to
solve this problem. In this section we study the performance
of marginal median and vector median filters in the presence
of impulsive noise. We focus our analysis on the two-channel
case because the noise model is relatively simple and the
theoretical analysis of the performance of the median filters is
tractable. The noise model used is the following:

s; with probability 1 — p
(d,s,;) with probability p, - p
X, = ; ) (36)
(844, d)  with probability p, - p
(d,d)  with probability p - (1 — p, — p,)

where s; = [sy;, 5,;] is the noiseless, constant signal, d is the
impulse value, and x; = [x,;, X,,;] is the noisy signal. Equa-
tion (36) describes impulsive noise having a single type of
impulses (positive or negative) that depends on the impulse
value d. We assume that d > s,;, 5,,;. Impuises may corrupt
either channel with probabilities pp, and pp,, respectively,

or both of them with probability pp; where p; = (1 — p; —
P2)-

The derivation of a general expression for the probability
of correct reconstruction in the case of a filter of arbitrary
length is very difficult. Therefore, we study filters having a
small window sizes that are usually encountered in practice.
In the following, we derive the rate of failure for vector and
marginal median filters having length n = 3 and we give the
expressions for lengths n = 5,9. The proof for filter length
n = 5 can be found in Appendix C. We use the enumeration
of the favorable events method.

The probability of correct reconstruction P, is calculated
as the sum of the probabilities of all combinations of favor-
able input vectors. Favorable input vectors are the ones for
which the filters produce the noiseless signal vector s =
[s;5 5,1 as output. The vector median filter gives s as output,
if s minimizes the norm (30) On the other hand, the marginal
median filter gives s as output, if in each channel there are at
least » + 1 points of value s, where n = 2» + 1 is the filter
length. In the following, we give the favorable iriput vectors
and their probability of occurrence of filter length n = 3.
For this filter length the analysis is identical for both filters:

1) Input vectors [s,, 5,1, [y, d], [d, s,]. Their probabil-
ity of occurrence is given by
3!

Pa = Tnm (37)

(1 = p) - pp, PPy

2) Two vectors of the form [s, s,] and one of the form
is, dl[d, s,], or [d, d] with probability:

31

(38)

3) Three vectors of the form [s,, s,] with probability:

Pg3= (l‘p)s' (39)

: 2
Pp=oyy (L=p)p

Thus, the probability of correct reconstruction of the two-
channel signal is given by:

= Pn=3

g marginal

Pn=3

g vector

= 6p*(1 - p)pyps + 3p(1 - )" + (1 - p)".
(40)

The following expressions are found for filter lengths
n = 5,9 with similar reasoning:
- 2
PS5 = 15p%(1 = p)'[2p1 22(1 + p3) + (1 = p3) P3]

+10p%(1 - p)’

+5p(1-p)+(1-p) (41a)
Pgn;asrginal = 301)4(1 - p)pi’p%

+30p3(1 — p)’ Py pa(1 + P3)

+10p*(1 - p)’

+5p(1-p)*+ (1-p)° (41b)
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Pyt = 840p%(1 - p)’[9p} P} P} + 601 p3( Py + P2)
‘D3 + 2013 + 3P, Po( Py + o) D3]
+315p5(1 = p)*[2p, po( P} + P3)
+4pipi(py + p2) + 8P, p5( P} + P3) s
+4(p3 + p3) Py + 12p} Pips
+12p, po(py + ;) P3 + 4(p1 + P3) P3
+8p, P03 + (P4 +p2)p§] + 126 p*

(1 -p)°® +84p3(1 - p)°

+36p*(1 - p)" +9p(1 - p)* + (1 - p)°
(42a)

Pl v = 6300%(1 — p) pipi + 1260p°(1 - p)’

-pip3(1 + 3p;) + 840p5(1 — p)3

-[9p} P} P} + 6 P2 P3( Py + P2) Py + 21} P3]

+315p%(1 - p)*[2p, 22( P} + P3)
+4pipi(py + p2) + 80, 22( P} + D3) s
+12pi p3ps + 12p, po( Py + P,) P}
+8p,p, 13

+ 126p*(1 - p)°

+ 84p%(1 - p)° + 36p*(1 — p)’

+9p(1 - p)* + (1 - p)’. (42b)
The rate of failure, i.e., the probability of erroneous recon-
struction

R=1-P,

is displayed in Fig. 3 as a function of p for filter length
n =3 and for various probabilities p,, p,. It is observed
that impulses appearing simultaneously on both channels
(py = p, = 0) produce higher failure rates than impulses
appearing on just one channel. However, it has been found in
simulations that the dependence of the rate of failure on
P1, P, is not very strong when p, and p, are different from
zero for filter length n = 9. As expected, large filter win-
dows improve the performance of both filters in impulsive
noise removal. Filter windows having size 3 X 3 (n =9)
can effectively remove impulses having probability of occur-
rence approximately up to 0.3.

It is of interest to compare the performances of the marginal
median and vector median filters in impulsive noise removal.
For p, = p, =0, the performance of the two filters is
identical regardless of the filter length, according to the
theoretical analysis. Fig. 4 shows the rate of failure of the
two median filters for window size # = 5 and for three
values of p, = p, (0.33, 0.4, 0.5). We observe that the
vector median performs better than the marginal median, as
the probability p, that both channels are corrupted by im-
pulses rises. However, in general, the marginal median be-
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Fig. 3. Rate of failure of the marginal median filter for filter length n = 3,
and probabilities p,, p, = 0 (curve 1), p,, p; = 0.33 (curve 2), py, P, =
0.4 (curve 3), and p,, p, = 0.5 (curve 4).

haves better than the vector median filter for large impulse
probability p. It has also been observed that the vector
median filter performs slightly better than the marginal me-
dian filter in the typical case when we have impulse probabil-
ity p < 0.5, equal probabilities p, = p, = 0.33, and filter
length n < 9.

V1. SmuLATION EXAMPLES

In this section, we present two sets of experiments in order
to assess the performance of the filters we have discussed so
far. In the first set of experiments, a two-channel one-dimen-
sional input signal has been used. The following filters were
tested: 1) the moving average filter, 2) the marginal median,
3) the vector median, 4) the «-trimmed mean, and 5) the
multichannel MTM and DW-MTM filters. Two input sample
distributions have been used: the two-dimensional Gaussian
distribution N(m, C) (32), as well as the so-called contami-
nated Gaussian distribution:

f(x) =(1—-¢€)-N(x,m,C) +¢-g(x).

Variable ¢ is the percentage of the contamination (outliers)
and g(x) is the distribution of the outliers. The performance
criterion used is the standard deviation of the output in each
channel:

(43)

12

1 N
Soi = ——Z("ﬁ"?i)z i=1,2 (44)
N-1;4

where X; = (1 /N)Z}lej,- is the output arithmetic mean.
The smaller the output deviation is, the better is the perfor-
mance of the filter. The lengths of the filters tested were
n =5, 11. The parameter « of the «-trimmed mean filter
was chosen a = 0.2. In the case of the DW-MTM multi-
channel, we have performed the experiments with windows
having sizes 5, 7, and 11, 15, respectively.

First, we examine input distributions of the form N(m,; =
0, my=0, r,o; =1, 0y = 1) for correlation coefficient r
varying in the range 0 < r < 1. The output standard devia-
tion of the first channel is shown in Fig. 5 as a function of the
correlation coefficient r for filter size n = 5. As expected for
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Fig. 4. Comparison of the rate of failure of the marginal median filter
(curve 1) and of the vector median filter (curve 2) for filter length n = 5. (a)
pl =p2=.333; ) pl =p2 =04, (c) pl = p2 =0.5.

the Gaussian noise, the moving average filter has the smallest
output deviation and thus performs better than any other
filter. The o-trimmed mean is slightly inferior to the moving
average filter. The marginal median and DW-MTM filters
have similar performance and are inferior to both the moving
average and the a-trimmed mean filter. Vector median and
MTM filter have the worst performance. However, the vec-
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Fig. 5. Output standard deviation of the first channel as a function of the
correlation coefficient for filter length n = 5. Curves 1-6 correspond to the
moving average filter (1), a-trimmed mean filter (2), DW-MTM filter (3),
marginal median filter (4), MTM filter (5), and vector median filter (6),
respectively. The DW-MTM filter has window sizes 5 and 7.

tor median has better performance than the MTM filter for
r = 0.5. The performances of all filters but the vector me-
dian filter are independent of the correlation between chan-
nels. When the correlation coefficient r tends to one r — 1
the output variances of the marginal median and vector
median filters are identical. This fact follows from the analy-
sis given in Section IV. Similar observations can be made for
the output of the second channel. The results are similar for
negative correlation coefficients as well as for large filter
windows. The only difference is that the output variance
decreases with increasing filter length.

This set of experiments is continued with input signals
having contaminated Gaussian distributions of the form:

Jx)=(1-¢) - N(0,0,0,1,1)

+¢+N(0,0,0,0,0) (45)
with varying percentage e and equal standard deviations
0, = 0, = o of the outliers. The output standard deviation of
the first channel is shown as a function of the percentage € in
Fig. 6 for filter length n = 5 and outlier standard deviation
0, = 0, = 4. It is also shown as a function of the outlier
standard deviation ¢; = ¢, = ¢ in Fig. 7. In both cases the
moving average filter has the worst performance. The second
worst is the vector median filter. The performance of the
DW-MTM filter is the best. Furthermore, it is nearly im-
mune to the increase of the percentage e and deviation o of
the contamination. This simulation verifies the robustness of
the DW-MTM filter in the presence of outliers. The o-trim-
med mean filter has also good performance in the case of
small percentage e or small deviation ¢ for trimming factor
o = 0.2. Its performance can be improved for large ¢ or ¢
by increasing the trimming factor .

The above observations are clearer when the outliers are
impulses of value =+10, whereas the data distribution is
Gaussian N(0,0,0, 1, 1). The output variance is shown in
Fig. 8 as a function of the outlier percentage e for filter
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Fig. 6. Output standard deviation of the first channel as a function of the
outlier percentage for filter length #n = 5. Curves 1-6 correspond to the
moving average filter (1), vector median filter (2), marginal median filter
(3), MTM filter (4), a-trimmed mean filter (5), and DW-MTM filter (6),
respectively. The DW-MTM filter has window sizes 5 and 7.
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Fig. 7. Output standard deviation of the first channel as a function of the
outlier standard deviation for filter length n = 5 (e = .1). Curves 1-6
cone§pond to the moving average filter (1), vector median filter (2),
marginal median filter (3), MTM filter (4), a-trimmed mean filter (5), and

DW-MTM filter (6), respectively. The DW-MTM filter has window sizes 5
and 7.

length n =S5. The DW-MTM filter has the best perfor-
mance.

The second set of experiments has been. performed on
noisy color images. The quantitative criterion that we used

was the enhancement factor F for color images defined as
follows:

. 3 Julk, Dx(k, 0
- 5 3 fu(k. 1) - y(k, )

(46)

where u(k, /) is the noise-free image, x(k, /) is the noisy
input image, and y(k, /) is the filtered color image vector.
The values in decibels of F for different filters and noise
models are given in Table I.
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Fig. 8. Output standard deviation of the first channel as a function of the
outlier percentage ¢ for filter length n = 5. Outliers are impulses of
magnitude + 10. Curves 1-6 correspond to the moving average filter (1),
o-trimmed mean filter (2), marginal median filter (3), vector median (4),
MTM filter (5), and DW-MTM filter (6), respectively. The DW-MTM filter
has window sizes 5 and 7.

TABLE 1
ENHANCEMENT FACTOR F (IN DECIBELS) FOR DIFFERENT
FiLters AND NoISE MODELS

The test image was corrupted by 1) additive, zero mean, Gaussian noise
having standard deviation o = 20 (first column), 2) impulsive noise where
5% of the image pixels in every channel were contaminated by impulses of
value 0 or 255 (second column), 3) mixed Gaussian (¢ = 30) and
impulsive noise (3% of the pixels contaminated) (third column).

Noise Model
Gaussian
Gaussian (o = 30) and

Noise Impulsive Impulsive
Filter (o =20) Noise Noise
Mean 3 x 3 5.403 7.185 7.087
Marginal median 3 X 3 4.967 12.633 7.714
Vector median 3 x 3 3.316 11.507 5.638
a-Tm3 x 3, a = 0.2 5.479 10.767 8.167
DW-MTM;rz3x2 5.551 10.071 8.642

The test image (‘‘Lenna’’) having size 256 X 256 pixels is
shown in Fig. 9(a). The filters used have a window size of
3 x 3. The large window of the DW-MTM filter has dimen-
sion 5 X 5. The test image corrupted by additive zero-mean
white Gaussian noise having variance o2 = 400 on each
channel is shown in Fig. 9(b). The output of the moving
average filter and of the marginal median filter is shown in
Fig. 9(c) and 9(d), respectively. As expected, the moving
average filter performs better than the median filters in the
homogeneous image regions, whereas the marginal median
filter preserves edge information. Streaking and blotching
effects are more visible in the vector median filter output, as
seen in Fig. 9(e). This behavior is partially explained by the
fact that the vector median output is equal to one of the
samples in the filter window. Thus, the probability to have
equal outputs in adjacent window positions is higher for the
vector median than for the marginal median filter. The
DW-MTM filter has the best performance, as shown in Fig.
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Fig. 9.

(a) Test image. (b) Image corrupted by multichannel Gaussian

noise. (c) Output of a 3 X 3 moving average filter. (d) Output of a 3 x 3
marginal median filter. (e) Output of a3 X 3 vector median filter. (f) Output
ofa3 x 3,5 x5 DW-MTM filter. (For color supplement see p. 295.)

9(f). The above subjective observations are in accordance
with the measured values of the enhancement factor given in
the first column of Table I.

The test image corrupted by impulses having value 0 or
255 on all three channels, with probability of occurrence
p = 0.05, is shown in Fig. 10(a). We can observe in Fig.
10(b) and (c) that the marginal median filter rejects the
impulses slightly better than the vector median filter. Further-
more, the vector median filter has more intense streaking and
blotching effects.

Finally, the original image corrupted by additive zero-mean

white Gaussian noise having variance 02 = 900, mixed with
impulses with probability of occurrence p = .03 is shown
in Fig. 11(a). The superiority of the DW-MTM (18) filter
over the marginal median filter is clear, as can be seen
in Fig. 11(b) and (c). The DW-MTM filter has also been
applied directly on the RGB channels. Alternatively it
has been applied on the XYZ and on the modified (USC)
channels after suitable color transformations [1] to check
its sensitivity on various color distances. However, the
results were very similar on all color coordinate systems
used.
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(c)
Fig. 10. (a) Test image corrupted by impulsive noisc. (b) Output of a
3 X 3 marginal median filter. (¢) Output of a 3 X 3 vector median filter.
(For color supplement see p. 296.)

VII. CoNcLUSIONS

Multichannel nonlinear filters based on order statistics
have been discussed in this paper. Two major ordering
schemes have been used: marginal ordering and reduced
ordering. The properties of a class of multichannel filters
based on these ordering techniques has been studied. The
marginal median filter, the vector median filter, the multi-
channel o-trimmed mean filter, and the multichannel DW-
MTM filters have been analyzed. It has been found that
vector median filters and marginal median filters have similar
performances despite the fact that they have different defini-

&

(©)

Fig. 11. (a) Test image corrupted by mixed Gaussian and impulsive noise.
(b) Output of a 3 X 3 marginal median filter. (¢) Output of a 3 X 3.5 X 5
DW-MTM filter.(For color supplement see p. 296.)

tions. If we take into account the fact that the vector median
filter has higher computational complexity, we can conclude
that marginal median filter is preferable in most practical
systems. Both vector and marginal median filters are inferior
to the o-trimmed mean filter, the MTM filter, and the
DW-MTM filter in additive Gaussian noise removal and in
contaminated Gaussian noise removal. The DW-MTM filter
has clearly the best performance in the simulations both for
one-dimensional signals and for color images. Its superiority
can be explained partially by the fact that it uses a larger
filter window. However, the price paid for its performance is
its increased computational complexity.
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APPENDIX A

Each point (xy, ..., x,) defines p hyperplanes, each one
parallel to one of the p axes. These hyperplanes divide the
p-dimensional space in 27 subspaces. Let us denote by
F{(xy, ..., xp) the probability masses of the input pdf in
those subspaces. The p-dimensional cdf of the marginal-order

statistics [Xl(,l), e, Xp(,m]T is given by (7). Let n,,
i=0,...,27 — 1, denote the number of data points belong-

ing to each of the 27 subspaces. In this case:

Plijof Xy;sxy,...,0,0f x,, <x,} =

n!
oY HF”(xl,...
ny nyr_q Hn' i=0

(x,). (A1)

The number of data points must be nonnegative. Therefore,

-1 (A2)

The total number of data points is #. Thus, the sum of the
data points on every subspace satisfies

=0 i=0,...,27

2P-1

S n,=n.

(A3)
i=o

Let (J,_1s- - -»Jo), be the binary representation of a num-
ber j, 0 <j=<2% — 1. The label of each region R, j=
0,...,27 — 1, can be chosen in such a way so that all
regions R; having indices j, = 0 correspond to variables
X; = [Xh, e X, T satisfying X,; < x,, all regions R;
having J1=0 correspond to variables x satisfying X, xz,
etc. The total number of variables in all regions having
indices j such that j, = 0, 1 < k < p is i,. Therefore, the
following conditions must be imposed on the summation
indices in (8):

Z np=idp,. ..

Jo=0

s =i,

Jp-1=0

(A4)

Thus, the cdf for the p-dimensional case is given by

Er, ,,,,, r>(x1,--.,xp) =
n! 271
e — n;
’gﬁ ,Z_:, %0: nz;,l 2721 11 F (xl""’xp)

II » =°
i=zo '

(A5)
subject to the constraints (A2)-(A4).

APPENDIX B

Let us suppose that one data point exists on (x,, x,) and
ng, ..., ny are the data points in Ry U Ry U R), Ry U Rj,
and R) U R}, R, respectively. The total number of data is
n. The probability of such a layout is given by

=fx.»)2 - Z 3
" EI

H F! (xl’ xz)

Since the total number of data points is n, the following
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constraint must be satisfied:

3
Sn=n-1.
i=0

The total number of points in the regions Ry U Ry U R) and
R, U R; must be ; — 1. Therefore,

ng+ny,=r;— 1.
Similarly,
ng+n,=r,— 1.

Thus, we have only one free variable and (14) and (15) have
been proven.

Let us suppose that the marginal-order statistic comes from
one data point in R and one data point in R’. The probabil-
ity of such a configuration is given by (16). Since the total
number of data points is », the first constraint in (17) must
be valid. The total number of points in the regions R, U
Ro,URSUR,URjand Ry U Ry U R, U R, U R’ must
be r, —2 and r; — 2, respectively. Thus, the rest two
constraints in (17) must also be valid. Similar proofs can be
found for (18)-(23).

ApPENDIX C
The probability that the random variable x, is equal or
opposite to the random variable x, can be expressed as
Prix;=x,0r x; = —x,}
= Pr{x, = x5} + Pr{x; = x,}
— Pri{x, = x,=0}. (c1)

Assuming that the random variables follow the Gaussian
distribution (32) we get:
Pr{x;=x,=x}=

lim [[f(x, x) - dx] Ax?

Ax—0
li !
= lm
Ax—0 \/2—1;

1

\/(0,2 + 0,_2 - 2r0102)

Ax?

Pr{x;=x,=—x} = lim [{f(x, —x)-dx]Ax?
Ax—0
lim
= lim
Ax—0 V27
1
. sz
\/(012 + 0} + 2roy0,)
and
Pr{x, = x, =0} = lim f(0,0) Ax?
Ax—0
1
= lim Axt,

Ax=027g,0,v/ (1 — r?)

By substituting the above probabilities into (C1) and setting
gy = 0, = ¢ we obtain (33).
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ApPPENDIX D

In the following we give the favorable input vector com-
binations and their probability of occurrence for filter
length n = 5. We take into account that d > s, s, and thus
d — s, = d — s,. We begin with the vector median filter:

1) Five vectors of the form [sy, s,] with probability of
occurrence

P, =(1-p).

2) Four vectors of the form [s,, s,] and one of the form

[s, d] or [d, s,] or [d, d] with probability
P, = 5(1 - p)‘ - p.

3) Three vectors of the form [sy, s,] and two of the form

[s,d] or [d, s,] or [d, d], with probability
3
P, = 10(1 - p) - pt.

4) Two vectors [s,, §,], two vectors [s,, d] ([d, s,]), one
vector [d, s,] ([s4, d]) with probability

5! 2 2 2
Py =557 (1-p) ((P2p) 1P + Pyp(P1D)).
5) Two vectors [s,, s,], one vector [s,, d], one vector
[d,s,], and one vector [d, d] with probability

5‘
° 2
P, = E(l - )P PP, PP3D.

6) Two vectors [s,, s,], one vector [s,, d] ([d, s,]), and
two vectors [d, d], with probability

Py = 5502 (1 = 0)(pap + Py 0) PP

By adding the probabilities P, through P, we get (41a) for
the vector median filter. For the marginal median filter, all
the above combinations except 6) are valid. Also, another
favorable combination is the following: one vector [s, s,],
two vectors [s,, d], and two vectors [d, s,] with probability

Pe=sm

By adding the probabilities P, through P, and P, we get
(41b) for the marginal median filter.

(1 - p)(p20) (p1p)"
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Multivariate Ordering in Color Image Filtering
(pp. 247-259)

Ioannis Pitas and Panagiotis Tsakalides
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Fig. 9. (a) Test image. (b) Image corrupted by multichannel Gaussian noise. (c) Output of a 3 X 3 moving average filter. (d) Output of a 3 X 3 marginal
median filter. (e) Output of a 3 X 3 vector median filter. (f) Output of a3 X 3.5 x 5 DW-MTM filter. (Color supplement continued on next page.)
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Pitas and Tsakalides, continued
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Fig. 10. (a) Test image corrupted by impulsive noise. (b) Output of a  Fig. 11. (a) Test image corrupted by mixed Gaussian and impulsive noise.
3 x 3 marginal median filter. (c) Output of a 3 X 3 vector median filter. (b) Output of a 3 X 3 marginal median filter. (c) Output of a 3 x 3 vector
median filter.
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