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Abstract—This paper introduces a new class of robust beam-
formers which perform optimally over a wide range of non-
Gaussian additive noise environments. The maximum likelihood
approach is used to estimate the bearing of multiple sources from
a set of snapshots when the additive interference is impulsive
in nature. The analysis is based on the assumption that the
additive noise can be modeled as a complex symmetric a-stable
(SaS) process. Transform-based approximations of the likelihood
estimation are used for the general SaS class of distributions
while the exact probability density function is used for the
Cauchy case. It is shown that the Cauchy beamformer greatly
outperforms the Gaussian beamformer in a wide variety of non-
Gaussian noise environments, and performs comparably to the
Gaussian beamformer when the additive noise is Gaussian. The
Cramér-Rao bound for the estimation error variance is derived
for the Cauchy case, and the robustness of the Sa.S beamform-
ers in a wide range of impulsive interference environments is
demonstrated via simulation experiments.

1. INTRODUCTION

HIS paper addresses the solution of the signal parameter

estimation problem through the use of sensor array data
retrieved in the presence of impulsive interference. One of
the most interesting problems in this area is the estimation of
the direction of arrival (DOA) of narrow-band source signals
having the same known center frequency. In the past, the
problem has been studied extensively under the assumption
of Gaussian distributed signals and/or noise, and a variety of
methods for its solution have been proposed. As a result of
the Gaussianity assumption, most methods are based on the
second-order statistics of the signals.

The maximum likelihood (ML) method was one of the first
to be investigated [1]. When applying the ML technique to the
source localization problem, two different assumptions for the
signal waveforms result in two different methods. According to
the stochastic ML (SML), the signals are modeled as Gaussian
random processes. This is often motivated by the central limit
theorem and results in mathematically convenient expressions.
On the other hand, in the deterministic ML (DML), the signals
are considered to be unknown, deterministic quantities that
need to be estimated in conjunction with the direction of
arrival. This is a natural model for digital communication
applications, where the signals are far from being normal
- random variables and where estimation of the signal is of
equal interest.
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The importance of the ML technique comes from the math-
ematical property that under certain regularity conditions, the
ML estimator is known to be asymptotically efficient, i.e., it
achieves the Cramér-Rao bound (CRB) for the estimation error
variance. In this sense, ML has the best possible asymptotic
properties.

Many researchers have studied the ML technique as a
means of approaching the source localization- problem in
the presence of Gaussian additive noise. Stoica and Nehorai
examined the ML performance and its asymptotic properties,
derived expressions for the CRB, and established some of-its
properties [2]. Additionally, they investigated the relationship
between the ML and large sample approximation methods
such as MUSIC. With high computational cost constituting
the main shortcoming of the ML technique, Ziskind and Wax
introduced a computationally attractive method for calculating
the ML estimator [3]. Their method was based on an iterative
technique called “alternating projection” (AP) that transformed
the multivariate optimization problem .into a sequence of
simpler 1-D optimization problems. '

However, due to the high computational load of the mul-
tivariate nonlinear maximization problem involved in the
ML estimator, suboptimal methods have also been developed
[4]-[13]. The better known ones are cited here: the minimum
variance distortionless method of Capon [4] and the so-
called eigenvector-based methods including the MUSIC [5],
minimum norm [6], [7], and the ESPRIT method [8]. The
performance of the aforementioned methods is inferior to that
of the ML method, especially for low signal-to-noise ratio
(SNR) values or when the number of observation snapshots
is small.

The MUSIC method, which is a generalization of Pis-
arenko’s harmonic retrieval method, has received the most
attention and triggered the development of a large number of
algorithms referred to as eigenvector or subspace techniques. -
Besides offering a new geometric interpretation of the array
processing problem, MUSIC uses concepts from complex
vector spaces and well-known tools from linear algebra, such
as the singular value decomposition (SVD), in order to achieve
high resolution while keeping the computational complexity
relatively low compared with that of the ML methods.

Recently, special interest has been shown in relaxing some
of the assumptions concerning the statistical nature of the
noise in the bearing estimation ‘problem [14]1-[16]. One such
method is the bispectrum beamformer introduced by Forster
and Nikias [15]. It was demonstrated that for the case of
spatially correlated Gaussian additive noise with an unknown
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cross-spectral matrix (CSM), the bispectrum beamformer may
provide asymptotically better bearing estimates than the sto-
chastic ML method with known CSM.

Often, in actual applications, the Gaussian noise assumption
_proves inadequate, as systems designed under this assumption
exhibit a significant performance degradation. There exist
physical processes generating interferences that contain noise
components that are impulsive in nature. These processes
can be natural, as well as man-made, and include underwater
acoustic signals, lightning in the atmosphere, and transients
in power lines and car ignitions. In modeling these type of
signals, the stable distribution law provides a very attractive
theoretical tool. It was proven that under broad conditions, a
general class of impulsive noise follows the stable law [17].
As a result, considerable research interest has been shown in
designing robust signal processing algorithms for detection,
direction finding, and equalization that can do well not only
in the presence of Gaussian noise but also, more importantly,
in the presence of impulsive noise environments [18]-[20].

This paper is devoted to the ML estimation of multiple
sources in the presence of additive interference that is modeled
as a complex isotropic a-stable process. The paper is organized
as follows: In Section II, the DOA problem is formulated. In
Section III, the statistical model, based on the class of bivariate
symmetric a-stable (SaS) distributions, is introduced. This
model is well-suited for describing noise processes that are
impulsive in nature and contains the Gaussian process as a
special case. In Section IV, the ML estimator is developed,
and the CRB is derived for the Cauchy case. The application
of the ML method for the general case of SaS processes
is also discussed. Finally, Monte-Carlo simulation results are
presented in Section V, and conclusions are drawn in Section
VL

II. PROBLEM FORMULATION

Consider an array of r sensors with arbitrary locations
and arbitrary directional characteristics, which receive signals
generated by ¢ narrowband sources with known center fre-
quency w and locations 64,6s,...,6,. Since the signals are
narrowband, the propagation delay across the array is much
smaller than the reciprocal of the signal bandwidth, and it
follows that by using a complex envelop representation, the
array output can be expressed as

q

x(t) = a(fx)si(t) + n(t) th)

k=1

where we have the following:

o x(t) = [z1(t),...,z,(t)]T is the vector of the signals
received by the array sensors.

* si(t) is the signal emitted by the kth source as received
at the reference sensor 1 of the array.

o a(fy) = [1,e7m@) . e=3m6)]T is the steering
vector of the array toward direction 6.

¢ 7;(0;) is the propagation delay between the first and the
ith sensor for a waveform coming from direction 6.

e n(t) = [ni(t),...,n.(t)]7 is the noise vector.
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Equation (1) can be expressed in a compact form as
x(t) = A(0)s(t) + n(t) )
where A (@) is the r x ¢ matrix of the array steering vectors
AB) = [a(6r), ..., a(6,)] 3)

and s(t) is the ¢ x 1 vector of the signals

s(t) = [s1(t),...,s4()]T. @

Assuming that M snapshots are taken at time instants
t1,...,tum, the data can be expressed as

X=A@)S+N : o)

where X and N are the 7 X M matrices

X = [x(t1), ..., x(tar)] ©)
N = [n(t1),...,n(tx)] : @)

and S is the ¢ x M matrix
S =[s(t1),...,s(tam)] ®)

Our objective is to estimate the DOA’s 61,...,0, of the
sources from the M snapshots of the array x(t1),...,%x(tar).

Toward this goal, we are going to make the following
assumptions regarding the array, the signals, and the noise:

A.1) The number of signals is known and is smaller than
the number of sensors, i.e., ¢ < 7.

The set of any ¢ steering vectors is linearly indepen-
dent.

The noise samples n;(¢;); ¢ = 1,...,r; Jj =
1,..., M come from a complex (bivariate) isotropic
stable distribution.

The noise samples n;(¢;) are statistically indepen-
dent from one another both along the array sensors,
namely, along index ¢ and along time, namely, along
index 7.

Assumptions A.1) and A.2) guarantee the uniqueness of
the solution.. Assumption A.3) draws a new element into
our analysis as we deviate from the conventional assumption
that the noise in sensor arrays is a complex-valued Gaussian
process.

A2)

A3)

A4)

III. SYMMETRIC ALPHA-STABLE (S.S) DISTRIBUTIONS

In this section, we introduce the statistical model that will be
used to describe the additive noise. The model is based on the
class of bivariate symmetric oc-stable (Sa.S) distributions and
is well-suited for describing noise processes that are impulsive
in nature. An extensive review of the SaS family can be found
in [21]. Here, we focus on the elements useful for our analysis
later on the paper.
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A. The Class of SaS Distributions

The symmetric a-stable (Sa.S) distribution is best defined
by its characteristic function

¢(w) = exp(y6w — v|w|*) ®

where « is the characteristic exponent restricted to the values
0 < a<2,§(—00 <6< o0)is the location parameter, and
(v > 0) is the dispersion of the distribution. For values of « in
the interval (1, 2], the location parameter § corresponds to the
mean of the S«.S distribution, whereas for 0 < a < 1, § corre-
sponds to its median. The dispersion parameter y determines
the spread of the distribution around its location parameter
6 similar to the variance of the Gaussian distribution. The
characteristic exponent « is the most important parameter
of the SaS distribution, and it determines the shape of the
distribution.

A stable distribution is called standard if 6 = 0 and v = 1.
Clearly, if a random variable X is stable with parameters
a,7,6, then (X — §)/4Y/* is standard with characteristic
exponent .

By letting o take the values 1 and 2, we get two impor-
tant special cases of Sa.S distributions, namely, the Cauchy
(¢ =1), and the Gaussian (a = 2):

Cauchy
PR . S
fl(77§7m) - 7_(_’72 T (IL' — 6)2 (10)
Gaussian
1 — 6)?

Unfortunately, no closed-form expressions exist for general
SaS distributions other than the Cauchy and the Gauss-
ian. However, power series expansions can be derived for
Jalv,6;2). In the following, we shall assume that all SaS
distributions are centered at the origin, i.e., the location pa-
rameter § = 0. This is equivalent to the zero-mean assumption
for Gaussian distributions. Then, the standard Sa.S density
function is given by (12), which appears at the bottom of the
page [21].

Although the Sa.S density behaves approximately like a
Gaussian density near the origin, its tails decay at a lower rate
than the Gaussian density tails. The smaller the characteristic
exponent o is, the heavier the tails of the SaS density. This
implies that random variables following SaS distributions
with small characteristic exponents are highly impulsive. It
is this heavy-tail characteristic that makes the Sa.S densities
appropriate for modeling signals and noise or interference
which is impulsive in nature. Furthermore, Sa.S densities obey
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two important properties that further justify their role in data
modeling: . :

e The stability property, which states that the random
variables X1, ..., X,, are independent and symmetrically
stable with the same characteristic exponent « if and only
if for any constants a1, ...,a,, the linear combination
> aiX; is also SaS

e the generalized central limit theorem, which states that
the family of stable distributions contains all limiting
distributions of sums of i.i.d. random variables.

An important difference between the Gaussian and the other
distributions of the Sa.S family is that only moments of order
less than « exist for the non-Gaussian Sa.S family members.
The so-called fractional lower order moments (FLOM) of
a SaS random variable with zero location parameter and
dispersion < are given by

E|XPP=C(p,a)ys for0<p<a (13)

where
2P HIT(EELP(—2)
Clp,0) = L
In modeling the signals and/or noise for the bearing es-
timation problem, we need a complex: (bivariate) model for

the noise samples. In the following subsection, we present
an important family of multidimensional stable distributions

(14)

~ suitable for our purposes.

B. Bivariate Isotropic Stable Distributions

Multivariate stable distributions, much like the univariate
stable distributions, are characterized by the stability property
and the generalized central limit theorem. However, they are
much more difficult to describe because they form a nonpara-
metric set [21]."An exception is the family of multidimensional
isotropic stable distributions. Here, we concentrate on the 2-D -
(bivariate) case that is appropriate for modeling signals and
noise in the bearing estimation problem.

The characteristic function of a bivariate isotropic q-stable
distribution has the form ‘

p(w1,wz) = exp(y(1w1 + Sawa) — Y|w|®), (15)
where w = (wy,ws), and |w| = /w} + w3.

Here again, the parameters & and -y are the characteristic
exponent and the dispersion, respectively. The parameters
&1, 6 are the location parameters. The distribution is isotropic
with respect to the point (61, 2). Note that the two marginal
distributions of the isotropic stable distribution are SaS with
parameters (61,7, &) and (62,7, ). In the following, we will
assume that (61, 63) = (0,0). The bivariate isotropi¢c Cauchy

k—1
L 12?:1 U Dok 4 1)z sin(¥22) for0 < o < 1

1 fora=1 )
al\Z) = (22 +1) 12 |
fa(z) Ly (;;kp(zf’%‘ﬂ)m% forl<a<2 (42
# exp [— %] for o = 2.
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and Gaussian distributions are special cases for « = 1 and
a = 2, respectively.

As in the case of the univariate Sa.S density function, when
a # 1 or a # 2, no closed-form expressions exist for the
density function of the bivariate stable random variable. By
using the polar coordinate p = [x| = \/z? + z3, the density
function can be written as fo 7(:1;'1,.’132) = Xa,v(p) and is
expressed as a power series expansion form in (16), which
appears at the bottom of the page.The density function X« (p)
described above is also a heavy-tailed function. An expression
for the FLOM’s, similar to the one for the single-dimensional
case, can be found in [23]. If X is a random vector in R"
having the isotropic stable distribution with dispersion -y, then

EX|P = Cu(p,a)ys for0<p<a 7

where

_ ZHT(ET(=g)
ol'($)T(-5)

Having established a statistical model for the additive noise

at the array sensors, we proceed to the next section in which
we estimate the direction of arrival.

Cn(p, a 18)

IV. MAXIMUM LIKELIHOOD
ESTIMATION IN ALPHA-STABLE NOISE

In this section, we develop the ML estimator of the source
locations in the presence of noise modeled as a complex
isotropic a-stable process with dispersion ~. In a similar
approach, as in [3], we do not regard the source signals as
sample functions of random processes but rather as unknown
deterministic sequences. We will see that under the unknown
signal assumption, the ML estimation of the source bearings
cannot be decoupled from the ML estimation of the signal
waveforms as it can be in the case of Gaussian additive
noise. Hence, in order to reduce the dimensionality of the
optimization procedure, we will use suboptimal estimates of
the signals, and we will refer to the resulting processor as the
pseudo ML processor.

Initially, we concentrate-on the case where a = 1, i.e., we
consider the additive complex Cauchy noise case. There are
two reasons for doing this: First, the Cauchy distribution has a
closed-form expression for its density function. This results
in a straightforward implementation of the ML estimation,
with closed-form expressions for the CRB. Second, it is shown
through simulations that the Cauchy beamformer is very robust
in different impulsive noise environments, i.e., its performance
does not change significantly when the parameter o of the Sa.S
noise varies in the interval [1,2]. When the noise follows the
SaS distribution with o # 1, the ML estimation of the DOA
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is approximated by exploring the simple expression for the
characteristic function of the noise given by (15).

A. Pseudo ML Bearing Estimation of Sources in Cauchy Noise

In this section, we assume that the noise present at the array
sensors is modeled as a complex isotropic Cauchy process
with pdf given by (16), shown at the bottom of the page,
a = 1). We are most interested in estimating the bearings of
the sources, and therefore, we consider the signals themselves,
as well as the noise dispersion, -y as nuisance parameters in
the estimation problem.

Under Assumption A.4), it follows from (1) and (16) that
the joint density function of the sampled data is given by

F(X) = HHXLY<x,(t) Za,(ﬁk)sk(t)> (19)

t=1i=1
or
2l
FX)= HH o 2\ 3/2
5 T (32 4 fa(t) — Sy wB)sn0))
20
where a;(0;) = 1 and a;(6) = e 70 ¢ =2, 7.

Hence, the log likelihood function L(X;~,S,#), ignoring
constant terms, is expressed as

L(X;,8,0) = Mrlog(7) SZZM
t=1 i=1
2+ |zi(t) - Zai(ﬂk)é?k(t)
k=1

@1

The ML estimator is obtained by maximizing L(X;+,S,8)

- with respect to vy, S, and 8, i.e.

max L(X;v,S,8).

V53,

(22)

To reduce the dimension of this optimization problem, we first
fix v and 6, and minimize L(X;~,S,#) with respect to the
signal S. For fixed ¢, we take the derivative of L(X;~,S,0)
with respect to s(t):

oL
6sk(t) o

Unfortunately, no explicit solution of (23) is possible. In
order to be able to obtain closed-form expressions for the
signals, we resort to the application of the pseudo maximum
likelihood (PML) estimation. PML estimation is an important

_3zr: ai(0x)[zi(t) — a;(0x) s (t)]”

S 72 + Jw(t) — ai(0k)sk(t)? - (23)

1 oo 2ok (—1)k-
T 2oh=1 3

(1"( k/2+ 1)) sin( k2 )( 1/0) —ok=2 for0<a<1

e fora=1
2m(p?+72)3/2
Xa(P) = o (= - (16)
- wa»i?/a k= 0 22’£+11)k')2 F(2k+2)( 7o )Qk forl<a<?2
for a = 2.

o5 exp [~ 4 £]
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method in applications where probability models abound for
which the analytical derivation of the ML estimate for all the
parameters is virtually impossible. The problem formulated in
[24] can be stated as follows:

Let Xq,...,X, be iid. random variables with probability
distribution f(X;#,S) indexed by two sets of parameters.
Let S = §(X1,...,Xn) be an estimate of S other than
the maximum likelihood estimate, and let 9 lge the solution
of the likelihood equation 8/06 log L(X;8,8) = 0, which
maximizes the likelihood. Then, 8 is called a pseudo maximum
likelihood estimate of #, and under certain conditions, it is
consistent and asymptotically normal.

The PML estimator 8 has good large sample properties when
S does. In general, the asymptotic analysis for 6 will depend
on the asymptotic characteristics of S.

Returning to the optimization problem described in (22),
we observe that maximizing L(X;~, S, #) with respect to the
signal S is equivalent to the following minimization problem:

min £(X;7,8,0)

M r
. |zi(t) —
= min { E E log <1 +

t=14i=1

ke aa:(f?k)Sk(i)lQ)
¥? ’
24)

As we can see, (24) involves minimizing a double sum
expression of logarithmic functions of the form log(l + z).
In the unit disc B1(0) = {z € C : |z| < 1}, the function
log(1 + %) can be expressed as an infinite series:

S (_l)n_l n
log(1+2) = Z ¢
n=1

lz] < 1.

(25)
1 ai(Bk)sk(t)] < 7, the functlonal

2.
2 7

Hence, for |z;(t) —

L(X;7,8,80) can be written in the form
E(X'y, S, 6)
2n
= ZZ Z |zt - Zal Oe)sk(t)| . (26)
t=1 i=1 n=1 m,z

A first-order approximation of the above expression results
in the following £(*)(X;~,S,8) functional:

2 ZZ o (8) —

t=1 =1

L(l)(X;'y, z a;i(8x)sk(t))?

k=1
@27
‘which, by using (2), can be written in a more compact form as

po Z Ix(t) —

Hence, the minimization of £} (X;~, S, ) with respect to
S is equivalent to the least-squares (LS) estimation of S. This

LD (X;~,8,0)

Os®)>.  (@28)
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problem has a well-known solution:

8(t) = (AZ(0)A(0) T AF (0)x(¢). (29)
The dispersion «y can be estimated by using the method of
moments. Namely, in the expression for the FLLOM of the noise

given in (17), E|X [P can be approximated by an average sum:

[ 2 S ) - iy a6 ]

= T (30)
[Ca(p, 1)]7
where p < 1, and Cs(p, 1) is given by
»L(5)T(=p)
— ¥4 2

By using the above estimates for the signal S and the noise
dispersion <y, we obtain the reduced optimization problem
given in (32), which appears at the bottom of the page.

An iterative procedure based on the gradient descent princi-
ple can be applied in order to solve for #. In general, the cost
function described in (32) is nonconvex, and the optimization
procedure has to be initialized sufficiently close to the global
extremum. Suboptimal DOA estimators such as the MUSIC
algorithm or the recently proposed ROC-MUSIC method [22]
can be used to obtain initial bearing estimates. Concluding this
section, we point out, once again, the two main assumptions
made in order to obtain a closed- form expression for the signal

estimate S:

B.1) Assumption |z;(t) — Y %_, a;(0x)sk(t)] < v (holds
with probability (v/2 — 1)/v/2) enabled us to express
the logarithmic function as an infinite series;
Assumption |z;(¢) — Y. _; ai(0k)sk(t)| < v enabled
us to take a first order approximation of the infinite
series, and thus to obtain a least-squares closed form
estimate for the signal.

Obviously, when assumptions B.1) and B.2) are not sat-
isfied, the pseudo maximum likelihood processor will suffer
from suboptimal signal estimation. For the general application
case, when the processor does not possess enough information
about the transmitted signals, the two assumptions B.1) and
B.2) provide a closed-form expression for the signal estimates.
The degree to which these assumptions affect the performance
of the processor is studied in the simulated expenments in
Section V.

B.2)

B. The CRB for Cauch)} Noise

Under the assumptions stated in Section II and for the case
of complex isotropic Cauchy noise, the following theorem
holds:

max L X;A,é,ﬂ = max
ax L(X; 9,8, 6) = ma

2

x; (t) Zal 0x)8x(t) (32)
k=1
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Theorem 1: The CRB for 6, and « is given by
CRB(#)

- %’E{f §R{SH(t)DH [I - A(AHA)_IAH]DS(t)} }_1

t=1
(33)
and
_2
CRB(7) = 337 (34)
where
s1(¢) 0 .- 0 0
0 s(t) - 0 0
S(t) = : : Do lit=1,...,M
0 0 sq-1(t) O
0 0o - 0 8q(t
a(?) a5
D =[d(61),...,d(8,)] (36)
d(6;) = da(6;)/90;; i=1,...,q, and R{-} is the real part
operator.

Proof: See Appendix A.

The above expression for the CRB is very similar to the
one derived in [2] for the case of additive Gaussian noise. We
should note that the above bound can be achieved only when
there exist unbiased estimators of all the model parameters
v, S, and 6. A useful insight on the CRB can be gained if
we consider the case of a single source (¢ = 1) impinging
from direction 6 in a linear array whose sensors are spaced a
half-wavelength apart. In this case

A= [1’ e I sin(9)’ e, e—]('r‘-—l)r sin(ﬂ)]T (37)
and
D=
[0,—prcos(B)e ™SO _y(r—1)7 cos(f)e (DT sin(O)]T,
(38)
Therefore, it holds that
AHA =7 v (39)
DD = ﬂ-?%_l_) cos?(8) (40)
and
—1
DHA = gyrr(’"2 ) cos(8). 1)
Then
, 20 1 2
CRB(f) = — - . . “42)
®) 72 r(r2 —1)cos?(8) M |s(t)[?
The term Z—L'_(—tF in the above expression for the CRB

can be viewed as the inverse of a quantity analogous to
the signal-to-noise ratio (SNR) for the Gaussian case, i.e., a
generalized SNR so to speak. The larger the dispersion -y of
the noise, the higher the CRB.
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C. ML Estimation for General o.-Stable Noise

In this section, we discuss the ML estimation problem in the
presence of additive stable noise with characteristic exponent
a i the interval (1,2). In this case, there are no closed-
form expressions but only power series expansions for the
noise distributions as shown in (16). Here, we present an
approximate solution to the ML estimation problem based on
the characteristic function of the bivariate «-stable process
given by (15).

The problem of approximating likelihood calculations has
been studied in the past for applications where probability
distributions are only conveniently represented by their
transforms, like the characteristic function (see [25] and
references therein). A natural approach for estimating
density (p(z;0)) based functions, like the likelihood function
L(z;0) = log p(z; ), the score function S(z; §) = 2E2(=:f),
and the Fisher information Z(6) = var{S(z;0)} is based on
prediction theory: The best linear approximation of a function
h(z) of a random variable in terms of a kernel class of
functions G = {g(w;,z); w; € (w1,...,wk)} is defined
to be h(z) = Zle d;g(w;,z) minimizing the mean-square
error E{(h(z) — h(x))?}. The well-known solution for this
problem is given by

h(z) = E{h(z)} + X' 57" [g(z) -

where g(z) = [g(wi,@),..., 90wk, 2)]T, X =
cov{h(z), g(z)}, T = var{g(z)}, and v = E{g(z)}.
Approximations of the score function S(z;¢) and the Fisher
information Z(#) based on the above expression can be
obtained as follows [25]: Under mild regularity conditions

Eo{S(z;0)g(z)} = %

for any function g(z). Furthermore, Ee{S(x 6)} = 0, and
hence, A = cov{S(z;0),g(z)} = 0 = 4(8), where
v(8) = Ep{g(z)}. By using (43), we find that for any set
of functions g(z), an approximation to the score function is
given by

s 43)

(44)

5(z;0) = ()57 (0)[g(z) — ()] 5)

- According to standard arguments, the approximate expression

for the Fisher information is given by
Z(6) = 4(0)" =1 (O)¥(9)-

Returning to the bearing estimation problem in the presence
of additive complex isotropic a-stable noise, we consider the
case of a single source impinging on the array from direction
. Then, the likelihood function is given by '

(46)

M r
L(X;7,8,0) = >3 10g Xayy(|2:(t) = ai(8)s()]).  (47)

t=1 =1

The approximation to the ML equations based on the data
samples at the array sensors can be written as

-5

M
8(X;7,8,0)=) > S

t=1 i=1
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By choosing the kernel functions to be g(w,z) =
explyR{wz}], the approximation of the score functions
S’(t,i)(xi(t);fy,s(t),ﬁ) will depend on the characteristic
functions ¢ ;y(w;, s(t),0). Using (15), we can write

b,y (ws v, 8(t),0)
= exp[j(wpR{ai(0)s(t)} + wsS{ai(9)s()}) — vIw|*]

49

where w = wg + jwg, and R{-} and I{-} are the real
and imaginary part operators. Evaluation in a complex grid
Q = wg X wg, where wg = wg = [~k7,...,~7,7,..., k7]¥
and application of (45) give the following expression for
8(X;6):

M

o

Do (@), (2, 0)]7 S5 (0)[(€2, 2:(t)

5(X;9)

— ) (2,0)].
(50)
In addition, because of the independence of the observed data,

and by using (46), the approximate Fisher information is given
by

M r
)= > b1 (2.6) DE(O) 51 OIDl6) de,iy (2.6).
t=11=1

5D
The vectors and matrices in (50) and (51) are defined as
follows: .

g9, z;(t))
r o exp (—kraw(t) — krz ()] 7
exp [(—krzin(t) + (—k + 1)7zi5(0))]

— | exp(—krzin(t) + krais®)] (52)

exp p((=k + V)7ai 2 (t) — krzis(t))]

L explkrain(t) + krzis(®)]  J e
where z; 2(t) = R{z;(t)}, and z;s(t) = S{z:(1)}. In
addition, we have (53), which appears at the bottom of the
page. The matrix D (0) is the 4k? x 4k? diagonal matrix

Dq(0) = diag[—krR{d;(8)s(t)} — kr<S{d:(0)s(¢)},
—kmR{d;(0)s(t)} + (—k + 1)7${d:(8)s(t)}, .- .,
— kTR{d:(0)s(t)} + kr$S{d:(9)s()},. ..,

krR{d;(0)s(t)} + krS{d;(6)s(t)}]. (54)
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Finally, Tgq(d) is the 4k? x 4k® covariance matrix
cov{g(£, z:(1))}.

We can make the following remarks concemmg the de-
scribed approximation.

Remark 1: In this section, we considered only the case of

a single source impinging on the array. The generalization to
multiple sources of a known number is a conceptually straight-
forward problem, but it is one that involves a considerable
computational load since it requires the solution of a nonlinear
system of equations of the form (50).
* Remark 2: In (50), we considered the approximation of the
derivatives of the likelihood function only with respect to
the parameter of inferest 0, i.e., we assumed that the noise
dispersion -y and the signal S are known or can be estimated
via some method other than ML (see also Section IV-A for
the Cauchy case).

Remark 3: The kernel class G = {exp[yR{wz}]; w € C}
is complete, and therefore, an approximation A(z) of any
function can be made arbitrarily close to h(z). In practice, we
use a finite number of functions indexed by 2. For the case of
a linear array of sensors and a single impinging source from
direction 8, the likelihood function is periodic with respect
to &, and its domain lies in the interval [—m/2,7/2]: If the
domain of interest is the interval [—F, F], an appropriate
choice for 7 is 7 = 2x/F'. The approximation will depend
on the values of the characteristic function at the points of the
grid €. This approach is basically equivalent to sampling the
probability density function at the nodes of an orthogonal grid
with spacing 27 /7. The computational complexity associated
with the method is increasing with order O(k?). We found that
a reasonable choice for k is between 5 and 10 for the general
case of the a-stable law (1 < o < 2).

V. A PERFORMANCE STUDY

To demonstrate the performance of the proposed method for

- the direction-of-arrival (DOA) problem, we conducted several

stmulation experiments where we compared the ML estimator

based on the Cauchy noise assumption (MLC) with the ML

estimator based on the Gaussian noise assumption (MLG) and "
with the MUSIC estimator.

In all the experiments, the array is linear with five sensors
spaced a half-wavelength apart. ‘A single signal impinges to
the array from a source located at a direction of 5°. At first,
the signal is assumed to be known at the receiver, and the
ML method is applied to estimate the direction of arrival. In
addition, for the unknown signal case, the pseudo ML method

¢(t7i) (97 0) =

exply(—kTR{a;(0)s(t)}. — kr3{a:(0)s(1)}) 3
exp[p(—krR{a:()s(t)} + (k7 + 1)S{ai(0)s()}) — v[(=k7)* + (=& + 1)7)*]%]

expla(—krR{a:(8)s(t)} + brS{as(0)s(t)}) — A[(~k)? + (kr)?]3]
exply((—k + ) R{a:(0)s(8)} — brS{a:(0)s()}) —

- exply(krR{as(8)s(8)} + krS{a:(6)s(H)})

—l(=kr 4 (<kr)TE] g

(53)

V((=k+ 1)7)? + (=k7)?] ]

—[(k7)? + (k7 4k2x1

g
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TABLE 1
GSNR AND AVERAGE PSNR FOR DIFFERENT VALUES OF M

Number of snapshots, M
M=5|M=10[M=20|M=50]|M=100
GSNR [dB] | 22.6951 | 22.7323 | 22.7416 | 22.5003 | 22.6543
PSNR [dB] | 7.3712 | 3.3938 | 0.5371 | -4.3158 | -7.149

is applied by using a least-squares estimate for the signal.
The noise is assumed to follow the bivariate isotropic stable
distribution. We chose p to be p = 0.5 when we estimated the
noise dispersion « via expression (30). In theory, (17) holds
for any value of p as long as 0 < p < . In practice, the
variance of the estimator is a function of p. It is shown in [22]
that values of p in the range [1/2, /2] give estimators with
the smallest variance.

In every experiment, we perform 500 Monte-Carlo runs
and compute the mean square error (MSE) of the DOA
estimates. The optimization for the MLC and MLG methods
is performed by a steepest-descent algorithm with variable
stepsize selected by means of Armijo’s rule [26]. Since the
alpha-stable family for @ < 2 determines processes with
infinite variance, we define two alternative SNR’s. Namely,
we define the generalized SNR (GSNR) to be the ratio of the
signal power over the noise dispersion v:

M

1 2
GSNR = 1010g(W 22: |s(t) (55)
In addition, for finite sample realizations, we define the
pseudo-SNR (PSNR) as follows:

M ]2
t
PSNR = 101og(zjw—=1L)|2).
2= ()]
In the following, we present a comparative simulation study
for the estimation accuracy and the probability of convergence
of the aforementioned algorithms.

(56)

A. Estimation Accuracy

In this example, we study the estimation accuracy of MLC,
MLG, and MUSIC as a function of three parameters, namely,
the number of snapshots M, the noise dispersion <y, and the
noise characteristic- exponent c.

Number of Snapshots M: In the first expenment we study
the influence of the number of snapshots M to the performance
of the algorithms. The noise follows the complex isotropic
Cauchy distribution with dispersion v = 1 (cf. (16)). For this
experiment, the GSNR is kept almost constant at 22.5 dB as
shown in Table I. The PSNR is different in every Monte-Carlo
run; therefore, we calculate the average PSNR over the 500
Monte-Carlo runs (cf. Table I). As the number of snapshots M
increases, the PSNR decreases because increasingly impulsive
noise samples are incorporated into the data.

Fig. 1(a) shows the resulting MSE of the estimated DOA
as a function of the number of snapshots when the signal
is known. The CRB is also plotted. As expected, the MLC
estimator has the best performance since it is the optimal
estimator for this type of noise. In addition, the complete
failute of the MLC and MUSIC processors for this type of
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Fig. 1. MSE of the estimated DOA and CRB as functions of the number

of snapshots M: (a) Exact s1gnal knowledge; (b) least-squares estimate of
the signal.

impulsive noise is apparent. Fig. 1(b) shows similar plots for
the case of the pseudo ML estimators where we use a LS
estimate for the signal. The MLC estimator again has the
least MSE. Comparing these curves with the analogous curves
obtained assuming exact signal knowledge, we observe a larger
MSE for the pseudo ML estimates, as expected.

Noise Dispersion v: In the second experiment, we study
the influence of the noise dispersion v, i.e., the influence
of the GSNR to the performance of the methods. Here,
the noise follows the bivariate isotropic Cauchy distribution
with dispersion . The number of snapshots available to the
algorithms is M = 20. The GSNR and average PSNR for this
experiment are shown in Table IL

Fig. 2 shows the resulting MSE of the estimated DOA as a
function of the GSNR. Again, the MLC estimate has the best
performance. As evident in Fig. 2(b), the performance of the
MLC using a LS estimate for the signal degrades more rapidly
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TABLE O
GSNR AND AVERAGE PSNR FOR DIFFERENT VALUES OF 7y
Noise Dispersion, y
7=05] y=1 | y=2 y=4 7=6 7=28 v=10
GSNR [dB] | 25.7519 | 22.7416 | 19.7313 | 16.7210 | 14.9601 | 13.7107 | 12.7416
PSNR [dB]| 6.5577 | 0.5871 | -5.4835 | -11.5041 | -15.0259 | -17.5247 | -19.4629

MLG

MEAN SQUARE ERROR
3
T

MEAN SQUARE ERROR
3
T

MLC
10" 5
107 E
CRB

10-3 L L L L 1 1

12 14 16 18 22 24 26

GSNR
()

Fig. 2. MSE of the estimated DOA and CRB as functions of the GSNR: ()
Exact signal knowledge; (b) least-squares estimate of the signal.

for large values of the noise dispersion v (low GSNR values).
The reason is that for large values of the noise dispersion, there
is a small probability that assumption B.2) made in Section
IV-A holds. Thus, the MLC estimate suffers from suboptimal
signal estimation. It is noted, however, that the MLC estimate
still has the best performance.

Characteristic Exponent o: The importance of this experi-
ment rests in its study of the robustness of the algorithms in
different noise environments. Of course, by design, the MLG
estimator is optimal for additive Gaussian noise (o = 2), and
the introduced MLC estimator is optimal for additive Cauchy

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 43, NO. 11, NOVEMBER 1995

MEAN SQUARE ERROR
=)

Y
ov

CRB

1.5
CHARACTERISTIC EXPONENT
(a)

MEAN SQUARE ERROR

3 .

1.6
CHARACTERISTIC EXPONENT
(®)

Fig. 3. MSE of the estimated DOA and CRB as functions of the character-
istic exponent a: (a) Exact signal knowledge; (b) least-squares estimate of
the signal.

noise (o = 1). An important property of any processor is to
be able to perform reasonably well in a wide range of noise
environments (1 < o < 2). Here, we test the performance of
the estimators when the characteristic exponent o of the noise
stable law is changing. A

Fig. 3 shows the resulting MSE curves as functions of the
characteristic exponent ¢. The number of snapshots available
to the algorithms is M = 20. The GSNR is 22.7416 dB
(v = 1) and is shown together with the average PSNR on
Table ITI. The CRB as a function of o was computed by means
of (51), where we used the values k£ = 10, and 7 = 0.157.

As we can clearly see, the Cauchy beamformer is practically
insensitive to the changes of «, and for exact signal knowledge,
it almost achieves the CRB for the whole range of values .
On the other hand, both the MLG and the MUSIC algorithms
exhibit very large mean-square estimation errors for non-
Gaussian noise environments. Note that when o = 2, i.e.,

N
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for the Gaussian noise case, the MLG method has the least .

MSE, as expected.

The experiment demonstrates that for values of « in [1,2],
the ML method based on the Cauchy noise assumption exhibits
performance very close to the optimum. On the other hand,
the optimum ML estimator for the general SaS case with
a € (1,2) involves the computationally intensive solution of
S(X;8) = 0 with S(X;#) given by (50). These observations,
combined with the fact that the ML method based on the
Cauchy assumption has computational complexity similar to
the ML method based on the Gaussian assumption, justify the
importance of the Cauchy beamformer for the DOA estimation
problem in practice.

B. Initialization and Convergence

In this example, we study the convergence of the MLC and
MLG algorithms to the true DOA value as a function of the
characteristic exponent « of the noise. The initialization of
the optimization procedure is done by means of the MUSIC
bearing estimates. Again, the number of snapshots available
to the algorithms is M = 20, and the GSNR and average
PSNR are as shown in Table III. In Fig. 4, we plot the
probability that the processor will converge within 1° from
the true DOA as a function of the characteristic exponent of
the noise. It is shown that for the known signal case, MLC
exhibits higher probability of convergence than MLG in the
range 1 < a < 1.6. The range of the superior performance
of MLC is 1 < a < 1.8 when a LS estimate for the signal
waveforms is used.

VI. CONCLUDING REMARKS

We have presented a novel approach to the DOA estimation
problem in the presence of impulsive interference. The method
is based on the maximum likelihood estimation technique
where the noise is modeled as a complex isotropic SaS
process. The Cauchy beamformer has- been shown to give
better bearing estimates than the Gaussian beamformer in a
wide range of impulsive noise environments and for very
low SNR values. The technique inherits the computational
complexity of the ML family of methods. The simulations
show that for very large values of the noise dispersion,
the Cauchy beamformer suffers when the LS estimate for
the signal is used. Still, its performance is better than the
performance of existing methods. Better estimates for the
signal can be obtained by considering special application
scenarios, as is the subject of current research. In addition,
we will extend the subspace-based techniques for bearing
estimation to processes with finite moments of order p (p < 2)
and to complex isotropic Sa.S processes. This is particularly
useful for direction finding applications in the presence of
impulsive noise when reduced computational cost is a crucial
design requirement. Furthermore, future research includes the
development of methods for detection of the number of signals
in the presence of impulsive noise under an additive model.
Finally, we will extend our present work to the area of
matched field processing (MFP) [27] in ocean acoustics by
incorporating the complexities of the ocean environment and
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Fig. 4. Probability of convergence within 1° of the true DOA as a function of
the characteristic exponent o: (a) Exact signal knowledge; (b) least-squares
estimate of the signal.

TABLE III
GSNR AND AVERAGE PSNR FOR DIFFERENT VALUES OF

Noise Characteristic Exponent,
a=10]a=12[a=14]a=16a=18[a=20
22.7416 (y=1)

0.5371 [ 6.2171 | 10.1869 [ 13.1035 | 15.3269 | 20.0383

GSNE [dB]
PSNR [dB]

by exploiting the field structure of the signals propagating in
an ocean waveguide. '

APPENDIX A
DERIVATION OF CRB FOR COMPLEX
IsoTropPIC CAUCHY NOISE

Here, we derive the CRB for the most general case of
multiple signal sources in the presence of complex isotropic
Cauchy noise of unknown dispersion. As a first step, we derive
a useful proposition about the magnitude p and phase ¢ of the
noise:
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Proposition 1: The amplitude p and phase ¢ of the noise
following the complex isotropic Cauchy distribution are inde-
pendent, and the magnitude p satisfies

2
p 2
E{«ﬂ+p%2}_1&ﬂ' °7
Proof- The complex noise samples n;(f) =
lni(H)|e?®; i = 1,...,r; ¢ = 1,...,M follow the

bivariate isotropic Cauchy distribution with dispersion .
In other words, the real and imaginary parts of the noise
n = ng + jng are jointly Cauchy with probability density
fi(ng,ng) given by

L v

21 (nZ, + n& +72)3/?

filng,ng) = — 00 < N, Ny < 00.

(58)
As we can see, the probability density fi(ng,ns) can be
expressed as a function of the noise magnitude p = |n| =

/o2 2
n%+n%,

1
fl(”?l%,m‘) i p > 0.

w2 P
The joint dens1ty of the noise magnitude p and phase ¢ =
arctan(ng/ng) is given by [28]

x1(p) = (59

fp,8) = pfi(pcosd, psing) p =0, ¢€l0,2n]. (60)
From (59), it follows that
Fo,8) = ” p>0, pefo,2n]. (61

27r (0% + %)%/

Since the density f(p, ¢) is independent of ¢, the noise phase
¢ is uniformly distributed in [0, 27| and is independent of the
magnitude p. Hence

f(p) = 1P p>0

RO “

and
¢ € [0,27].

1) =5 &)

Now, by using (62), we get
5 o’ - / feo p? 4
el "o el (2t )

+oo ,03
= ’7/ —7/2070
Joo (V2 +p?)

A general form of the above integral can be found in [29]

(64)

+oo p3 2
dp = (65)
A (2 +p2) 7 157 |
and (57) follows. u
Now, we proceed by proving the theorem. Let 7 represent

the (2M g+ ¢+ 1)-dimensional vector of unknown parameters
in the stochastic model:’

7 =[v,s1,8(1),...,5¢r(1),s1,5(1),...,805(1),...
s1p(M),...,s08(M),s1.5(M),... M),0"1T
:[v,sg(l),sg(l),...,sg(M), (66)

1 8¢,5(

s&(M), 671"
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where sp(t) = R{s(t)} = [s1,(t),- ,sq,gg(t)]T, sg(t) =
S{s(t)} = [s, g(t) ses®]F; t = 1,...,M, and
g = [b1,.. 9 is the vector of the unknown directions
of arrival.

The Fisher information matrix J(n) is defined as

) :E{<8L(Xé;,8,0)> <8L(X{;ZS,9))T}‘ -

First, we calculate the derivatives of the log likelihood
function given in (21) with respect to the components of 7.
We have

ZZ?R{sk(t LG ING) S

aek V@R

t=1 7=1
(68)

where d;(6;) = . In addition

8a;(0r)
864,

0L Mr

—_— = —— 69
dy 7;; ¥?+ ln )2 ©9)

— 33 e 0k)nld)}

Osk,n(t) ; Y2+ s8>
k=1,...,¢q; t=1,...,.M (70)

and

BL s %{a*(&k)n,(t)}

Osk,5(1) 2 72+ |ni(1)]?
k=1,...,¢; t=1,..., M. (71)

In the following derivations, we will extensively use as-
sumption A.4), which states that the noise samples are spatially
and temporally independent and Proposition 1, which states
that the noise phase is uniformly distributéd in [0, 27] in order
to get simplifications in the expressions. First, we have

oL AL
E(a?,;b’é‘,)‘ 9E

R{ st (£)dx (Bx)na(8) } R{s ()3 (0)m; ()}
;tzl Zlazl { kg+ln kt)IZ( . 12+ Ingét/)l2
- gE{ZZ R{sk t)d*(ek ni(t)} R{s; ()dz (0)ns(t)} }

7+ (@) 72+ (D)2

t=1 =1
(72)

Setting 'I‘Lz(t) — lni(t)|ej¢i(t), Sk:(t) = |8k(t)|69ﬁk(t), and
ai () = (%) (72) can be written as

8L oL

SapOIICy

t=1 i=1

Ins(t)]
72+ ()

cos(— B (t) + wi(0k) + g + ¢i(t))

st ()00 5y cost- e o9+ 5+ (0D}

i(01)]

Va6
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_9ZZ;Sk(t)d(ek>ns,(t)d(9,)|E{ G }

t=1 i=1 (y? + Ins(8)1?)

—cos (Be(t) — — wi(fk) + wi (1))

3 M
LD

t=1 i=

Bi(t)

§R{L‘»‘k(t)sz (t)di(Ok)d; (61)}; Kyl =1,...,q.
(73)

Equation (73) can be written compactly as

> R{s"H)D'DS(1)}. (74)

(%)) -3
20 )\ 98 5%
Now
AL\ ?
E _—
(37)
M? 2 M & { 1 }
—6Mr Bl — -
;Z < L2+ ()

o ZZE{w @R }

{7 2+ ni () }

S

t=1¢'=1:=1 j=1
t'#t or j#i

2,.2
L= ]\4,;/27‘ _6M2T2E{

N N
i ME{ 7+ P }

wTLW})Z

+ 992 Mr(Mr — 1) (E{

(75)

Therefore
4 Mr

AL\ 2
E(%) =5y 76

In addition

_ R{at (6)n(8)} R(a3(00)ns (1)}
QE{ZZ PP 2 + IO }

i=1 j=1

_ opd 5= Rl Oni(0)} R{ai 0)ni (1))
‘gE{Z PO 27+ ()P }

i=1

Rl (0} R(o: (00 () }
P+ mOF 2+ g ()P

SEhps

i=1 j=1,j7#1
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o\ | (£) ]
_Q;E{(’vzﬂm(t)I?)z}
E{cos(wi(ﬂk) + ¢i(t)) cos(wi(6r) + ¢4(t)) } o1,
Ima(t)]
19 e VB {cos(wi(Be) + 9i(t)))
ZL;& {2+|n >|2} )

O] Voo (o4 o2
{m}ﬂ{com 6+ 6,)

15 75 Zcos(wl O1) — w;(61))61, ¢

3 Zm{ai(ak)u;(m)}@,t/.

_3 77
572 =1 ( )

Equation (77) can be written compactly as

7§R{A1‘1 A}siy.  (78)

p( 2L (L \'_ 3
dsp(t) ) \Oss(t)) ~ 5
Similarly

8L 81J T_ 3 °
E(asm)(aso(t')) = g S{ATAN, ()

and
oL oL \T 3 o
E<E<t_>)(a_sm) = 5aR{AT Ao,

In addition, we have (81), which appears at the top of the
next page, which in compact form can be written as

(80)

L \[oL\" _ 3 . .
Similarly
oL \ [oL\" "
(i) (@) = guotammso) e
Finally,
CIAVEIAS
B e
L\ ( oL \"
5(5) (5m) =0 )
and
oL\ ( oL \T
o(3) (3) o
The Fisher information matrix J(n) can now be written as
I() =
T 0 0 0 0 0
0 Zp -%g - 0 0 Ag(l)
0 Yo Yp 0 0 Aa(1)
0 0 0 T -3¢ Ap(M)
0 0 0 IS PPN Ag(M)
lo AL() AL - ARM) AL(M) © |
@®7)
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r

8L 0oL
8 By, ae(t)

t'=14=17%
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R{sf () dr (B)na(t') } R{aG(6r)ns ()}

—9E %Z >

7+ In: Ol

B R{st (0)d1 (0)ma()} R{a2 B)nst)}
~op{y> 2 MENROTE

2T P )P

%E{cos(—ﬂl(t) +wi6]) + g + wi(6) + 26:(1)) + cos(=Bi(t) + wi(6) +

- 537 ; R{s¥ (£ (6)as(6)},

7+ I (D)

= 9z|sz Id: (GZ)IE{W%}

B{cos(~u(t) + wi(8r) + 3 + $i(0)) cos(wil8e) + 4:(8) }—9Z|sz<t>nd 0I5z

5 —with)}

(81)

where
4 Mr
F - g?,
3 "
Y =8{T} = \;{AHA}
3
Ag(t) = R{A)} = W%{AHDS(t)},
As(t) = S{A} = %%{AHDS(Q}
and
3 M
0=t > R{s#(t)D¥Ds(¢)}.
t=1 :
Clearly
1542
CRB(7) = T 4Mr

Setting = def

(88)

(89)

(50)

D

92)

93)

94)

31 and using a standard result on the inverse

of a partitioned matrix [2], the CRB for the DOA @ can be

expressed as

CRB™!(9) =

e - [A£(1>7 (1> (M)vAg(M)]

B —Bg 0 0 Ag(1)

B  Eg 0 0 Ag(1)

0 0 B —Hg A%kM)

0 0 Es Eg | LAg(M)
M

=0 - ®{AT(HEA®)}

t=

ey

_ % i R{SH (t)D7DS(t)

—SH(t)DHA(AHA)_lAHDS(t)}

= 5_33 jé %‘{SH(t)DH [I —A(A®A) _1AH]DS(t)}

95)

and the proof is completed. n
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