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Abstract— The Age of Incorrect Information (AoII) is a
recently proposed metric for real-time remote monitoring
systems. In particular, AoII measures the time the information
at the monitor is incorrect, weighted by the magnitude of this
incorrectness, thereby combining the notions of freshness and
distortion. This paper addresses the definition of an AoII-optimal
transmission policy in a discrete-time communication scheme
with a resource constraint and a hybrid automatic repeat request
(HARQ) protocol. Considering an N -ary symmetric Markov
source, the problem is formulated as an infinite-horizon average-
cost constrained Markov decision process (CMDP). Interestingly,
it is proved that, under some conditions, the optimal transmission
policy is to never transmit. This reveals a region of the source
dynamics where communication is inadequate in reducing the
AoII. Elsewhere, there exists an optimal transmission policy,
which is a randomized mixture of two discrete threshold-
based policies that randomize on at most one state. The
optimal threshold and the randomization component are derived
analytically. Numerical results illustrate the impact of the source
dynamics, channel conditions, and resource constraints on the
average AoII.

Index Terms— Remote monitoring, information freshness, Age
of Incorrect Information (AoII), hybrid automatic repeat request
(HARQ), constrained Markov decision processes.

I. INTRODUCTION

THE technological advancements in sensor and monitoring
devices, together with the development and widespread

utilization of the 5G cellular networks and beyond, lead
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to the continuous emergence of new applications, whose
principal element is the real-time monitoring of remote
sources. The increasing list of examples includes autonomous
driving, real-time video feedback, anomaly detection in
critical infrastructures, remote surgery, emerging applications
in augmented reality networks and haptic communications.
In such applications, timely delivery of information is
fundamental.

It is well understood that, while low-latency networks
are necessary, they are insufficient to guarantee timely
operation [1]. This has increased the interest in the Age of
Information (AoI) metrics to analyze and design such real-
time applications. This new family of communication metrics
captures the end-to-end latency in remote monitoring systems.
Principally, the instantaneous AoI at time t is defined as
the difference t−ut ≥ 0, where ut is the generation time
of the most recently successfully decoded packet. Therefore,
AoI quantifies the freshness of the information content of a
packet and the importance of updating the monitor with fresh
information due to excess ageing.

The most important contribution of AoI has been the
opening of a new perspective in the analysis and design of
task-oriented communication systems. Since its introduction
in [1], AoI has attracted the interest of researchers and
engineers from many fields [2]. Nevertheless, a shortcoming of
the conventional AoI metric was shortly noticed. In particular,
AoI quantifies the information freshness but omits the
dynamics of the data source. For example, consider a source
that changes rapidly and another that changes slowly. The
packets that are generated simultaneously from the two sources
will have the same AoI, but obviously, the packet from the
rapidly-changing source is less accurate. The initial reaction of
the research community pointed towards the generalization of
the conventional AoI metric with non-linear age functions [3],
[4], [5], or even arbitrary non-decreasing functions [6]. In [7],
the authors extended AoI to measure the time elapsed since
the generation of novel source values.

From another perspective, a rather expected yet fascinating
observation has been made, i.e., minimizing the AoI is not
necessarily equivalent to minimizing the real-time estimation
error. Particularly, if the sampling times are independent of
the observed source, it can be shown that the mean-squared
estimation error is an increasing function of the AoI. However,
if the sampling times depend on the history of the source, the
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estimation error is not necessarily minimized with the AoI.
This was shown to happen even in the simplest signals [8],
[9], and similar results were derived for the real-time state
estimation error of feedback control systems [10], [11].

The conventional AoI ignores the content of the commu-
nicated data. On the other hand, the traditional error metrics
do not capture the amount of time the monitor’s estimate is
erroneous. To address these limitations, the Age of Incorrect
Information (AoII) was proposed in [12]. Particularly, the
AoII is defined as an age function weighted by the real-
time information mismatch (distortion), where the age function
penalizes only the time that the information mismatch is non-
zero. Essentially, AoII measures the time that the information
at the monitor is incorrect, weighted by the magnitude of
this incorrectness, rendering AoII a semantic metric that
measures both the timeliness and the accuracy of the delivered
information. Moreover, AoII is a suitable metric for task-
oriented communications, where the age and the distortion
functions can be naturally specified by the application of
interest. A visual comparison of the AoII and AoI metrics
is shown in Fig. 1.

Several works have been published since the introduction
of AoII. In [12], the authors consider a simple indicator
distortion function and study the minimization of AoII
under resource constraints, whilst in [13], the distortion
function has multiple thresholds. In [14] the results are
generalized with task-oriented age functions. In [15], the
authors analyze the average AoII for a piecewise linear
signal where the transmitter updates the monitor for slope
changes. The authors in [16] consider a system with multiple
sources where the scheduler is at the side of the receiver.
In [17], a similar problem is studied where the scheduler
has imperfect channel state information. The work in [13]
considers a resource-constrained scheme with a Markov source
where transitions happen only linearly, i.e. between adjacent
states.

Our work focuses on a discrete-time (slotted) commu-
nication system, where each packet has a probability of
being successfully decoded. The transmitter and the receiver
employ a hybrid automatic repeat request (HARQ) protocol
to correct communication errors. In particular, the packets
are encoded using a forward error-correction code to correct
communication errors at the receiver. If the decoder fails
to decode the packet, it requests a re-transmission with a
NACK feedback message. When HARQ is used with soft
combining, the decoder combines all the received packets to
improve the probability of successful decoding [18], [19].
In the case of soft combining, a re-transmission can either
consist of an identical packet (chase combining HARQ) or
some complementary information to the previously transmitted
packets (incremental redundancy HARQ) [18]. The standard
ARQ protocol is different in that the decoder only detects
errors but cannot correct them, and hence discards the previous
packets and considers only the most recent ones. This is
similar to HARQ without soft combining but without the
ability to correct any error. An important aspect of HARQ with
soft combining is that the probability of successful decoding
increases with the total number of packets, while with the
simple HARQ and standard ARQ, it is constant.

Fig. 1. Snapshot of a communication system illustrating the differences
between AoI and AoII. In this example, a binary source is sampled at every
time slot and is transmitted to the monitor. The packet arrives at the next
time slot and is attempted to be decoded. Successful decodings occur at time
slots di, i = 1, 2, 3, whereas the respective samples were generated at slots
si = di − 1. If the decoding is successful, the monitor updates its estimate
and the AoI decreases to one (because the sample was generated one time
slot ago). Otherwise, the AoI increases. The corresponding error indicates the
mismatch between the source and the monitor estimate. The AoII measures
the time slots where the error has been positive.

In this work, we develop optimal scheduling policies for
minimizing the average AoII in a communication system with
HARQ under a resource constraint. The resource constraint
is motivated by limitations on power or network resourc, es
(e.g. battery-powered sensors, allocated resources in sensor
networks, etc.). The same constraint was considered in [12],
[13], [14] for the minimization of the AoII without HARQ.
A related problem is considered in [20], where the authors
minimize the simple AoI with HARQ under the same
constraint. However, the authors only give an analytical
solution for the standard ARQ and approximate the solution
for general HARQ protocols. Notably, the analysis of AoII is
a harder task than that of the traditional AoI. This stems from
the inclusion of the communicated information content in the
metric via the distortion function.

It is noteworthy that age-related optimal transmission
policies in resource-constrained environments commonly
exhibit a threshold structure, where transmissions occur only if
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the age exceeds a certain threshold [12], [20], [21], [22], [23].
This property is iterated in our current work. Nevertheless, the
threshold structure is not unique in such environments. For
instance, [23], [24], [25] demonstrate the optimality of best-
effort policies, where transmissions occur at uniformly spaced
intervals.

To the best of our knowledge, this is the first study
that addresses the analysis of the AoII in a communication
system with HARQ. The main contributions of this paper are
summarized as follows:
• We analyze AoII in a communication scheme utilizing

HARQ within the confines of a resource constraint
that limits the long-term average transmission rate.
We explore HARQ with and without soft combining.
The source model employed in this context is an N -ary
symmetric Markov source.

• The transmission policy optimization problem is framed
as a challenging task within the realm of infinite-horizon
average-cost constrained Markov decision processes
(CMDPs), which are typically known for their difficulty
in achieving exact solutions. Nonetheless, an exact
solution is attained by examining the inherent structural
properties of the CMDP.

• When considering an HARQ protocol, the state space of
the CMDP becomes a union of two countably infinite
sets due to tracking the AoII and the transmission
count. Handling infinite state spaces poses additional
analytical challenges, as documented in [26, Sec. 4.6].
The primary technical complexity, different from prior
research, arises from the interdependence of these
variables, making it challenging to establish the cost
monotonicity. Consequently, the proof of cost monotonic-
ity employed in threshold-based solutions necessitates a
deeper examination of the underlying state transitions
within the context of our current work. Additionally, for
multivariate-state CMDPs, the threshold is an arbitrary
function of the other variables, making it generally
difficult to find an exact solution. However, we found an
analytical solution, which sets our approach apart from
other studies that focus on leveraging the MDP structure
to enhance the convergence speed of approximate
algorithms, as exemplified in references [20], [27], [28],
[29].

• Interestingly, we demonstrate that, given certain condi-
tions, the optimal policy is to abstain from transmission
entirely. In all other scenarios, we establish that the
optimal approach involves a randomized mixture of
two distinct threshold-based policies. It is shown that
the thresholds are independent of the packet count,
further simplifying the optimal policy. We analytically
deduce the precise threshold value and the randomization
component that align with the resource constraints.

• Extensive simulations are conducted to investigate how
the average AoII is influenced by the source dynamics,
channel conditions, and resource constraints when
employing the optimal policy.

The rest of this paper is organized as follows: in Section II,
the system model is presented and the problem is formulated
as a CMDP. Then, the constrained problem is expressed as

an unconstrained Lagrangian MDP. Section III analyzes the
structural properties of the Lagrangian MDP and derives the
Lagrange-optimal transmission policy. Section IV shows that
the optimal policy of the constrained problem is a randomized
mixture of two Lagrange-optimal policies. Section V provides
the proofs of the structural properties given in Sec. III.
Section VI describes an efficient algorithm that computes
the optimal policy, and Section VII gives numerical results
of the average AoII under the optimal policy with varying
model parameters. Finally, Section VIII summarizes the main
outcomes and presents directions for further extensions.

II. PROBLEM DEFINITION

A. Communication Model

We consider a discrete-time (slotted) communication model
over a noisy channel. The transmitter monitors a data source
from which fresh samples arrive at every time slot. At each
time slot, the transmitter decides whether to transmit or discard
the fresh sample. The samples are encoded with a channel
coding scheme and sent through the channel to the receiver.
Upon receiving the packet, the receiver attempts to decode
it. If the decoding is successful, the receiver notifies the
transmitter with an ACK packet. Otherwise, it sends a NACK
message to ask for additional information. The transmitter
decides whether it sends additional information or rejects the
request.

We assume that the channel states of each time slot are inde-
pendent and identically distributed. Furthermore, we assume
that the duration of a packet transmission is constant and
equal to one time slot, whilst the ACK/NACK packets are
instantaneous. The instantaneous feedback message is a typical
assumption in the literature, justified by its limited information
content. The constant delay has also been adopted in many
other works (e.g. [12], [20], [30], [31], [32], [33]). Note that
in typical networks there are two major sources of randomness
in the delay: a) queues formed by packet congestion in relay
nodes and b) erroneous packets that need to be re-transmitted.
In our work, we abstract the stochasticity of the delay due to
erroneous packets and embed it in a model with a constant
delay and a specified probability of successful decoding.
Therefore, our model is close to reality when the randomness
incurred by queues is negligible.

The probability of successful decoding at each time slot is
specified by a non-decreasing function p(r) ∈ (0, 1), where
r ∈ N is the number of packets already gotten by the
receiver. For example, the probability of successful decoding
for the first packet is given by p(0), for the second packet is
given by p(1), and so on. Typically, the maximum number of
packets is limited and only a total of rmax re-transmissions
are allowed [18].

Our objective is to minimize the average AoII. In particular,
let g(Xt, X̂t) denote the distortion function at time t between
the source Xt and its estimation X̂t at the receiver. In general,
g(Xt, X̂t) is directed by the specific application of interest.
Moreover, the age function is defined as

∆t ≜ t− ht , (1)
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Fig. 2. The symmetric Markov data source under consideration.

where ht is the last time instant when the distortion g(Xt, X̂t)
was zero. The instantaneous AoII at time t is simply the
product of the age and distortion functions,

δt ≜ ∆t · g(Xt, X̂t). (2)

We shall generalize the AoII process in (2) by employing
a generic monotonically increasing1 and unbounded penalty
function f(δt), i.e., f(δ′) > f(δ) ∀ δ′ > δ and
limδ→+∞ f(δ) = +∞.

Lastly, motivated by requirements on saving or allocating
power and network resources, we impose a constraint on the
transmission rate by requiring the long-term transmission rate
to not exceed R ∈ (0, 1].

B. Source Model

Hereafter, we focus on N -ary symmetric Markov sources,
as illustrated in Fig. 2. Here, α is the probability that the
source remains at the same state at the next time slot, and µ
is the probability of transition to all other N − 1 states. The
same model is considered in [12] and [16].

Due to the normalization property of the transition
probabilities, the following equality must hold,

(N − 1)µ + α = 1. (3)

In our analysis, we employ an indicator distortion function
defined as follows,

g(Xt, X̂t) = 1{Xt ̸=X̂t} . (4)

This distortion function penalizes equally any information
mismatch between the source and the monitor. The symmetric
Markov source implies that the source changes (or gives new
information) every Y time slots, where Y is geometrically
distributed, with the same parameter for all states. Note that

1The condition of strict monotonicity is a bit more restrictive than the weak
monotonicity adopted in [14] and [17], but simplifies the proofs of our results.

the indicator cost function may also arise by truncating other
more complex distortion functions, i.e., it can model the
function 1{d(Xt,X̂t)>c} , where d(Xt, X̂t) is any distortion
function and c is a specified threshold. In this case, we lose
some information but gain the tractability of the optimization
problem.

Although we focus on finite-state Markov chains, our results
also hold for infinite-state Markov chains. This adds to the
versatility of our results. We note two interesting cases in
this matter. Firstly, suppose that α = 0 and N →∞. Thus,
the source gives new information at every time slot, but the
information at two different time slots is never the same. This
implies that the AoII falls back to the simple AoI. Secondly,
suppose that the source is a finite-state Markov chain with
a fixed probability of staying at the same state α > 0. Now
construct another Markov chain that is infinite-state but with
the same probability of staying at the same state α. We have
α > 0, N → ∞, µ → 0. With the constructed Markov
chain, once the source departs from a state, the probability
of returning to it in the future is zero. This reflects the
scenario where the AoII penalty is zero if there is no new
information but always increases otherwise, even if the real
source eventually returns to the known value. This model can
be used when the generation time of the information is part
of the information itself.

C. Mathematical Formulation

We formulate the problem as an infinite-horizon average-
cost constrained Markov decision process (CMDP). The next
subsections define the CMDP and present the necessary
assumptions.

1) Definition of the Constrained Markov Decision Process:
Before we define the CMDP, we highlight a remark that
simplifies the definition of the problem. In particular, the
transmitter is not obliged to fulfil the request for a re-
transmission. However, should a re-transmission occur, it is
better to do it immediately after receiving the NACK message
than wait some time. This is true since waiting i) increases
the age and ii) incurs the chance of the packet becoming
obsolete due to a change of the source, all without increasing
the probability of decoding. A similar observation has been
made in the study of AoI with HARQ [20].

Remark 1: The AoII-optimal transmission policy incurs an
HARQ re-transmission only immediately after the reception of
a NACK feedback message.

Therefore, we presume that if the transmitter decides to not
fulfil the re-transmission request immediately, the request is
rejected altogether and the transmission count r reverts to zero.

That being so, the CMDP is defined as follows:
• The state of the CMDP at time t is given by St =

(δt, rt) ∈ S, where δt is the AoII at the current time slot
and rt is the transmission count for the current source
state.

• The cost at state St is equal to the instantaneous AoII
penalty f(δt).

• The actions yt ∈ Y , where the action space Y = {0, 1}
consists of the “wait” (yt = 0) and the “transmit” (yt = 1)
actions.
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• Define the functions γ1(rt), γ2(rt) as

γ1(rt) ≜ α(1− p(rt)), (5)

γ2(rt) ≜ 1− α− µ(1− p(rt)). (6)

The transition probabilities are summarized as follows,
while a detailed derivation is given in the Supplementary
Material.

If action is “wait” (yt = 0):

P (St+1=(δt+1, 0) | δt > 0, rt ≥ 0, yt = 0) = 1− µ ,

P (St+1=(0, 0) | δt > 0, rt ≥ 0, yt = 0) = µ ,

P (St+1=(1, 0) | δt = 0, rt = 0, yt = 0) = 1− α ,

P (St+1=(0, 0) | δt = 0, rt = 0, yt = 0) = α . (7)

If action is “transmit” (yt = 1):

P (St+1=(δt+1, rt+1) | δt > 0, rt ≥ 0, yt = 1) = γ1(rt) ,

P (St+1=(δt+1, 0) | δt > 0, rt ≥ 0, yt = 1) = γ2(rt) ,

P (St+1=(0, 0) | δt >0, rt≥0, yt =1) = 1−γ1(rt)−γ2(rt) ,

P (St+1=(1, 0) | δt = 0, rt = 0, yt = 1) = 1− α ,

P (St+1=(0, 0) | δt = 0, rt = 0, yt = 1) = α . (8)

• The long-term average number of “transmit” actions is
constrained to not exceed R ∈ (0, 1].

2) Additional Assumptions: To derive our results, it is
necessary to impose the following condition, which ensures
that the average AoII is finite under the policy that a new
transmission is performed in every time slot,

∞∑
l=1

f(l+1)(γ1(0) + γ2(0))l < ∞ . (9)

Furthermore, without loss of generality, we assume an
unlimited maximum number of allowed re-transmissions, i.e.,
rmax = ∞. In Section VII, we impose a finite rmax without
affecting the theoretical results.

3) Definition of the Optimization Problem: The optimiza-
tion problem pertains to finding the policy π : S 7→ Y that
minimizes the long-term average AoII, while not exceeding the
transmission rate constraint. The problem can be expressed as
a linear programming problem, as follows,

Definition 1 Main CMDP Problem:

Minimize Jπ(S0)≜ lim sup
T→∞

1
T

Eπ

[
T−1∑
t=0

f(δt) | S0

]

subject to Cπ(S0)≜ lim sup
T→∞

1
T

Eπ

[
T−1∑
t=0

yt | S0

]
≤R . (10)

To solve the constrained problem, we introduce the
Lagrangian average cost and solve the relaxed problem,

Definition 2 Lagrangian MDP Problem:

Minimize J(π,λ)≜ lim
T→∞

sup
λ≥0

1
T

Eπ

[
T−1∑
t=0

f(δt)+λyt | S0

]
−λR .

(11)
For any fixed value of λ, let

πλ ≜ argminπJ(π, λ) , (12)

g ≜ min
π

J(π, λ) , (13)

denote the optimal policy of the Lagrangian MDP and the
average cost achieved by the optimal policy, respectively.

The following lemma provides the means for an alternative
mathematical formulation.

Lemma 1: The MDP (11) is unichain. That is, there exists
a single recurrent class and a (possibly empty) transient class.

Proof: From the transition probabilities (7), (8),
we observe that, under any policy, there is a positive
probability from every state to transit to state S = (0, 0).
This suffices to prove the statement. □

Due to Lemma 1 and [34, Thm. 6.5.2], the optimal policy
πλ can be found by solving the following Bellman equations,

g + V (St)=min
yt

{f(δt)+λyt +
∑
St+1

P (St+1 |St, yt)V (St+1)}.

(14)

The function V (St) = V (δt, rt) is called the value function
of state St.

In the following, Section III elaborates on the Lagrangian
MDP, and Section IV reverts to the main CMDP to define
the optimal policy. The proofs of the results of Sec. III are
written in Sec. V, while the results of Sec. IV are given in the
Supplementary Material.

III. STRUCTURAL RESULTS FOR
THE LAGRANGIAN PROBLEM

This section gives the structural properties of the Lagrangian
MDP. All results given here are proved in Section V.

The following two lemmas characterize how varying δ or r
affects the value function V (δ, r) and are necessary for proving
the structural property of the optimal transmission policy.

Lemma 2: The function V (δ, r) is increasing w.r.t. δ.
Lemma 3: If µ < α, the function V (δ, r) is non-increasing

w.r.t. r. If µ ≥ α, it is non-decreasing.
Our first main result is the following proposition:
Proposition 1: Given a fixed transmission count r, if µ < α,

the optimal policy at state S = (δ, r) is threshold-based w.r.t.
δ. If µ ≥ α, the optimal policy is to always wait.

Proposition 1 reveals that when the probability α is too
small, communication is inadequate in reducing the AoII. This
is a natural consequence since a transmission is useful only
when the most likely state at the time of reception is the one
being transmitted. Notice that a more sophisticated estimator
at the receiver would leverage the received state to estimate
a different state as the most probable. However, this would
require the knowledge of the source dynamics at the side of
the receiver, which is a rather strict assumption.

As a corollary of Proposition 1, the average AoII for µ ≥ α
can be found by solving for g in (14), which is easy to do
since the optimal policy is y = 0 for all steps.

Corollary 1: If µ ≥ α, the average AoII under the optimal
(waiting) policy is given by

gwait =
µ
(
f(0) + (1− α)

∑∞
i=1(1− µ)if(i)

)
(1− α)(1− µ) + µ

. (15)
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On the other hand, for µ < α, Proposition 1 states that for
a fixed r there exist a corresponding threshold n∗r,λ, such that
for all states S = (δ, r) with δ ≥ n∗r,λ the optimal policy
is y = 1, whereas if δ < n∗r,λ the optimal policy is y = 0.
The next proposition implies that it suffices to define only the
threshold for r = 0, n∗0,λ.

Proposition 2: Let n∗r,λ denote the optimal threshold when
the transmission count equals r. The sequence {n∗r,λ} is non-
increasing w.r.t. r.

We elaborate on the consequences of Proposition 2. Suppose
that the system has reached the state St = (δt, rt), δt >0, rt >
0. Since rt is positive, it follows that the previous state was
St−1 = (δt−1, rt−1) and the optimal action was yt−1 = 1.
Therefore, it holds that δt−1≥n∗rt−1,λ , which implies that δt >
n∗rt,λ

due to Proposition 2. It follows that the optimal action
for the state St is also yt = 1. By induction, we infer that it
suffices to find the threshold n∗0,λ. After the instantaneous AoII
reaches n∗0,λ, the optimal action is to continuously transmit
until the AoII becomes zero.

Exploiting the previous results, we can derive the following
theorem, which describes the solution to the Lagrangian MDP
problem (11).

Theorem 1: The optimal threshold n∗0,λ is equal to

n∗0,λ = min{n0 ∈ N∗

: (1−µ)V (n0+1, 0)−V (n0, 0)+f(n0)−gn0 >0},
(16)

where gn0 is the average cost achieved by the threshold n0.
The values of V (n0, 0), V (n0+1, 0) and gn0 are computed
via the expressions in Table I.

IV. OPTIMAL POLICY FOR THE
CONSTRAINED PROBLEM

Up to this point, we have studied the Lagrangian MDP (11),
with our final objective being the solution of the CMDP (10).
To this end, we need to track the transmission rate achieved
by the solution of the Lagrangian MDP.

Let πλ denote the policy that solves the Lagrangian MDP
with parameter λ and let Cπλ

denote the transmission rate that
is achieved from this policy.

Proposition 3: The achieved transmission rate of the
threshold-based policy with threshold n0 is equal to

Cπλ
= q0,0(1− α)(1− µ)n0−1

∑
0≤h

∑
0≤r≤h

m(h, r), (17)

where the function m(·, ·) is recursively defined by

m(h, r) =

m(h−r, 0)
r−1∏
j=0

γ1(j) if 0 ≤ h, 0 ≤ r ≤ h ,

0 if 0 ≤ h, h < r ,

m(h, 0) =
h−1∑
k=0

γ2(k)m(h−k−1, 0)
k−1∏
j=0

γ1(j)

 , 1 ≤ h ,

m(0, 0) = 1 , (18)

with the convention that
χ∏

k=ϕ

(·) = 1 if ϕ > χ

and q0,0 is the stationary probability of the process being at
state (0, 0), which is equal to

q0,0 =

(
1 + (1− α)

(
n0−1∑
k=1

(1− µ)k−1

+ (1− µ)n0−1
∞∑

h=0

h∑
r=0

m(h, r)

))−1

. (19)

Proof: The proof is given in the Supplementary Material.
□

The main result of this section is summarized with the
following theorem.

Theorem 2: There exists an optimal policy π∗ of the CMDP,
which is a randomized mixture of two stationary threshold-
based policies of the Lagrangian MDP πλ∗ and πλ− , that
correspond to the thresholds n∗0,λ∗ and n∗0,λ− , respectively.
In particular,

λ∗ ≜ inf{λ ∈ R+ : C∗πλ
≤ R} (20)

and
n∗0,λ− = n∗0,λ∗ − 1 . (21)

The optimal policy is defined as

π∗ = ρπλ∗ + (1− ρ)πλ− , (22)

where ρ ∈ (0, 1] denotes the randomized mixture component.
The mixture component is chosen such that the randomized
policy has an average transmission rate equal to R, and it is
explicitly defined by

ρ ≜
R− Cπλ∗

Cπλ−
− Cπλ∗

, (23)

where Cπλ−
and Cπλ∗ are the average transmission rates

when the thresholds are n∗0,λ− and n∗0,λ∗ , respectively.
Proof: The proof is given in the Supplementary

Material. □
Equation (22) is interpreted such as, at every time slot,

the policy π∗ chooses randomly either n∗0,λ∗ or n∗0,λ− as a
threshold, with probability ρ and 1− ρ, respectively.

Finally, the following proposition will be exploited for the
algorithmic utilization of Theorem 2, as it will be analyzed in
Section VI.

Proposition 4: The Lagrange-optimal threshold n∗r,λ is
non-decreasing with λ, while the transmission rate Cπλ

is
non-increasing with λ.

Proof: The proof is detailed in the Supplementary
Material. □

V. PROOFS OF THE STRUCTURAL PROPERTIES
OF THE LAGRANGIAN MDP

In this section, we prove the results on the structural
properties of the Lagrangian MDP written in Sec. III.

A. Proof of Lemma 2
From (7), (8) and (14) we obtain the following Bellman

equations for our problem,
g + V (0, 0)

= min{f(0) + αV (0, 0) + (1− α)V (1, 0),
f(0) + λ + αV (0, 0) + (1− α)V (1, 0)}, (24)
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TABLE I
THE ANALYTIC EXPRESSIONS OF V (δ, 0) FOR δ ≥ n0 AND gn0

g + V (δ, r)
= min{f(δ) + (1− µ)V (δ+1, 0) + µV (0, 0),

f(δ) + λ + γ1(r)V (δ+1, r+1) + γ2(r)V (δ+1, 0)
+ (1− γ1(r)− γ2(r)) V (0, 0)}, for δ > 0, r ≥ 0 . (25)

Notice that the first part of the minimum operators
in (24) and (25) corresponds to y = 0, whereas the second
part corresponds to y = 1.

The relative value iteration (RVI) algorithm is employed
next, which approximates the value function V (·, ·) in an
iterative fashion and, in particular, if it is convergent, it finds
the true value function. Let Vt(·, ·) denote the estimation of
the value function at iteration t ∈ N. Next, define the (exact)
Bellman operator,

TVt(S) ≜ min
y
{f(δ) + λy +

∑
S′

P (S′ | S, y)Vt(S′)}. (26)

Let S0 = (0, 0) be the arbitrary reference state the RVI is
anchored to. Without loss of generality, we may assume that
V0(S) = f(δ), ∀ S = (δ, r) ∈ S. Then, the RVI updates its
estimate as follows:

Definition 3 Relative Value Iteration:

Vt+1(S) = TVt(S)− TVt(0, 0), ∀ S ∈ S, t ∈ N . (27)
By setting S = (0, 0) in (27), we deduce that Vt(0, 0) =

0, ∀ t ∈ N∗. Since Vt(·, ·) converges to the true V (·, ·), this
means that

V (0, 0) = 0 . (28)

Plugging (28) in (24), the min operator is solved immediately
as the first argument is always smaller than the second. This
yields the following useful remark.

Remark 2: The optimal action for S = (0, 0) is to wait
(y = 0).

Furthermore, plugging (28) in both (24) and (25) yields the
following Bellman equations, which will be used in the rest
of our proofs:

g = f(0) + (1− α)V (1, 0) (29)
g + V (δ, r) = min{f(δ) + (1− µ)V (δ+1, 0),

f(δ)+λ+γ1(r)V (δ+1, r+1)+γ2(r)V (δ+1, 0)},
for δ > 0, r ≥ 0 . (30)

Our goal is to show that Vt(δ+, r) > Vt(δ−, r) ∀ δ+ >
δ−, r ∈ N, t ∈ N. Suppose that Vt(δ+, r) > Vt(δ−, r). The
condition holds for t = 0, since V0(δ, r) = f(δ) and f(·) is
an increasing function. Suppose that the condition holds up to
some iteration t. Then, we write the Bellman operators for the
two states:

TVt(δ+, r)
= min{f(δ+) + (1− µ)Vt(δ++1, 0),

f(δ+) + λ + γ1(r)Vt(δ++1, r+1) + γ2(r)Vt(δ++1, 0)},
(31)

TVt(δ−, r)
= min{f(δ−) + (1− µ)Vt(δ−+1, 0),

f(δ−) + λ + γ1(r)Vt(δ−+1, r+1) + γ2(r)Vt(δ−+1, 0)}.
(32)

By assumption, we have that Vt(δ+, r)>Vt(δ−, r) ∀ δ+ >
δ− , r ∈ N, while f(δ+) > f(δ−) due to the monotonicity
of f(·). From these two inequalities we deduce that
TVt(δ+, r) > TVt(δ−, r). Using this result in (27), it yields
that Vt+1(δ+, r) > Vt+1(δ−, r). By induction, we conclude
that Vt(δ+, r)>Vt(δ−, r) ∀ t ∈ N. Thus, the function V (δ, r)
is increasing w.r.t δ.
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TABLE II

STEPS FOR PROVING THE INEQUALITY V (S+
0 ) ≤ V (S−0 )

B. Proof of Lemma 3

In the following, we prove the result for µ < α. The case
µ ≥ α can be proved similarly with the same approach. For
the proof, we will invoke directly the Bellman equations (14).
Our goal is to show that V (δ, r+) ≤ V (δ, r−),∀ r+ ≥ r−.
When δ = 0, we always have r+ = r− = 0 and the inequality
holds trivially. Therefore, we will examine the states where
δ > 0.

Let S−0 ≜ (δ, r−) and S+
0 ≜ (δ, r+). Assume a sequence

of actions {y−t }, corresponding to the optimal policy starting
from state S−0 . Let {S−t } and {S+

t } be the sequence of states
after following the actions {y−t }, starting from the states S−0
and S+

0 , respectively. Clearly, {y−t } is a sub-optimal policy
for {S+

t }. Therefore,

V (S+
0 ) ≤ f(δ) + λy−0 − g +

∑
S+

1

P (S+
1 | S+

0 , y−0 )V (S+
1 ).

(33)

Suppose that y−0 = 0. Then, the action-conditional transition
probabilities of S+

0 and S−0 (ref. (7)) are the same and thus,

V (S+
0 ) ≤ f(δ) + λy−0 − g +

∑
S−1

P (S−1 | S−0 , y−0 )V (S−1 )

= V (S−0 ). (34)

Instead, suppose that a sequence of k transmissions follows
before the first wait action, i.e. y−0 = y−1 = . . . = y−k−1 =
1 and y−k =0. From (30), we have the following relations for
V (δ, r+).

V (δ, r+) = f(δ) + λ− g + γ2(r+)V (δ+1, 0)
+ γ1(r+)V (δ+1, r++1), if y = 1 . (35)

The recursive relation (35) expresses the value function
V (δ, r+) as (f(δ)+λ−g), plus the average value of the
next state, which is V (δ+1, 0) with probability γ2(r+),
and V (δ+1, r++1) with probability γ1(r+). Therefore, the
possible states of the next time slot that contribute to the value
function of the state (δ, r+) have a deterministic AoII variable

equal to δ + 1 and a stochastic transmission count variable.
We can exploit the Markovian nature of the transitions to
represent their probability as a transition matrix. Define the
(1-step) transition matrix, (36), as shown at the bottom of the
next page.

Thus, P is the 1-step action-dependent (y = 1) probability
matrix2 for the transitions (δ, r+)→ (δ+1, 0) and (δ, r+)→
(δ+1, r++1). As shown above, we index the rows and
columns of P from 0 to r++k. Notice that the matrix is
big enough to express the transitions for the k sequential
transitions starting from the state (δ, r+). The l-th step
transition probabilities are given by P l. That is, the l-th step
transition (δ, r+) l→(δ+l, i) has probability equal to P l

r+,i .
With the definition of the matrix P and the above

observations at hand, we can expand the recursions in the RHS
of (33) for the first k steps, as shown in Table II. The second
line follows from the fact that the transition probabilities of
(δ+k, i) are the same for every i when y−k =0 (7). The fourth
line follows from the fact that

∑
i P s

r,i is non-increasing with
r for any power s of the matrix P , which we prove next.

We will use induction to prove that
∑

i P s
r,i is non-

increasing with r for any power s of the matrix P . We know
that the property holds for s = 0 and s = 1, since

∑
i P 0

r,i =
1 and

∑
i P 1

r,i = γ2(r)+γ1(r), which is non-increasing when
µ < α. Suppose that the property holds up to some power
h. We will prove that it must also hold for the power h+1.
Let Ph+1

r,: denote the r-th row vector of Ph+1. We can write
Ph+1

r,: as the following product,

Ph+1
r,: = Pr,: · Ph . (37)

Expanding the product and summing all the elements,
we derive the following relation∑

i

Ph+1
r,i = γ2(r)

∑
i

Ph
0,i + γ1(r)

∑
i

Ph
r+1,i . (38)

2P is not a stochastic matrix, since the summation of its rows is lower
than 1. This is true since P lacks the transitions to the state (0, 0). However,
we do not lose any information since the value function of (0, 0) is zero.
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After replacing the γ1(r) and γ2(r) with their defini-
tions (7), (8) and some minor algebraic manipulations, (38)
becomes∑

i

Ph+1
r,i = (1− α)

∑
i

Ph
0,i

+ (1− p(r))

(
α
∑

i

Ph
r+1,i − µ

∑
i

Ph
0,i

)
.

(39)

The first term in (39) is constant w.r.t. r. The second
term is a product of two non-increasing functions of r.
In particular, (1− p(r)) is non-increasing since p(r) is non-
decreasing, and

(
α
∑

i Ph
r+1,i−µ

∑
i Ph

0,i

)
is non-increasing

since
∑

i Ph
r+1,i is non-increasing by the induction hypothesis.

Therefore, to prove that
∑

i Ph+1
r,i is non-increasing with r,

it suffices to show that
(
α
∑

i Ph
r+1,i−µ

∑
i Ph

0,i

)
is always

non-negative. It is easy to verify that, for any row u,
∑

i Ph
u,i

is minimized when p(x) = 1 ∀ x ∈ N and maximized when
p(x) = 0 ∀ x ∈ N. For those extreme cases, we have∑

i

Ph
u,i

∣∣∣∣∣
p(x)=1 ∀ x∈N

=
h∑

j=0

(1− α)j =
1− (1− α)h+1

α

(40)∑
i

Ph
u,i

∣∣∣∣∣
p(x)=0 ∀ x∈N

=
h∑

j=0

(1− µ)j =
1− (1− µ)h+1

µ

(41)

Hence,

α
∑

i

Ph
r+1,i−µ

∑
i

Ph
0,i ≥ α

∑
i

Ph
r+1,i

∣∣∣∣∣
p(x)=1 ∀ x∈N

− µ
∑

i

Ph
0,i

∣∣∣∣∣
p(x)=0 ∀ x∈N

= −(1− α)h+1 + (1− µ)h+1

> 0 . (42)

Thus,
∑

i Ph+1
r,i is non-increasing with r, and by induction

we infer that
∑

i P s
r,i is non-increasing with r for any power

s of the matrix P . This concludes our proof.

C. Proof of Proposition 1
First, we prove that the optimal policy is threshold-based

under the assumption that µ < α. The following lemma will
be used to this end.

Lemma 4: Let a two-variable function f(x, y) : X × Y 7→
R that is increasing w.r.t. x and non-increasing w.r.t. y. That
is, ∂f(x,y)

∂x > 0 and ∂f(x,y)
∂y ≤ 0. Then, the following inequality

holds,

∂f(x, y)
∂x

≥ ∂f(x, y + h)
∂x

∀ x ∈ X , (y + h) ∈ Y, h ≥ 0 .

(43)
Proof: [Proof of Lemma 4] Assume that ∂f(x,y)

∂x <
∂f(x,y+h)

∂x . Then, there exists some x∗ ∈ X s.t. f(x, y) <
f(x, y+h), ∀ x ≥ x∗. However, this contradicts the
monotonicity of f(x, y). Consequently, the assumption is
wrong. □

We already showed that for δ = 0, the optimal policy is
y = 0 (Remark 2). Thus we consider the states where δ > 0.
Define the action-dependent value functions for y = 1 and
y = 0, respectively, from (30):

V 1(δ, r) ≜ −g + f(δ) + λ + γ1(r)V (δ+1, r+1)

+ γ2(r)V (δ+1, 0), (44)

V 0(δ, r) ≜ −g + f(δ) + (1− µ)V (δ+1, 0). (45)

In addition, define the difference,

∆V (S) ≜ V 1(S)− V 0(S)
= λ+γ1(r)V (δ+1, r+1)+(γ2(r)−1+µ)V (δ+1, 0)
= λ + (α− αp(r))V (δ+1, r+1)

− (α− µp(r))V (δ+1, 0). (46)

The partial derivative of ∆V (S) w.r.t. δ is equal to

∂∆V (S)
∂δ

= (α− αp(r))
∂V (δ+1, r+1)

∂δ

− (α− µp(r))
∂V (δ+1, 0)

∂δ
. (47)

At this point, notice that (47) is the difference of two
positive terms, since p(r) ∈ (0, 1) and µ < α. Lemma 4 will
be employed to determine its sign. Specifically, by Lemma 3
and Lemma 4 we have that

∂V (δ+1, r+1)
∂δ

≤ ∂V (δ+1, 0)
∂δ

. (48)

Furthermore, since µ < α,

α− αp(r) < α− µp(r). (49)

Multiplying (48) and (49) by parts, we get

∂∆V (S)
∂δ

< 0. (50)

P ≜

0
1
2
...

r+ + k − 1
r+ + k



0 1 2 3 . . . r+ + k
γ2(0) γ1(0) 0 0 . . . 0
γ2(1) 0 γ1(1) 0 . . . 0
γ2(2) 0 0 γ1(2) . . . 0

...
. . .

γ2 (r+ + k − 1) 0 0 0 . . . γ1 (r+ + k − 1)
γ2 (r+ + k) 0 0 0 . . . 0


(36)
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We conclude that V 0(δ, r) increases at a higher rate than
V 1(δ, r) does. Therefore, as δ increases, it is possible that
V 0(δ, r) becomes larger than V 1(δ, r). Let this point be n∗r,λ ,
where the subscripts r and λ indicate that it depends on the
transmission count r and the Lagrangian parameter λ. Then,
for all δ ≥ n∗r,λ , it holds that V 0(δ, r) > V 1(δ, r), which
means that the optimal policy is y = 1, while for all δ < n∗r,λ
it is y = 0. Therefore, when µ < α, the optimal policy is
threshold-based w.r.t. δ.

Next, we prove that the optimal policy is to always wait
under the assumption that µ ≥ α. In this case, we have that

α− αp(r) ≥ α− µp(r), (51)

and by Lemma 3,

V (δ+1, r+1) ≥ V (δ+1, 0). (52)

Multiplying (51) and (52) by parts, it follows that the function
∆V (S) in (46) is non-negative, i.e., V 1(δ, r) ≥ V 0(δ, r).
In other words, the optimal policy is always y = 0.

D. Proof of Proposition 2
It suffices to show that the function ∆V (δ, r) = V 1(S) −

V 0(S) in (46) is non-increasing with r. In the proof of
Lemma 3 (Sec. V-B), we essentially showed that the action-
dependent value function V 1(S) is non-increasing with r.
On the other hand, V 0(S) is independent of r. Hence,
∆V (δ, r) is non-increasing with r.

E. Proof of Theorem 1
We look for the threshold n0 ∈ N∗ such that the optimal

action is y = 1 when δ ≥ n0, and y = 0 when δ < n0.
We exclude zero from the set of interest due to Remark 2.

Examining (30), for all δ ≥ n0 the second branch of the
minimum operator must be smaller than the first branch and
thus

f(δ) + (1−µ)V (δ+1, 0)
> f(δ) + λ + γ1(r)V (δ+1, r+1)

+ γ2(r)V (δ+1, 0)
⇒ (1−µ−γ2(r))V (δ+1, 0)−γ1(r)V (δ+1, r+1) > λ ,

for δ ≥ n0. (53)

Besides, from (30) we know that

V (δ, r) = −gn0 + f(δ) + λ + γ1(r)V (δ+1, r+1)
+ γ2(r)V (δ+1, 0) for δ ≥ n0 , (54)

where gn0 is the average cost achieved by employing the
threshold n0.

Combining (53) and (54) and setting r = 0, we obtain

(1− µ)V (δ+1, 0)− V (δ, 0) + f(δ)− gn0 > 0 ,

for δ ≥ n0 , (55)

which implies that

n∗0,λ = min{n0 ∈ N∗ :
(1−µ)V (n0+1, 0)−V (n0, 0)+f(n0)−gn0 >0},

(56)

Next, we have to calculate V (n0, 0), V (n0+1, 0) and gn0 .
We can expand the recursive relation in (54) as we did
with (35) in the proof Lemma 3 (Sec. V-B). Thus, we derive
the expression of V (δ, r) for δ ≥ n0 in Table III. Since (54)
holds for both δ = n0 and δ = n0+1, the expression can be
used to calculate both V (n0, 0) and V (n0+1, 0). Similarly,
we have that

V (δ, r) = −gn0 + f(δ) + (1− µ)V (δ+1, 0),
for 0 < δ < n0 , (57)

which leads to the expression for 0 < δ < n0 in Table III.
Furthermore, we can rewrite (29) as follows,

gn0 = f(0) + (1− α)V (1, 0). (58)

Setting δ = 1, r = 0 in the expressions of V (δ, r) in Table III,
we derive

V (1, 0) = −gn0

n0−2∑
i=0

(1− µ)i

+
n0−2∑
i=0

(1− µ)if(i+1) + (1− µ)n0−1V (n0, 0).

(59)

To verify that (59) holds for all values of n0, first notice that
if n0 > 1, then (59) follows directly from the replacement of
δ = 1 at the expression of V (δ, r) for 0<δ<n0 in Table III.
On the other hand, if n0 ≤ 1, then, by Remark 2 it must
hold that n0 = 1, in which case (59) simply states that
V (1, 0) = V (1, 0).

Combining (58) and (59) we get

gn0 = f(0) + (1− α)

(
− gn0

n0−2∑
i=0

(1− µ)i

+
n0−2∑
i=0

(1− µ)if(i+1) + (1− µ)n0−1V (n0, 0)

)

⇒ gn0 =

f(0)
1−α +

n0−2∑
i=0

(1−µ)if(i+1) + (1−µ)n0−1V (n0, 0)

1
1−α +

n0−2∑
i=0

(1− µ)i

.

(60)

Replacing V (n0, 0) from Table I, we end up with the
expression for the gn0 written in Table I.

VI. ALGORITHMIC IMPLEMENTATION

Up to this point, the optimal transmission policy has been
derived on a theoretical basis. This section examines the
practical computation of the optimal policy.

First, we elaborate on the computation of the series in
the expressions of V (n0, 0) and gn0 in Table I and q0,0

in (19). The series
∑n0−2

i=0 (1 − µ)if(i+1),
∑n0−2

i=0 (1 − µ)i

and
∑n0−1

k=1 (1 − µ)k−1 are finite geometric series and can
be evaluated directly; the first via a direct evaluation and
the last two via their closed-form expression. The series∑∞

l=0

∑∞
i=0 P l

0,i is a convergent infinite series. More precisely,
the sequence

∑∞
i=0 P l

0,i converges to zero as l increases, since
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TABLE III
THE ANALYTIC EXPRESSIONS OF V (δ, r)

the elements of P are all lower than 1, and the summation of
every row is also lower than 1. Moreover, P l

0,i is non-zero
only for i ≤ l+1. Consequently, the infinite summation can
be approximated by the partial summation

∑lϵ
l=0

∑l+1
i=0 P l

0,i,
where lϵ = argminl{

∑l+1
i=0 P l

0,i < ϵ}, and ϵ being a precision
constant. The same holds for

∑∞
l=0

∑∞
i=0

[
P l

0,i

]
f(n0+l)

due to the assumption in (9). Similar arguments hold for∑∞
h=0

∑h
r=0 m(h, r).

Having validated the computability of all necessary
functions, and due to Proposition 4, the algorithmic steps
described in [12] are utilized to compute the optimal policy.
In the following, we give a summary of the algorithm and
refer the reader to [12] for more details.

As a first step, we describe how Theorem 2 can be used to
implement the optimal policy. Consider a method suggesting
that some λ verifies the inequality Cπλ

≤ R in (20). To check
the validity of the suggestion, we first use Theorem 1 to
find the Lagrange-optimal n0 and then Cπλ

is calculated via
Proposition 3. This process is straightforward but does not
solve the problem of finding the infimum of such λ’s.

To tackle this issue, we utilize Proposition 4. First, we rely
on the non-increasing property of Cπλ

, which is equivalent to
stating that the sequence {Cπλ

}, for λ ∈ (0, +∞), is non-
increasing. As such, we can use a binary search algorithm
to find λ∗, whose computational complexity is at the order
of O(log λ∗) [35]. The same method can be applied in finding
n∗0,λ . In particular, the non-decreasing property of n∗0,λ implies
that the LHS of the condition inside the minimum operator
in (16) is non-decreasing with λ. Therefore, the binary
search algorithm can be used to find n∗0,λ with complexity
O(log n∗0,λ).

VII. NUMERICAL RESULTS

In this section, we perform a numerical evaluation of the
average AoII under the optimal transmission policy. The
results are obtained from simulations of a horizon equal to
T = 105. We study the impact of (i) the source dynamics, (ii)
the HARQ protocol and (iii) the resource constraint.

Similar to [20], motivated by previous research on HARQ
(ref. [18], [36]), we model the probability of failed decoding
as an exponentially decreasing function, i.e.,

p(r) = 1− pec
r , for 0 ≤ r ≤ rmax , (61)

where c ∈ (0, 1] is the decaying error rate constant, pe is the
packet error rate of the first packet, and rmax is the maximum
number of allowed retransmissions. In general, pe and c
depend on the channel conditions and the HARQ protocol.
For example, a very noisy channel implies a high pe value.
Also, the way that re-transmitted packets are chosen affects

Fig. 3. Average AoII versus the transmission rate constraint of the optimal
threshold-based policy. The source model parameters are α = 0.5 and
N = 16 and the maximum retransmission count is rmax = 2.

Fig. 4. Average AoII versus the transmission rate constraint of the optimal
threshold-based policy. The source model parameters are α = 0.5 and
N = 128 and the maximum retransmission count is rmax = 2.

c. Moreover, for fading channels, c is generally lower in fast-
fading channels than in slow-fading (ref. [19]).

In the typical case where rmax is finite, if the decoder
cannot decode with rmax packets, then the decoding fails, the
packets are discarded and a new round of transmissions begins.
We can impose this mechanism with the modulus operator to
define the probability function

pm(r) ≜ 1− pec
r mod (rmax+1) , for 0 ≤ r . (62)

Additionally, when HARQ is used without soft combining
or the standard ARQ is used instead, the previously transmitted
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Fig. 5. Average AoII versus the transmission rate constraint of the optimal
threshold-based policy. The source model parameters are α = 0.5 and
N = 16 and the HARQ decaying error rate constant is c = 0.5.

Fig. 6. Average AoII versus the transmission rate constraint of the optimal
threshold-based policy. The source model parameters are α = 0.5 and
N = 128 and the HARQ decaying error rate constant is c = 0.5.

packets are not used for decoding. Hence, the decaying
constant is c = 1, or equivalently rmax = 0.

For our experiments, we employ a linear AoII function,

f(δt) = δt . (63)

Our first results concern the case where the optimal policy
is threshold-based, i.e. when µ < α. Figs. 3-4 show the
average AoII versus the transmission rate for two different
source models (same α, different N ) and various pe and
c values, having the maximum number of re-transmissions
fixed to rmax = 2. The scenario where HARQ is without
soft combining is also included. As a baseline reference,
a deterministic periodic transmission policy that satisfies the
resource constraint is included. The periodic policy transmits
every ⌈1/R⌉ time slots. There is a clear advantage of the
optimal policy against the periodic one. Additionally, for both
sources, there is a notable difference between HARQ with and
without soft combining only in the high error rate regime.
Besides, there is a large difference in the achieved AoII
between the sources with few and many states (N = 16 and

Fig. 7. Average AoII versus the transmission rate constraint of the optimal
threshold-based policy. The source model parameters are α = 0.2 and
N = 128 and the HARQ maximum re-transmissions are rmax = 2.

Fig. 8. Average AoII versus the transmission rate constraint of the optimal
threshold-based policy. The source model parameters are α = 0.8 and
N = 128 and the HARQ maximum re-transmissions are rmax = 2.

N =128, respectively) when the allowed transmission rate is
small, but they get close as the transmission rate increases.

Figs. 5-6 illustrate the average AoII for the same source
models as before and for various pe and rmax values when
the decaying error rate constant c is fixed to 0.5. Again, soft
combining is most helpful when the channel conditions are
worse. Moreover, the gap between the cases with rmax =2 and
rmax =∞ is relatively small, corroborating the choice of small
values in practical schemes [18].

Figs. 7-8 illustrate the average AoII for two sources with the
same N but different α parameters. The results correspond to
various pe and c values, while the maximum re-transmissions
are fixed to rmax = 2. We observe that the achieved
AoII increases when α gets smaller. Furthermore, in all
experimental cases, we observe a point in the transmission rate
axis beyond which the gains from increasing the transmission
rate diminish. It can be seen that this point is decreasing as α
increases.

Our final results concern a case where the optimal policy
is to always wait, i.e., when µ ≥ α. Figs. 9-10 illustrate
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Fig. 9. Average AoII versus the transmission rate constraint of the optimal
waiting policy. The source model parameters are α = 0.01 and N = 32.

Fig. 10. Average AoII versus the transmission rate constraint of the optimal
waiting policy. The source model parameters are α = 0.01 and N = 16.

the average AoII for two different sources with µ ≥ α. The
figures include both the simulated and the theoretical average
AoII (15) of the optimal waiting policy. The optimal policy
is compared to a periodic policy. It can be seen that, indeed,
transmissions worsen the achieved AoII.

VIII. CONCLUSION

This paper elaborated on the design of a remote monitoring
system with HARQ, under a transmission rate constraint. The
communication system was evaluated by the duration that
the receiver has incorrect information for a remote N -ary
symmetric Markov data source. To that end, we employed
the long-term average AoII as the performance metric. The
problem was formulated as a CMDP, and by leveraging its
structural properties, we proved that an optimal transmission
policy exists, which is a randomized mixture of two discrete
threshold-based policies that randomize at most on one state.
The optimal parameters are derived in analytic form and are
computed using the binary search algorithm described in [12].
Finally, the numerical results highlight the impact of (i) the

source dynamics, (ii) the channel conditions and (iii) the
resource constraint.

Future extensions of this work that are of high interest, both
from a theoretical and practical perspective, include the case of
communication with delays that depend on the source state due
to their different content, and more general Markov sources,
e.g. where each state has a different probability to stay at the
same state.
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