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Abstract

This paper studies methods for Space-Time Adap-
tive Processing-based (STAP-based) parameter estima-
tion in the presence of impulsive noise backgrounds.
Towards this goal, the theory of alpha-stable ran-
dom processes provides an elegant and mathematically
tractable framework for the solution of the detection
and parameter estimation problems in the presence
of impulsive radar clutter. We develop joint target
angle and Doppler, mazimum likelihood-based estima-
tion techniques from radar measurements retrieved in
the presence of impulsive noise (thermal, jamming, or
clutter) modeled as an alpha-stable, complex random
process. We derive the Cramér-Rao bounds for the ad-
ditive Cauchy interference scenario to assess the best-
case estimation accuracy which can be achieved. The
results are of great importance in the study of space-
time adaptive processing (STAP) for airborne pulse
Doppler radar arrays operating in impulsive interfer-
ence environments.

1 Introduction

Future advanced airborne radar systems must be
able to detect, identify, and estimate the parameters
of a target in severe interference backgrounds. As a
result, the problem of clutter and jamming suppres-
sion has been the focus of considerable research in the
radar engineering community {1, 2, 3]. It is recognized
that effective clutter suppression can be achieved only
on the basis of appropriate statistical modeling. Most
of the theoretical work in detection and estimation
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for radar applications has focused on the case where
clutter is assumed to follow the Gaussian model. The
(Gaussian assumption is frequently motivated by the
physics of the problem and it often leads to mathe-
matically tractable solutions. Recently, experimental
results have been reported where clutter returns are
impulsive in nature [4]. In addition, a statistical model
of impulsive interference has been proposed, which is
based on the theory of symmetric alpha-stable (Sa.S)
random processes [5]. The model is of a statistical-
physical nature and has been shown to arise under
very general assumptions and to describe a broad class
of impulsive interference. In addition, the theory of
complez isotropic alpha-stable random processes pro-
vides an elegant and mathematically tractable frame-
work for the solution of the detection and parameter
estimation problems in the presence of impulsive radar
clutter.

Space Time Adaptive Processing (STAP) has been
introduced as a generalization of displaced-phase-
center antenna (DPCA) processing and has been rec-
ognized as the technology which will enable long-range
detection of increasingly smaller targets in the pres-
ence of severe clutter and jamming. STAP refers to
adaptive antenna processors that simultaneously com-
bine the signals received on multiple elements of an
antenna array and from multiple pulse repetition pe-
riods of a radar coherent processing interval [6]. In
other words, the STAP processor can be viewed as
a two-dimensional (2-D) filter which performs both
beamforming (spatial filtering) and Doppler (tempo-
ral) filtering to suppress interference and achieve tar-
get detection and parameter estimation. As a result,
several researchers have concentrated on the theoreti-
cal advancement and understanding of the STAP dis-
cipline (7, 8, 9, 10].

As mentioned in [7], much of the work reported for



radar systems has concentrated on target detection in
Gaussian or non-Gaussian backgrounds {2, 11, 12, 13].
In this paper, we address the target parameter estima-
tion problem through the use of STAP radar array sen-
sor data retrieved in the presence of impulsive inter-
ference. First, we formulate the space-time adaptive
processing (STAP) problem for airborne radar. Then,
we present the Cramér-Rao analysis and we derive
bounds on the variances of the spatial and temporal
frequency estimates. In particular, we derive Cramér-
Rao bounds on angle and Doppler estimator accuracy
for the case of additive Cauchy noise. Finally, we
present some experimental results on the localization
capabilities of the maximum likelihood method based
on the additive Cauchy noise assumption.

2 STAP Problem Formulation

Space-time adaptive processing (STAP) refers to
multidimensional adaptive algorithms that simultane-
ously combine the signals from the elements of an
array antenna and the multiple pulses of a coherent
radar waveform to suppress interference and provide
target detection [6, 7].

Counsider a uniformly spaced linear radar array an-
tenna consisting of N elements, which transmits a co-
herent burst of M pulses at a constant pulse repeti-
tion frequency (PRF) f, = 1/T, and over a certain
range of directions of interest. 'The array receives
signals generated by ¢ narrow-band moving targets
which are located at azimuth angles {¢x; k = 1,...,¢}
and have relative velocities with respect to the radar
{vk; k=1,...,q} corresponding to Doppler frequen-
cles {fi; k= 1,...,q}. Since the signals are narrow-
band, the propagation delay across the array is much
smaller than the reciprocal of the signal bandwidth,
and it follows that, by using a complex envelop repre-
sentation, the array output can be expressed as [6]:

x(t) = V(ib,w)s(t) +n(0), (1)

where

* x(1) [Z1(2),...,zpmNn(t)]T is the array output
vector (N: number of array elements, M: num-
ber of pulses, ¢t may refer to the number of the
coherent processing intervals (CPI’s) available at

the receiver);

e s(t) = [Bi(t),...,B,(t)]T is the signal vector emit-
ted by the sources as received at the reference
sensor 1 of the array;
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o V(¢p,w) = [v(¥1,w1),...,v(¢¥g,wq)] is the space-
time steering matriz where ¥ = 271'/\4‘10 sin(¢x) is
the normalized angle and wy = 2#% is the nor-

malized Doppler;

o v(¢x,wr) = b(wk)®@a() is the space-time steer-
ing vector, where @ denotes the Kronecker matrix
product, and

—a(gr) = [Le™¥, .. e WUV g the
spatial steering vector,
= blwr) = [Ledx, .. efM=Der]T s the

temporal steering vector.

e n(t) = [ni(t),...,nun(t)]T is the noise vec-
tor whose components are modeled as Cauchy-
distributed random variables with pdf given by

! (2)

X'Y(r) = ——271'(_7"2 T 72)3/2)

where the dispersion v (v > 0) plays a role analo-
gous to the role that the variance plays for second-
order processes. Namely, it determines the spread
of the probability density function around the ori-
gin.

Assuming the availability of S coherent processing
intervals (CPI's) ¢1,...,tg, the data can be expressed

as
X = V(#,w)S + N, (3)

where X and N are the M N x S matrices
X =[x(t1), .., x(ts)],
N = [nft1),...,n(ts)],

and S is the ¢ x S matrix
S ={s(t1),...,s(ts)]. (6)

Our objective is to jointly estimate the directions-of-
arrival {¢x; k= 1,..., g} and the Doppler frequencies
{fx; k=1,...,q} of the source targets.

(4)
(5)

3 The Cramér-Rao Bound for Cauchy
Noise

The Cramér-Rao pound for the error variance of an
unbiased estimator ® satisfies

Ca -3 ®)>0

6 (7)

where C 4 is the covariance matrix of @, J(©) is the
Fisher information matrix, and T > 0 is interpreted



as meaning that the matrix T is semidefinite positive.
Then, the following theorem holds for the case of com-
plex isotropic Cauchy noise.

Theorem 1 The CRB for v, w and v is given by

-1

S
CRB(4,w) = Z(E——TT(t)E’T(t)) (9
t=1
and .
CRB(y) = § M7N S (9)
where
. %.[%{Zmﬁ (t)Dfhs, DscaB(t) | ]
" [ {Zt:lﬁ t)Db@)daDdb@aﬁ(t)}]

R {1 B ()DL, DareaB(t) |
R {7, 8" ()DE g DicaB(t)

|

®{8E()DE, | Diga
YY) = % H() b@d, b®
gl R 18" (t)DE 5. Dssa
318" ()D{pa, Do e s
${B%(t)DX 4, Diga C
s - 2 [[%{Dﬁmnm}]*l
3 | —[R{Df.Deea}]”
[s{D b@aDma}]“i]
[%{ b®an®a}]
and

Dige = [b(w1) ® a(¥1), -+,
Dy,ga = [dp(w1) ® a(i1), - -

b(wg) ® a(ty)],
, db(wq) ® a(th)],

Digd, = [b(w1) ® da(¥1), -+, b(wg) ® da(¥g)],
where  da(%;) = ld 1(%) - dg ()] =
[2ealb) . 28] dy(wy) = [dh(ws) -y ()] =
[-a%fil _ ﬂ%%(%ﬁ] and B(t) is given by

B(t) = diag(Bi(t) -~ Be(t))
diag[Br,1(t) - - Br,q(t)] +
J - diag[Bs,1(t) - - - Ba,q(t)]
= ﬁm'*‘]"/@s t=1,--,9

where By,i(t) = R{B:(t)}, Bo.(t) = S{B:(t)}, and
R{-} and {-} are the real and imaginary part op-
erators, respectively.
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Proof Given in [14].

We should note that the above bound can be
achieved only when there exist unbiased estimators for
all the models parameters v, 8(¢), ¥ and w. A useful
insight on the CRB can be gained if we consider the
case of a single target (¢ = 1) located in ¥ = 2"d 22 gin @,
with normalized Doppler shift w = 27 f7T, and con-
stant target amplitude §. In this case, we have

P AR BN([|dy |2 —82/M) 1
CRB(S) = 5157 Gray? T ()
2 2 2 (10)
v 1 5M(||da ||* —62/N)
CRED = Sig Grtrye s
(11)
where
MN
G_Zldal, dp = Zldb P=§ld;(i)||d?(n|y
and

= (M || do I =S8V 1) o I ~226)~ (3,000

Finally, if we consider an airborne radar system that
utilizes a uniform linear array antenna and a waveform
with a uniform pulse repetition interval, the bounds
(10) and (11) are given by:

,),2 /\g 20 1
CRBO)= 5157 GrdP  TENENIZT) cont(g)
(12
and
~? 1 20
CRB(f) = S|8J2 ’ (2nT})? ) N2M2(M? - 1) (13)

As can be seen in (10) and (11), target angle accuracy
is a function of Doppler frequency and vice-versa. In
addition, the bounds are functions of the generalized
SNR function given by 5—‘%‘; similarly to the Gaussian
case where the bounds are functions of the SNR. The
larger the dispersion + of the noise, the higher the
CRB.

4 Experimental Results

In this section, we show preliminary results on
the localization capability of two likelihood functions.
Namely, the likelihood function based on the Cauchy
additive noise assumption (MLC) and the likelihood
function based on the Gaussian additive noise as-
sumption (MLG). The array is linear with five sensors
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Figure 1: MLC (top) and MLG (bottom) angle-
Doppler spectra (N =5, M =4, ¢ = 10°, fT, = 0.1,
number of snapshots S = 50). Additive stable noise
with o = 2 and y = 20 (GSNR = 4dB).

spaced half wavelength apart (N = 5). The number
of transmitted pulses is M = 4. A single moving tar-
get has parameters [{6, @}] = [{10°,0.1}]. The num-
ber of snapshots available to the likelihood functions
is § = 50. The additive noise follows the bivariate
isotropic stable distribution.

In Figures 1 and 2, we show isosurfaces of the two
likelihood functions (space-time spectral estimates)
MLC and MLG. Two types of alpha stable noise corre-
sponding to two values of the characteristic exponent
a = 1.1 and o = 2.0 (Gaussian) were used. We can
see that the MLG likelihood function cannot localize
the target when o 1.1. On the other hand, the
MLC likelihood function exhibits better localization
capabilities for non-Gaussian additive noise environ-
ments (o = 1.1) and at the same time, performs well
in Gaussian interference.

Figure 3 shows the resulting MSE curves as func-
tions of the characteristic exponent «. The number of
snapshots available to the algorithmsis S = 10. As we
can clearly see, the estimation accuracy of the MLC
method is fairly robust to the changes of @. On the
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Figure 2: MLC (top) and MLG (bottom) angle-
Doppler spectra (N =5, M =4, ¢ = 10°, fT, = 0.1,
number of snapshots S = 50). Additive stable noise
with o = 1.1 and y = 20 (GSNR = 4dB).

other hand, the MLG algorithm exhibits very large
mean square estimation errors for non-Gaussian envi-
ronments. Note that when « = 2, i.e., for the Gaus-

sian noise case, the MLG method has the least MSE,
as expected.
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