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Abstract—As the field of brain monitoring is evolving rapidly,
there is an increasing demand of finding innovative ways to
handle relevant signals. Especially electroencephalogram (EEG)
signals provide a non-invasive way of diagnostic inference of
brain’s functionality. Nevertheless, EEG signals are often cor-
rupted by impulsive noise, thus prior denoising is required for
accurate analysis and decision making. On the other hand, EEG
signals admit naturally a representation in the form of graphs,
with the electrodes corresponding to the nodes of the graph and
the edges expressing the connectivity strength. To this end, graph
signal processing (GSP) is a versatile tool, which enables the
representation and analysis of graph-structured signals, whose
interdependencies are encoded in the form of an appropriate
adjacency matrix. To address the denoising of graph-structured
signals, under impulsive noise conditions, this work introduces
a regularized graph filtering scheme based on fractional lower
order moments, coupled with distinct adjacency matrices inspired
both by statistical approaches and visibility graphs that are better
capable of capturing the topological and functional connectivity
between the distinct nodes. The experimental evaluation on real
EEG signals recorded in epileptic and non-epileptic seizures,
reveals the effects of the adjacency matrix choice on the denoising
performance.

Index Terms—EEG, graph signal filtering, fractional lower or-
der moments, visibility graph, topological connectivity, functional
connectivity

I. INTRODUCTION

In recent years, brain computer interface has attracted a
great interest, ranging from medicine to economics. An effi-
cient way of monitoring brain electrical activity is by the EEG
signals. The electroencephalogram is a non-invasive technique,
which takes records from the human scalp and helps clinicians
measure and thus study these electrical activities of the human
brain. Clinicians exploit this information for the diagnosis of
many neurological diseases, such as the epilepsy. Specifically,
epilepsy is a neurological disease characterized by epileptic
seizures [1]. It is estimated that 1.5% of the global population
suffers from some kind of epilepsy [2]. Still, most of the
cases can be controlled by surgery or anti-epileptic medication.
An epileptic seizure occurs when the human brain produces
four times larger signals than it can normally produce. As
a consequence, a group of brain cells results in electrical
discharges. EEG recordings give clinicians the opportunity to
have a diagnostic insight of the brain and conclude to three
facts: (a) if a patient has epilepsy or not, (b) which brain zone

is epileptic, and (c) how a specific medication affects (controls)
the epilepsy.

Due to head motions in epilepsy and the environmental
influences, EEG records often suffer from impulsive noise
fluctuations, that is, random spikes with greater amplitude
than what is expected. Moreover, the noise which is caused
by the eye blink and the muscle activities resembles more a
heavy-tailed distribution [3]. Denoising and processing such
signals is a highly challenging task, since the noise must be
suppressed, whilst maintaining the critical fluctuations of the
signals that are due to the epileptic seizures. Motivated by this,
in this work, the corrupting noise distribution is modelled by
members of the alpha-stable family [4].

Recently, graph signal processing (GSP) has emerged as a
powerful tool to process and analyze graph-structured signals.
Regarding EEG signal ensembles, they are naturally repre-
sented as graphs, where the nodes correspond to the electrodes
and the edges encode the strength of spatial connectivity. A
main advantage of GSP is that it allows for the exploitation
of both local and global interrelations between the signals.
This is important, as the incorporation of both inter- and intra-
node correlations typically improves the suppression of noise
effects. Specifically, in a recent work [5], the denoised EEG
signals’ quality was improved significantly, when compared
against state-of-the-art method, by employing a graph-based
filtering scheme.

Choosing an appropriate adjacency matrix is a critical step
towards designing high-performance graph-based denoising
methods. Typical choices include weighted adjacency matrices
based on the Pearson correlation and the visibility graph
theory [6], [7]. In this work, we aim at combining our recent
graph-based filter, which better adapts to heavy-tailed noise,
with a more efficient weighted adjacency matrix, which is
better capable of capturing both topological and functional
connectivity among the signals. Designing an appropriate ad-
jacency matrix is especially important for epilepsy signals, due
to their unique behavior, which is characterized by multiple
fluctuations of the signal’s amplitude that must be preserved.

Motivated by this, this work tries to examine how multiple
adjacency matrices will react in the problem of graph-signals
denoising, using the graph-based filtering method proposed
in [5]. Specifically, the examining cases are based on two
categories with the one being the statistical-based adjacency



matrices, including the correlation-based and covariation-
based ones, while the other concerns the topological/structure
exploitation and is based on the state-of-the-art visibility
graph theory. However, our proposed adjacency matrix is a
combination of both information, as it presents below. Hence,
different adjacency matrices are computed, they replace the
adjacency matrix used in the filter proposed in [5], and through
the performance of the denoised signals the evaluation of
such adjacency matrices is held. In summary, the main con-
tribution of this paper is twofold: (i) an innovative adjacency
matrix is introduced, encoding both topological and functional
connectivity information; (ii) the problem of comparing the
adjacency matrices addressed through the use of an existing
¢p,-regularized graph-based filter, proposed in [5].

The rest of the paper is organized as follows: in Section II,
the two building blocks of our method, namely, graph sig-
nal basic theory, the symmetric alpha-stable models and the
analysis of the graph-based filter used, are briefly overviewed.
The jointly adjacency matrix along with its counterparts con-
structions are analysed in Section III. Section IV evaluates
the performance of our method on a real EEG dataset, whilst
Section V summarizes the main outcomes and gives directions
for further work.

II. GSP AND ALPHA-STABLE MODELS

This section introduces the main building blocks of our
method, namely, the basic graph signal processing concepts
and the family of symmetric alpha-stable distributions for
modelling the statistics of impulsive noise.

A. Graph representation of EEG signal ensembles

Let X = [x1,...,xy] € REXY be the data matrix (N, K
denote the number of electrodes and samples per electrode,
respectively), where x; € R¥ is the signal recorded by the ith
electrode. We adopt an additive observation noise assumption,
ie.,

X=S+W, (1

where S € RE*Y denotes the noiseless data matrix and W €
RE*N ig the noise matrix.

As mentioned above, EEG signal ensembles can be naturally
represented in the form of a graph, G = (V, E) with V, FE
denoting the set of nodes and edges, respectively. The interre-
lations among the nodes (i.e., the electrodes) are represented
by an adjacency matrix A € RY*N which, in our analysis,
is calculated from the noisy data X.

The conventional way for computing the adjacency matrix is
to create a binary matrix A, with a,,, = 1 if an edge between
the nodes m, n exists, otherwise a,,, =0 (m,n=1,... N).
On the other hand, it is common to use weights instead of
ones, in order to capture more complex relations between the
nodes of a graph. As a consequence, a weighted adjacency
matrix not only encodes the existence of an edge, but also the
strength of the relation.

Concerning EEG signals, there exist many ways of creating
an adjacency matrix to describe their interdependencies. The
naive way is to calculate the correlation between two nodes,

i.e., Gmp = corr(Xm,,X,). Notice that, in the case of undi-
rected graphs, the adjacency matrix is symmetric. Although the
correlation-based approach is robust enough, it only encodes
the functional connectivity of the system. This motivates the
design of a more representative adjacency matrix, which could
encode the topological information, too, as it will be described
in Section III-B.

B. Symmetric alpha-stable models

In the following, we introduce briefly the family of sym-
metric alpha-stable (SaS) distributions. In our study, we
assume that the additive noise matrix W has independent
and identically distributed (i.i.d.) entries drawn from a SaS
distribution. SaS distributions are better described by their
characteristic function defined by [4],

o(t) = exp(idt —y*[t|*) , (2)

where «, the characteristic exponent, varies in (0,2] and
controls the “thickness” of the tails of the density function.
The smaller the characteristic exponent, the heavier the density
function’s tails. The location parameter § € R defines the
location of the density function. Without loss of generality,
in our proposed method, we assume that the noise follows a
SasS distribution with 6 = 0. The dispersion v > 0 determines
the spread of the distribution around its location, and plays
an analogous role to the variance in the case of Gaussian
distributions.

Notice that in the case of SaS distributions second order
statistics (i.e., covariances) do not exist. Instead, all moments
of order p < « do exist, the so-called fractional lower
order moments (FLOMs). In particular, the FLOMs of X ~
fa(y, 6 =0) are given by [4]:

E{|X|’} = (C(p.a)-7)", 0<p<a, 3)

r(1-2)
cos(%p)l“(l—p)
eters (,y) can be estimated using the consistent maximum
likelihood (ML) method described by Nolan [9], which gives
reliable estimates and provides the tightest possible confidence
intervals.

Covariances are fundamental in the second-order-moment
theory. Nevertheless, for SaS distributions a quantity called
covariation plays an analogous role. Specifically, let X, YV
be jointly SaS random variables (i.e., with the same «),
with dispersions yx and -y, respectively, and zero location
parameters. Then, the covariation of X and Y is defined by

_ B{xy=rTt7y

where (C(p, a))p = . The SaS model param-

where 2<% = |z|%sign(z) for z € R and ¢ > 0, and
z<%” = [|z1]|*sign(z1), ..., |zn|*sign(zy)] for a vector z €

RE . In the discrete case, let two vectors Xi, X5 € RE be two
independent realizations of a SaS distribution. Their FLOM-
based covariation estimator is defined by

K 1.
FLOM _ > k1 Ti k| Tj k]P 1s1gn(a:j7k) a

Cii ’7 P ) (5)
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where x; ; € R is the kth element of x;, whilst o and v, are
estimated directly from x; based on Nolan’s ML estimator.

Notice that, in general, the covariation matrix CFLOM  f
the data matrix X is neither normalized nor symmetric. In
order to convert it into a valid weighted matrix, analogous to
the correlation matrix, first we have to normalize its absolute
values as follows,

CFLOM CFLOM)

— min(
max (CFLOM) — min(CFLOM)

so as to bring its elements within the range [0, 1], similarly
to the conventional correlation adjacency matrix, which is
typically used for EEG signals. Then, C,oy, is further be
symmetrized by

Cnorm = (6)

(Cnorm + C;[;)rm)

Estimation of p: We emphasize that the selection of an appro-
priate value for p is a critical step. Its computation depends on
the characteristic exponent «, which is estimated directly from
the noisy signals. In our implementation, the optimal value of
p is calculated as a function of o by minimizing the standard
deviation of a FLOM-based covariation estimator, as described
in [10], and specifically by linearly interpolating the entries of
the lookup Table I in [10].

F = )

C. {y,-regularized graph-based filter

This section analyzes the graph filtering method, which aims
to suppress the effects of heavy-tailed noise W. Hereafter we
assume that the noise follows a SaS distribution. The recently
introduced ¢y graph-based formulation, proposed in [14], is
not valid in the case of SasS noise due to the lack of second-
order statistics. To alleviate this issue, the use of ¢, norms
emerges naturally from the FLOMs of SaS random variables.
To this end, the optimization formulation for the graph signal
denoising problem is expressed as follows,

S = argmin

1 1
=S = X||2 4+ =b||S — AS||2 8
argmin { 518 - X[+ 30IS - ASI} @

where b is a regularization parameter which controls the
smoothness of the denoised signals. As mentioned before, the
FLOMs exist for 0 < p < a. Moreover, the Table I in [10]
shows that p < «/2 which is equivalent to p < 1, thus
the problem in (8) is highly non-convex. This motivates the
design of an iterative method for its solution. The choice of
¢, norms in both terms of (8) is justified by the facts that,
on the one hand, in the data fidelity term the data X are
corrupted by impulsive noise, whilst, on the other hand, the
regularization term contains the adjacency matrix, which is
calculated directly from the noisy data X. Finally, the use of
an appropriate adjacency matrix A is a critical issue towards
achieving a robust denoising performance.

Specifically, for the solution of (8), our method combines
a modified iterative reweighted least squares (IRLS) algo-
rithm [15] with an update step which is based on a gradient
descent-based formulation, summarized in Algorithm 1.

Let 1 denote the objective function to be minimized
in (8). For computational convenience, a first approximate
solution is obtained in closed form by applying the IRLS
algorithm, proposed by [15], on the ¢s-based counterpart of
our optimization problem, namely,

Qu(8) = angmin {ID(S - X[+ ol - ASI3}
SERK XN

©))
The proper initialization of the algorithm is a critical step.
In our case, we initialize the solution by adding a small
perturbation € at the order of 1072 to the input signal ensemble
X. Then, at each iteration, k¥ = 1,..., K, the algorithm
calculates a residual vector r, as the difference between the
current denoised signals S(*) and the recorded noisy signals
X. Then, the residual r is used to create a diagonal matrix
D ¢ RY*N with the normalized weights w,, on its main
diagonal, which also depends on the noise impulsiveness (via
the exponent (p — 2)/2).

By setting the derivative of the objective function ()5, with
respect to S, equal to zero, an estimate of the denoised signals
is given by

S

DT:D A
— S =

(D™D +b(I - A)"(1-A))” (D'D)X
(D2 +bI—A)7I—-A)) ' DX, (10)

where I denotes the identity matrix, and H is the Hermitian
transpose.

Having obtained a first estimate of the denoised signals, S, a
further improvement is achieved through the use of a gradient
descent scheme applied on the initial objective function Q1.
Specifically, after some algebraic manipulation, the gradient-
based updated solution is given by line 12 of Algorithm 1,
with

vVQ1(SW) = pW (W —X) +pW (S —AS®) | (11)

where Wgt) and Wét) are diagonal matrices with elements

N
Wi () =3 (110, )80" = X(,0)"(#2) |, (12)
n=1
N T
Wi (n,n) = 37 (Im.2) = A(n,)SOT(72) L (13)
n=1
The elements of the diagonal matrices Wgt) and Wét) corre-

spond to each one of the IV electrodes (channels).

Finally, the algorithm terminates when a predetermined
number of iterations I,,,, has been reached. For computa-
tional stability, in order to avoid zero values in the denominator
of the normalized weights w,,, a small constant ¢ is added in
the residual r.

III. ADJACENCY MATRIX DESIGN

This section analyzes how the distinct adjacency matrices
are designed. Specifically, the adjacency matrices considered
herein are inspired by statistical and topological information
extraction. In the former case, statistical approaches transfer



Algorithm 1 /,-regularized graph filter
1: Inputs: X, A I, b, €
2: Outputs: S
3: Initialization: S(O) = X + ¢

4: for t = 1:1,,,4, do

5:  for k = 1:K do

6: r=S(k,:)® - X(k,:)
7: w = |r 4 ¢|(P=2)/2

8 W, = ﬁ(“’)

9: D = diag(w,,)

10: S(k,:)® =

((D +b(I—-A)H(I - A))*1D2) X(k, )T
11:  end for
122 St =80 4 ¢v(Q,(S®)
13: end for
14; § = §Umaz)

the functional brain information, while in the latter case, the
structural brain information is described by the topological
adjacency matrices.

A. Statistical adjacency matrices

The functional connectivity provides information about the
interrelations between distinct brain areas. In the literature, the
most commonly used statistical adjacency matrix is based on
Pearson’s correlations (hereafter denoted by “Corr™). In this
work, we investigate an alternative way for calculating the
interrelations between the nodes (electrodes). Specifically, a
FLOM-based covariation matrix (hereafter denoted by “Cov”)
is employed as a more efficient adjacency matrix that better
adapts to the underlying SaS distributed heavy-tailed noise.

As mentioned in Section II-B, the covariation matrix is
appropriately normalized to become a valid analogue of the
conventional correlation matrix for further use in the graph
filter.

B. Topological adjacency matrices

The intuition behind the use of the visibility graph theory
stems from the methodology proposed by [6]. Therein, the
automatic segmentation of the epileptic part of EEG signals
is obtained via visibility graphs. In this work, we extend this
analysis towards using visibility graphs to better represent the
topological information of the brain.
Specifically, the procedure followed for the construction
of the associated adjacency matrix consists of two phases,
namely, a) at the samples level, and b) at the nodes level. At
the first phase, consider that for each pair of nodes, (m,n),
with m,n = 1,..., N, their corresponding signals x,,, X,, are
processed as follows:
o m-th node:
1) Sort the elements of x,, in ascending amplitude.
2) Take the corresponding ordering for the x,,.
3) Generate a visibility graph A,,.

o n-th node:

1) Sort the elements of x,, in ascending amplitude.
2) Take the corresponding ordering for the x,,.
3) Generate a visibility graph A,,.

As a simple illustration, let the samples of the m-th and
n-th nodes be of amplitudes [2,4, 8, 3] and [3, 5, 1, 8], respec-
tively. First, we sort the n-th node’s amplitudes in ascending
order, i.e., [1,3,5,8] and we take the corresponding positions
{3,1,2,4} as the output (step 1). These positions are finally
used in the m-th node and its corresponding signal is converted
to [8,2,4, 3] (step 2).

Regarding step 3, it concerns the main procedure for the
construction of the visibility graph, as shown in Fig. 1.
In particular, now we compare the amplitudes of the new
sorted x,, signal. This procedure is based on the following
assumption: for each element k out of the K signal’s length,
we assume the range [k— s, k+ s], where s is a shift parameter
defining how many neighbors we will take into account from
the left and the right side of the examined element k. In
this range of selected samples, if the examined %k element
is greater than each one of the neighboring samples, i.e.,
k—s,...,k—=1,k+1,...,k+s, then an “1” fills the adjacency
matrix corresponding position. However, if the k-th element is
less than an element which belongs in the range [k — s, k + s],
then the adjacency matrix corresponding index is equal to “0”.

The conventional way to construct the visibility graph-based
adjacency matrix is by putting “1” if two objects (samples) can
see each other (i.e., one has greater amplitude than the other),
otherwise we put “0”. However, motivated by [6], a weight
can be assigned to each edge, making the visibility graph-
based adjacency matrix more robust. To calculate the strength
of these connections, let’s assume, for instance, that we are
located at the k-th position out of the K ones in the sorted
X, signal. Then, we have to examine s samples on the right
and s on the left side of the k-th sample (accounting properly
for the bounding conditions whenever s samples do not exist
either on the left or the right side). As a consequence, the
corresponding weights for the range [ € [k — s,k + s] are
given by

w(k,l) = |xm () —xm (k)| , I >k, (14)
for each one of the s right neighbors, and
w(k,l) = |xm (k) — x|, E>1, (15)

for each one of the s left neighbors, and for £ = 1,... , K.
These calculations are performed for each node, resulting in
the final A,, € REXK and A,, € RE*X adjacency matrices,
respectively. For each (m,n) pair, the above two matrices
are combined to obtain the (m,n)-th element of the joint
adjacency matrix, as follows,

K K
Ava(m,n) =" (An(k, 1) + An(k,1)) -

k=11=1

(16)

Having taken into account the interrelations among the
samples of the EEG signals, and given the degrees of con-
nectivity of each examined (m,n) combination, we move to



the second phase, i.e., the node-level analysis. Specifically,
suppose that each row n out of the NV of the Ay matrix
corresponds to a ‘“signal” of length N. Doing so, a 1 x N
vector is exported as presented in Fig. 2. Since the chosen
row consists of N elements, each one of them is examined
through the VG procedure, i.e., whether it has a larger or
smaller degree of connectivity (value) compared with its
s right and s left neighbors. Notice that, in this iterative
process, overlapping/re-examined elements may occur. In such
a case, their extracted weights for the corresponding element’s
position (the previous, the current and the next ones) will
be added. Finally, each exported vector corresponds to the
n-th row of the new H € RY*YN matrix, which encodes
the topological information of the brain. Notice that H must
be rescaled in the range [0, 1], and then be symmetrized, in
accordance to (6) and (7).

The visibility graph theory enables the computation of
interrelations between graph nodes in a more accurate way,
since it does not account only for the current nodes, but also
for their neighbors. Through the resulting visibility graphs we
aim to compute a weighted adjacency matrix which represents
the interrelations between signal samples, as well as the inter-
dependencies between the nodes of the graph. This remark
motivates the construction of our proposed visibility graph-
based adjacency matrix, hereafter denoted by “VG”.

Signal part's samples

Extracted adjacency matrix

Fig. 1. VG procedure (at the signal level).

n-th row

Degree Of Connectivity

|

x
£l

+
|

[

Fig. 2. VG procedure (at the node level).

C. Combined adjacency matrix

In this section, we propose a new adjacency matrix which
exploits both the functional and topological brain connectivity.
Analogously to the formula presented in [16], herein we
compute the topological connectivity through the visibility
graph, whereas the functional connectivity is expressed by the
covariation matrix. As a result, our proposed joint adjacency
matrix, hereafter denoted by “Comb”, is given by

A =FOHH) a7)

Notice that, in the above equation, the power corresponds to
an element-wise calculation.

Before its incorporation in (8), the adjacency matrix A is
normalized by calculating the eigen-decomposition of each
examined adjacency matrix, i.e., each one of the {Corr, Cov,
VG, Comb} matrices compared in this work, and dividing with
the maximum absolute eigenvalue, as follows,

Aemamined
A = —cxamined
max(|\|)

IV. EXPERIMENTAL EVALUATION

. (18)

In this section, the denoising performance of the four
adjacency matrices presented above is evaluated on real data.



The publicly available dataset [17], [18] we utilize consists of
23-channel EEG signals with 921600 samples per channel, and
for four distinct patients. Moreover, the denoising performance
is evaluated for distinct characteristic exponent values, «,
ranging from very impulsive (e.g. « = 1.1) to light-tailed
noise (e.g. a = 1.9), while the dispersion is set to v = 1. For
each patient, 4 parts are randomly selected, i.e., 16 signals of
256 samples are examined, including both epileptic and non-
epileptic behaviours. The learning rate ¢ is set empirically
equal to 1078, the tuning parameter b, which controls the
smoothness of the denoised signals is fixed to 0.001, the
constant € is set to 0.1, and the number of iterations I,,q.
varies in [12 : —2 : 4], depending on the « value. In the first
phase (signal level), the shift value is set equal to 5, whilst in
the second phase (nodes level), the shift is fixed at 3. Finally,
the experimental results are averaged over 50 Monte-Carlo
runs, as well as over all channels, examined parts and patients.

Regarding the filtering process, three performance metrics
are employed, namely, (i) the signal-to-error ratio (SER)
defined by SER(s,8) = 10logyo(7L245) (in dB), where s
and § denote the original and the denoised signals, respectively,
(ii) the Spearman correlation, motivated by [19], [20], and (iii)

the structural similarity index (SSIM) [21].

As a first illustration, in Fig. 3 the 16 parts, 4 per patient,
are depicted for the purposes of our analysis. Specifically, this
figure concerns the 3rd, 6th, 9th, 12th channels of each exam-
ined patient, respectively, and the noise case is for a = 1.1,
i.e., the most impulsive. As it can be seen, the {,-regularized
filter coupled with the proposed combined adjacency matrix
gives well-denoised signals for all the patients and channels,
while the alternative adjacency matrices tend to retain more
spikes due to the impulsive noise. Notice that the choice of 4
patients is motivated by the fact that, as each examined person
has a different brain geometric anatomy, we are interested in
examining how the different adjacency matrices adapt.

Fig. 4 depicts the average SER values for the four adjacency
matrices. Clearly, our proposed matrix achieves a higher per-
formance compared to its counterparts, whilst the correlation-
based adjacency matrix is the one closer to ours, which is
obvious in the most impulsive noise case.

On the other hand, the SSIM is a performance metric that
better resembles human visual perception. The average SSIM
values shown in Fig. 5 reveal that the proposed combined
matrix results in a higher SSIM compared to its counterparts
(Corr, Cov and VG) and this performance difference is more
intense in the high-level noise case, i.e., for « = 1.1. However,
for less impulsive noise, i.e., for & = 1.3, it is comparable
when compared with the well-established Corr matrix. Most
importantly, as the noise becomes less impulsive (close to
the Gaussian) the SSIM of all the examined cases increases.
Finally, in Fig. 6, the average Spearman correlations are
presented, proving that our proposed adjacency matrix results
in not only well-denoised signals, but also in high correlated
ones with the original recordings.
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Fig. 3. Sample signals of the random channels from all the patients: original,
noisy and their denoising versions from Corr, Cov, VG and comb (o =
1.1,y =1).
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Fig. 4. SER between the original and the denoised data.

V. CONCLUSIONS AND FUTURE WORK

In this work, we couple a recently introduced graph-based
denoising filter with distinct adjacency matrices, which capture
either functional or topological, or both, information in the
brain. Specifically, our proposed combined adjacency matrix,
which combines topological and functional information, is
compared with well-established adjacency matrices, namely,
the correlation, the covariation, and the visibility graphs.
Comparison of several performance metrics reveals that our
proposed adjacency matrix results in a more accurate recon-
struction of the original (noiseless) recordings for a broad
range of noise behaviours, as well as in higher Spearman
correlation and SSIM values.

As a future extension of this work, we are interested
in investigating the performance of the proposed framework
towards addressing more challenging problems, such as the
automatic detection of seizure events, by jointly accounting
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Fig. 6. Spearman correlation between the original and the denoised data.

for functional and topological connectivity patterns between
the EEG signals.
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