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Abstract

The importance of extending the statistical signal processing methodology to the so-called
alpha-stable framework is apparent. First, scientists and engineers have started to appre-
ciate alpha-spectra and the elegant scaling and self-similarity properties of stable distribu-
tions. Additionally, real life applications exist in which impulsive channels tend to produce
large-amplitude, short-duration interferences more frequently than Gaussian channels do.
The stable law has been shown to successfully model noise over certain impulsive channels.
In this dissertation, we propose new robust techniques for source detection and localization
in the presence of signals and/or noise modeled as complex isotropic stable processes.

First, we present optimal, maximum likelihood-based approaches to the direction-of-
arrival estimation problem and we introduce the Cauchy Beamformer. We show that the
Cauchy Beamformer provides better bearing estimates than the Gaussian Beamformer in
a wide range of impulsive noise environments and for very low signal-to-noise ratios. In
addition, we calculate the Cramér-Rao bound on the estimation error covariance for the
case of deterministic incoming signals retrieved in the presence of additive complex Cauchy
noise.

In the second part of the dissertation, we develop subspace methods based on fractional
lower-order statistics, for applications where reduced computational cost is a crucial design
parameter. Since symmetric alpha-stable processes do not possess finite pth order moments
for p > «, traditional subspace techniques employing second- and higher-order moments
cannot be applied in impulsive noise environments modeled under the stable law. Instead,
we use properties of fractional lower-order moments and covariations. We define the spatial
covariation matrix of the observation vector process and employ subspace-based bearing
estimation techniques to the sample covariation matrix resulting in improved direction-
of-arrival estimates in impulsive noise environments. We name the introduced technique
Robust Covariation-Based Multiple Signal Classification or ROC-MUSIC. In addition, we
present consistent estimators for the marginals of the covariation matrix and we study

their asymptotic performance through both theory and simulations.



Finally, in the last part of the dissertation, we investigate the problem of localizing
wideband sources in the presence of noise modeled as a complex isotropic stable process.
We consider the frequency-domain representation of the sensor outputs and show that
the spectral density of complex stable processes plays a role in array processing problems

analogous to that played by the power spectral density of second-order processes.
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Chapter 1

Introduction

Statistical array processing based on the linear theory of random processes with finite
second-order moments has been the focus of considerable academic research. Critical
problems such as high-resolution direction finding, null- and beam-steering, and detection
of the number of sources illuminating an array of sensors have been studied under the
assumption of a Gaussian or second-order model. Many different classes of methods,
compromising optimality for the sake of computational efficiency, have been proposed
under the aforementioned statistical framework [34].

Looking toward real world applications, we are interested in developing array process-
ing methods for a larger class of random processes which include the Gaussian processes
as special elements. The availability of such methods would make it possible to oper-
ate in environments which, while sharing many characteristics also differ from Gaussian
environments in significant ways.

The class of stable distributions, a natural generalization of the Gaussian distribution,
has some important characteristics which make it very attractive for modeling impulsive
signals. Stable processes satisfy the stability property which states that linear combina-
tions of jointly stable variables are indeed stable. They arise as limiting processes of sums
of independent, identically-distributed random variables via the generalized central limit
theorem. That is, if the observed randomness is the result of many cumulative effects, and
these effects follow a heavy-tailed distribution, then a stable model may be appropriate.
Stable processes are described by their characteristic exponent «, taking values 0 < o < 2.
Gaussian processes are stable processes with o« = 2. Stable distributions have heavier tails
than the normal distribution, possess finite pth order moments only for p < «, and are
appropriate for modeling signals with outliers. Hence, non-Gaussian stable deviates have

infinite variance and in some cases infinite first moment. Unlike the Gaussian distribution



which is symmetric about its mean, stable distributions may be assymetric, i.e., they admit
skewness. Therefore, in certain applications where a heavy-tailed and assymetric model
is called for, the stable model may be a viable alternative to the Gaussian distribution.
The difficulty in developing signal processing methods based on stable processes is due to
the fact that the linear space of a stable process is not a Hilbert space, as in the case of
Gaussian processes, but either a Banach (1 < aw < 2) or a metric space (0 < a < 1), both
of which are more unyielding in their structure.

This dissertation addresses the solution of the signal parameter estimation problem
through the use of sensor array data retrieved in the presence of impulsive interference.
One of the most interesting problems in this area is the estimation of the direction-of-
arrival (DOA) of narrow-band source signals having the same known center frequency. A
related problem is the detection of the number of sources impinging on a sensor array. In
the past, these problems have been studied extensively under the assumption of Gaussian
distributed signals and/or noise, and a variety of methods for their solution have been
proposed. As a result of the Gaussianity assumption, most methods are based on the
second- or higher-order statistics of the signals [51]. The following section gives a brief

review of these methods.

1.1 Literature Review

Despite the different characteristics of several existing multisensor data systems, there
exists a common methodology of processing data from multiple sensors in order to make
inferences about a physical event [26]. A block diagram of a typical multisensor system
is shown in Figure 1.1. The sensors detect incoming energy and observe a combination of
intentional energy from a target as well as environmental energy such as noise, multipath
signals, and interference. An additional source of incoming energy may include jamming
signals, which are intentionally generated by an enemy to deceive the observer by de-
creasing the signal-to-noise-ratio (SNR) of the observed environment. The ensuing signal
conditioning process does not alter the information content of the signal but it performs
translations (e.g. frequency shifts, heterodyning, A/D or D/A changes) that facilitate sub-
sequent processing. A data alignment function transforms the raw sensor observations into
a standard set of units. An association process groups the observations into meaningful

groups with every group representing observations of a single physical entity.
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Figure 1.1: Typical multisensor system.

Our work focuses on development of methods pertaining to the estimation part of the
system shown in Figure 1.1. The estimation process combines the observations to obtain
an estimate of a state vector X(¢) which best fits the observed data. Basic inferences
about the observed entity’s azimuth, elevation, range, or velocity are made at this level
of processing. The estimation processor is essentially an algorithm which optimizes an
appropriate chosen cost function with respect to the observation vectors. The cost function
is formed by assuming certain statistics about the data based on the physics of the problem
and by using an optimization criterion. There exist several optimization criteria such
as Least-Squares (LS), Weighted LS, Maximum Likelihood, and Constrained (Bayesian)
which, until recently, were based on a second-order moments statistical model.

Maximum Likelihood (ML) was one of the first methods to be applied in the area of
array processing [34]. When applying the ML technique to the source localization prob-
lem, two different assumptions for the signal waveforms result into two different methods.
According to the Stochastic ML (SML), the signals are modeled as Gaussian random
processes. This is often motivated by the Central Limit Theorem and results in math-
ematically convenient expressions. On the other hand, in the Deterministic ML (DML)

the signals are considered as unknown, deterministic quantities that need to be estimated



in conjunction with the direction of arrival. This is a natural model for digital commu-
nication applications where the signals are far from being normal random variables, and
where estimation of the signal is of equal interest.

The importance of the ML technique comes from the mathematical property that, un-
der certain regularity conditions, the ML estimator is known to be asymptotically efficient,
i.e., it achieves the Cramér-Rao bound (CRB) for the estimation error variance. In this
sense, ML has the best possible asymptotic properties.

Many researchers have studied the ML technique as a means of approaching the source
localization problem in the presence of Gaussian additive noise. Stoica and Nehorai exam-
ined the ML performance and its asymptotic properties, derived expressions for the CRB
and established some of its properties [71]. Additionally, they investigated the relation-
ship between the ML and large sample approximation methods such as MUSIC. With high
computational cost constituting the main shortcoming of the ML technique, Ziskind and
Wax introduced a computationally attractive method for calculating the ML estimator
[97]. Their method was based on an iterative technique named “Alternating Projection”
(AP) that transformed the multivariate optimization problem into a sequence of simpler
one-dimensional optimization problems.

However, due to the high computational load of the multivariate nonlinear maximiza-
tion problem involved in the ML estimator, sub-optimal methods have also been developed
[13, 30, 41, 57, 61, 66, 80, 81, 84, 85]. The better known ones are cited here: Minimum
Variance Distortionless method of Capon [13] and the so-called eigenvector-based meth-
ods including the MUSIC [66], Minimum Norm [41, 57], and the ESPRIT method [61].
The performance of the aforementioned methods is inferior to that of the ML method,
especially for low SNR values or when the number of observation snapshots is small.

The MUSIC method, a generalization of Pisarenko’s harmonic retrieval method, has
received the most attention and triggered the development of a large number of algo-
rithms referred to as eigenvector or subspace techniques. Besides offering a new geometric
interpretation of the array processing problem, MUSIC uses concepts from complex vector
spaces and well-known tools from linear algebra, such as the singular value decomposition
(SVD), in order to achieve high resolution while keeping the computational complexity
relatively low compared to that of the ML methods.

Source localization can be considered as an important initial step in adaptive array

processing. Once the desired signal and interference directions are determined, adaptive



statistically optimum beamforming maximizes the signal-to-noise ratio of the array out-
put for optimal signal detection. The multiple sidelobe canceller (MSC) is perhaps the
earliest statistically optimum beamformer introduced by Applebaum et al. [1]. Widrow
and associates studied the adaptive antenna problem by minimizing the mean square error
between the beamformer output and a reference signal [92]. Reed et al. concentrated on
adaptive radar applications. They developed an adaptive processor which maximizes the
probability of detection for a fixed false-alarm rate [4]. They also introduced a direct
method of adaptive weight computation, based on the sample covariance matrix of the
noise field, which provides rapid convergence [59].

Recently, special interest has been shown in relaxing some of the assumptions con-
cerning the statistical nature of the noise in the bearing estimation problem [19, 20, 39].
One such method is the bispectrum beamformer introduced by Forster and Nikias [19]. It
was demonstrated that, for the case of spatially correlated Gaussian additive noise with
unknown cross-spectral matrix (CSM), the bispectrum beamformer may provide asymp-
totically better bearing estimates than the stochastic ML. method with known CSM.

Often in actual applications the Gaussian noise assumption proves inadequate, as sys-
tems designed under this assumption exhibit a significant performance degradation. There
exist physical processes generating interferences which contain noise components that are
impulsive in nature. These processes can be natural, as well as man-made, and include
radar clutter, underwater acoustic signals, lightning in the atmosphere, and transients in
power lines and car ignitions. In modeling this type of signals, the stable distribution law
provides a very attractive theoretical tool. It was proven that under broad conditions,
a general class of impulsive noise follows the stable law [68]. As a result, considerable
research interest has been shown in designing robust signal processing algorithms for de-
tection, direction finding, and equalization, that can do well not only in the presence of
Gaussian noise, but also, more importantly, in the presence of impulsive noise environ-

ments [75, 78, 79].

1.2 Dissertation Organization and Contribution

This dissertation is devoted to the detection and localization problem of multiple sources in
the presence of impulsive additive interference which can be modeled as a complex isotropic
a-stable process. The dissertation is organized as follows: In Chapter 2, we formulate the

direction-of-arrival estimation problem. In Chapter 3, we introduce the statistical model,



based on the class of bivariate symmetric a-stable (Sa.S) distributions. This model is
well-suited for describing signal and/or noise processes that are impulsive in nature and
contains the Gaussian process as a special case. In Chapter 4, we develop the deterministic
ML estimator and derive the Cramér-Rao bound for the Cauchy case. We also discuss
the application of the ML method for the general case of SaS processes and we present
Monte-Carlo simulation results. In Chapter 5, we develop large-sample, subspace-based
bearing estimation techniques based on the eigendecomposition of the array covariation
matrix. In Chapter 6, we extend our methods to handle the case of wide-band source

signals. Finally, in Chapter 7, we propose future research directions.

1.3 Abbreviations

The following abbreviations are used in this dissertation:

CRB Cramér-Rao bound

DML deterministic maximum likelihood
DOA direction-of-arrival

FLOM fractional lower-order moment
GSNR generalized signal-to-noise ratio
M incoherent MUSIC

IRM incoherent ROC-MUSIC

ML maximum likelihood

MLC maximum likelihood Cauchy
MLG maximum likelihood Gaussian
MSE mean-square error

MUSIC multiple signal classification
ROC-MUSIC robust covariation-based MUSIC
PSNR pseudo signal-to-noise ratio

SasS symmetric a-stable

SML stochastic maximum likelihood
SNR signal-to-noise ratio

SSC steered spectral covariation
STMV steered minimum variance



Chapter 2

Array Signal Processing Fundamentals and Current

Approaches

The classical problem in array signal processing is to determine the location of an energy-
radiating planar source relative to the location of the array. We are interested in estimating
the direction-of-arrival of a signal in the presence of noise and interfering signals. The array
antenna attacks this problem by exploiting the spatial separation in the locations where
the desired and interfering signals originate. It filters data collected over a spatial aperture
much in the same manner that an FIR filter processes temporally sampled data. Thus,
the key issue is to recognize the equivalence of the direction estimation problem with
that of estimating the spatial spectrum of the radiation field. Then, spectrum estimation
techniques can be viewed in the framework of array processing applications.

To facilitate the discussion, some notation must be developed for referring to the array
processing system parameters. First we define some mathematical conventions: Scalar
quantities are denoted with italic typeface. Vectors are denoted with lower case boldface
letters while matrices are denoted by uppercase boldface letters. The operations of trans-
position, complex cojugation, and conjugate transposition are denoted by superscripts T,
*, and H, respectively. The notation T = diag(t) denotes a diagonal matrix whose main
diagonal is the vector t. For ¢ r x 1 vectors ay,...,a,, A =[ay,...,a,] is an r X ¢ matrix.
Finally, F{-} denotes the expected value of a random quantity. For reference, Table 2.1
provides a list of the various array processing system parameters which will be used in the

following sections.



Table 2.1: Symbols for array processing system parameters.

number of sensor elements in the array
number of source signals

r
q
M | number of snapshots

2.1 Problem Formulation

Consider an array of r sensors with arbitrary locations and arbitrary directional char-
acteristics, which receive signals generated by ¢ narrow-band sources with known center
frequency w and locations 6,6,,...,60,. Since the signals are narrow-band, the propaga-
tion delay across the array is much smaller than the reciprocal of the signal bandwidth,
and it follows that by using a complex envelop representation, the array output can be

expressed as

x(t) = Z a(fr)sk(t) + n(t) (2.1)

k=1

where we have the following;:
o x(t) = [x1(t),...,2,(t)]" is the vector of the signals received by the array sensors;

e s;(t) is the signal emitted by the kth source as received at the reference sensor 1 of

the array;

e a(f;) = [1, e=womO) o emwmOT s the steering vector of the array toward di-

rection f;

e 7;(0;) is the propagation delay between the first and the ith sensor for a waveform

coming from direction #y;
e n(t) = [n1(t),...,n.(t)] is the noise vector.

Equation (2.1) can be expressed in a compact form as
x(t) = A(0)s(t) + n(t) (2.2)
where A () is the r X ¢ matrix of the array steering vectors

A(0) = [a(Bh),...,a(8,)] (2.3)



and s(t) is the ¢ x 1 vector of the signals

s(t) = [s1(t), ..., 5,(t)]T. (2.4)

Assuming that M snapshots are taken at time instants ¢y,...,ty, the data can be
expressed as

X = A(6)S + N (2.5)

where X and N are the r x M matrices

X = [x(t1), -, x(tn)] (2.6)

N =[n(t1),...,n(tam)] (2.7)
and S is the ¢ x M matrix

S = [s(t1),...,s(tm)]. (2.8)

Our objective is to estimate the DOA’s 81, ..., 0, of the sources from the M snapshots of
the array x(t1),...,x(tar)-
Toward this goal, we are going to make the following assumptions regarding the array,

the signals, and the noise:
A.1 The number of signals is known and is smaller than the number of sensors, i.e., ¢ < r.
A.2 The set of any q steering vectors is linearly independent.

A.3 The noise samples n;(t;); ¢ =1,...,r; j=1,..., M, come from a complex (bivari-

ate) isotropic stable distribution.

A.4 The noise samples n;(t;) are statistically independent from one another both along

the array sensors, namely, along index ¢, and along time, namely, along index j.

Assumptions A.1 and A.2 guarantee the uniqueness of the solution. Assumption A.3
draws a new element into our analysis as we deviate from the conventional assumption
that the noise in sensor arrays is a complex-valued Gaussian process. Our assumption
incorporates a wide range of noise environments which are impulsive in nature and includes

the Gaussian noise as a special case.



2.2 Maximum Likelihood DOA Estimation with

Gaussian Distributions

In this section, we review the maximum likelihood methodology for the case of additive
Gaussian noise of zero mean and variance matrix o?I, where 02 is the unknown noise
power, and I is the identity matrix. When applying the ML technique to the array
processing problem, two main methods have been considered depending on the signal
data model assumption. According to the Stochastic ML, the signals are modeled as
Gaussian random processes. On the other hand, in the Deterministic ML the signals are
considered as unknown, deterministic quantities that need to be estimated in conjunction
with the direction of arrival. In the following, we give a brief presentation of the two

methods together with bounds on the estimation accuracy.

2.2.1 The Stochastic Maximum Likelihood Method

The Stochastic ML (SML) method models the signals as stationary jointly Gaussian
stochastic processes with covariance matrix given by ¥ = E{s(t)s”(¢)}. Under the as-
sumptions of Section 2.1, the observation process x(t) is a stationary, zero-mean, Gaussian

process completely described by its second-order covariance matrix:
R = E{x(t)x"(t)} = ASAY 4 o1, (2.9)

where we write A instead of A (@) for notational convenience. Since the snapshots are
independent and identically distributed, the density function of the complete data set
x(t1),...,x(tar) is given by:

M
Fx) =TI R P (—x"tR™x(1)). (2.10)

Ignoring constant terms and after some simplifications, the SML estimator is obtained by

solving the following optimization problem:

(62,5, 0] = arg mine{log IR|+ Tr{R™'R}}, (2.11)
02,3,
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where Tr{-} is the trace operator, and

R = i]zw:x(t)xﬂ(t) (2.12)
M

t=1

is the sample covariance matrix. The dimensionality of the problem can be reduced by

substituting the SML estimates for 0 and X [2, 31] in (2.11):
S(0) = AT(6) [R - 6%(0)1] AT (8), (2.13)

and

1 .
~20ay L

6°(0) = — qTr{PA(O)R}, (2.14)
where AT = (AT A)=YAH is the pseudo-inverse of A and P§ = T- AATis the orthogonal
projector onto the null space of A”. The SML signal parameter estimates Osn1, are now

obtained by solving the following optimization problem:
Osyp = arg mein log |A(6)3(8) AT () + 5% (0)1]. (2.15)

In general, the SML estimate Osn1, cannot be found analytically. Hence, numerical pro-
cedures must be employed to carry out the required optimization. Several optimization
methods have been proposed in the literature, including the Alternating Projection method
[97], several Newton-type techniques [23, 70, 82, 87], and the Expected Maximization (EM)
method [18, 49]. The SML likelihood function is regular and the SML estimator is con-
sistent and asymptotically efficient, i.e., the covariance of the estimates asymptotically

attains the stochastic Cramér-Rao Bound [42].

2.2.2 The Deterministic Maximum Likelihood Method

According to the Deterministic ML (DML), the signals are considered as unknown, deter-
ministic quantities that need to be estimated in conjunction with the direction of arrival.
This is a natural model for digital communication applications where the signals are far

from being normal random variables, and where estimation of the signal is of equal interest.

11



Under assumption A.4 of Section 2.1, it follows from (2.2) that the density function of
the sampled data is given by

M
£0) =TT o exp (— 25 Ix(0) - A@)s()) (2.16)

t=1

Hence, by ignoring constant terms, the log likelihood function L(X;¢?% S, 6) can be ex-

pressed as:

Ix(t) — A(@)s()]?. (2.17)

M=

L(X;0%'S,0) = —Mrlog(c?) —

1
o

o
Il
—

The ML estimator is obtained by maximizing L(X;02, S, ) with respect to o2, S, and 6.

Fixing S and 8, and maximizing with respect to o2 we get

~2 1 X 2
& :m;|x(t)—A(0)s(t)| . (2.18)

Substituting (2.18) back into (2.17) and maximizing with respect to S we get a Least—

Squares estimate for the signal
5(t) = (AT (0)A(8)) LA (9)x(1). (2.19)

Thus, the dimension of the required optimization is reduced, and the maximum likelihood

estimator for @ is given by the following minimization problem:
. _ ) L o=
Opnr = argmeln Tr{PA(e)R}. (2.20)

The solution of (2.20) requires a ¢-dimensional optimization for computing the direc-
tions of arrival. Asin the case of the SML estimator, analytical solutions for this problem
are not available in general, and one has to resort to numerical methods, such as Newton-
type algorithms. A drawback of the DML method is that the dimension of the parameter
vector increases without bound as the number of incoming snapshots M grows. For this
reason, the DML function is non-regular and although the DML estimate of 8 is consistent,
the DML estimate of the signal S is inconsistent. Furthermore, Opmr is asymptotically
efficient as M goes to infinity only when the number of sensors r also goes to infinity [71].
Hence, the requirement from the DML method to estimate the source signals results in

poorer source bearing estimates, unless r is large.
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2.2.3 The Deterministic Cramér-Rao Bound for Gaussian Noise

Under the assumptions stated in Section 2.1, and for the case of deterministic incom-

ing signal waveforms in the presence of complex Gaussian noise, the following theorem

holds [28]:

Theorem 2.1 The CRB for 0, and o? is given by

2 (M 1 -1
CRB(6) = % {Z R {SH(t)DH [1 ~ A (AFA) AH] DS(t)}} (2.21)
and A
CRB(0?) = ——, (2.22)
where ) )
s1(%) 0 0 0
0 Sg(t) 0 0
s(t)y=| : : : co |y =1, M, (2.23)
0 0 Sq_l(t) 0
| 0 0 0 sq(t) |
D = [d(6y),...,d(8,)], (2.24)

and d(6;) = 0a(6;)/00;; i=1,....q.

For the case of a single source (¢ = 1) impinging from direction # in a linear array

whose sensors are spaced a half-wavelength apart we have

A = [17 e—]7rsin(€)7 . e—](r’—1)7rsin(€)]T7 (225)

and
D = [0, —yrcos(f)e™ " sin(0) —(r — 1)77605(0)6_](r_1)7r Sin(e)]T. (2.26)

So, it holds

AHA = (2.27)
DD = ﬂ_Qr(r - 1)6(% — cos®(0), (2.28)

and
DA = jﬂ'r(r — 1 cos(6). (2.29)

13



Then,
6 1 o2
CRBO) = 2 (= o ®) T, s (2:30)

As we can clearly see, the larger the signal-to-noise ratio and the bigger the array, the

higher the CRB.

2.3 Subspace-Based DOA Estimation Using
Second-Order Statistics

Due to the high computational load of the multivariate nonlinear maximization problem
involved in the ML estimator, sub-optimal high-resolution methods have also been devel-
oped, and the most important of them are presented here. In this section, we will assume
that the signal waveforms are noncoherent Gaussian processes and we will present the
algorithms based in this assumption. Means of reducing the susceptibility of the meth-
ods to coherent signals have been introduced in the literature for special array structures
[54, 55, 58, 67, 91, 93].

The covariance matrix of the observation vector x(¢) is given by
R = E{x(t)x(t)} = AZAT 4+ ¢°1. (2.31)

The ¢ x ¢ matrix ¥ = E{s(t)s”(¢)} has full rank since we assumed noncoherence of the ¢
incoming plane waves. Assumption A.3 of Section 2.1 implies that matrix A has full rank
q.

A class of spatial spectral estimation techniques is based on the eigenvalue decompo-
sition of the spatial covariance matrix. The rationale behind this approach is that one
wants to emphasize the choices for the steering vector a(#), which correspond to signal
directions. The method exploits the property that the directions of arrival determine the
eigenstructure of the matrix.

Let p1 > p2 > --- > p, denote the eigenvalues of matrix R, and Ay > Ay > --- > A,
denote the eigenvalues of matrix ASAH, respectively. Then, from (2.31) it follows that

pi=MN+or i=1,2,...,r (2.32)

14



Since matrix A is of full column rank ¢, the (r — ¢) smallest eigenvalues of the matrix

AXAM are equal to zero. Correspondingly, the (r — q) eigenvalues of R are equal to o2

N +o? i=1,...,q
pi = { SR (2.33)
o i=q+1,....r.

Hence, the eigenvalue decomposition of the spatial covariance matrix R can be written as

q r
R = Z[/\Z + ofvivi + Z otvivil (2.34)
=1 i=q+1
where
vilvy =i, (2.35)
are the orthogonal eigenvectors of the matrix R, i.e., Rv; = p;v;, ¢ =1,2,...,r. It holds
that
Rv;,=o%v;, i=q+1,...,r (2.36)
or, equivalently,
R—-0’T)v; =0, i=gq+1,...,r (2.37)
Using (2.31), we get
ASAfv, =0, i=q+1,...,r (2.38)

from which it follows that
Aflv, =0, i=q+1,...,r (2.39)

Equation (2.39) readily implies that the subspace spanned by the -eigenvectors
{V4+1, V442, ..., v, } is the orthogonal complement of the subspace spanned by the steer-
ing vectors {a(#y),a(fs),...,a(f,)}. Since the eigenvectors of the covariance matrix R
are orthogonal to each other we can also conclude that the subspace spanned by the
eigenvectors {vy,Vvg,...,V,} is exactly the same as the subspace spanned by the vectors
{a(61),a(b;),...,a(f,)}.

The previous analysis leads to the following observations. If the propagation field con-
tains ¢ distinct noncoherent propagating signals in a spatially white noise environment,
then the eigenvalue decomposition of the spatial covariance matrix R results in the forma-

tion of two disjoint subspaces that are the orthogonal complement of each other. The first
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one, called the signal plus noise subspace, is spanned by the eigenvectors corresponding to
the ¢ largest eigenvalues of R. The second, called the noise subspace is spanned by the
eigenvectors corresponding to the r — ¢ smallest eigenvalues of R. Given the eigenvectors
of R, we may determine the signal directions of arrival by searching for those steering
vectors a(f) that are orthogonal to the noise subspace.

In the following, we present four spatial spectra estimation methods based on the

eigenvalue decomposition of the spatial covariance matrix.

2.3.1 The MUSIC Algorithm

As we already saw, given the eigenvectors of the spatial covariance matrix R, we may de-
termine the signal directions of arrival by searching for those steering vectors a(#) that are
orthogonal to the noise subspace which is spanned by the eigenvectors {v,41,Vvyy2,...,V,}
corresponding to the r — ¢ smallest eigenvalues of R. In practice, R is unknown but can

be consistently estimated from the available data as

M
. 1
R=—> x(t)x(t)? 2.40
7 22 X", (2.40)
Because of the uncertainty in the eigenvector estimates {V,41,Vy42,...,V,} introduced

by the way we estimate the matrix R, we can only search for the steering vectors that
are most closely orthogonal to the noise subspace. The MUSIC algorithm estimates the
signal directions as the peaks of the MUSIC spatial spectrum estimate given by

1

Pryuusic(0) = SNPCILEAER

(2.41)

Note that the MUSIC spectrum is based on a single realization of the stochastic process
represented by the snapshots x(t), ¢t = 1,..., M. MUSIC estimates are consistent and
they converge to the true source bearings as the number of snapshots grows to infinity [38].
Furthermore, when the signal covariance matrix 3 is diagonal, MUSIC is a large sample
realization of the DML method described in Section 2.2.2. The asymptotic equivalence of
MUSIC and the DML method for uncorrelated signals was proven in [71]. A drawback
of MUSIC is its sensitivity to model errors [21, 73]. MUSIC requires the computationally
costly procedure of calibration and it is very sensitive to errors in the calibration proce-
dure. The cost of calibration increases as the number of parameters that define the array

manifold increases. Friedlander approached the calibration problem in a “blind” way, i.e.,
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without knowledge of the direction of the calibrating source and with minimal knowledge

about the array manifold [22].

2.3.2 The Minimum Norm Spatial Spectrum Estimator

The Minimum Norm (MN) method is also based on the eigenvalue decomposition of the

spatial covariance matrix R. We form the two sets of eigenvectors {vy,vy,...,v,} and
{V4+1, V442, ..., v, } into two matrices V; and V,, respectively:
gT
Vs = [Vh Vo, 7Vq] = ° 3 (242)
G
and
gT
Vi, = [Vgt1, Vggas- oo, Vo] = " (2.43)
G,

where g7’ and g! are 1 x ¢ and 1 x (r — q) row vectors, respectively. The matrices G and
G, have dimensions (r — 1) x ¢ and (r — 1) X (r — q), respectively.
The Minimum Norm method aims in finding an r x 1 vector W that satisfies the

following requirements:

e The vector W lies in the range of V,,, and therefore, it is orthogonal to the columns
of Vg, i.e.,
VAW =0 (2.44)

e The first element of W is equal to 1, i.e.,

W:[ ! ] (2.45)

—W

e The Euclidean Norm of W is minimum.

By using (2.42), (2.44), and (2.45), we can write

Gliw =g,. (2.46)
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This is a linear system of ¢ equations in r — 1 unknowns. Therefore, with ¢ < r, it is
an undetermined system with no unique solution. The minimum norm solution to this
system is given by

w=(1-gl'g,)'Glg,. (2.47)

Correspondingly, the minimum norm solution for W is given by

1

W = (2.48)
[ —(1-gl'g.)"'Glg,

An analogous expression for W in terms of the elements constituting the matrix Vn is

1

W = (2.49)
[ (87'8:) 'Gr8n

Having computed the vector W, the Minimum Norm spatial spectrum estimate is given

by
1

0= g

(2.50)

Note that, as in the case of the MUSIC spectrum, the Minimum Norm spectrum is based

on a single realization of the underlying stochastic process.

2.3.3 The Minimum Variance Distortionless Method

The Minimum Variance Distortionless (MVD) method is developed as a constrained op-
timization problem. The sensor outputs are weighted by a vector W to produce a beam-
former output y(t) given by

y(t) = WHX(1). (2.51)

The spectral estimate is derived by finding the vector W which yields the minimum beam
energy E{|y(t)|’} = WHYRW subject to the constraint that W#a(f) = 1, where a(f)
represents an ideal plane wave corresponding to the direction of interest 8. Thus, the
MVD estimator ensures that any signal from angle 6 and frequency wy is passed to the
output undistorted, while at the same time contributions to the output due to noise and

interfering signals arriving from directions other than # are minimized.
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Then, the linearly constrained minimization problem is written as:
r%%,n WHRW subject to Wa(g) = 1. (2.52)
The solution technique is to use the Lagrange multipliers to minimize the expression:
WHRW + o[Wa(g) - 1]. (2.53)
The resulting solution for W is

W= R~a(6) (2.54)

(O)R~"a(f)

The power in the beam when steered in the direction of interest determined by a(6)
becomes

Puvn(t) = o ! (2.55)

6)"R-1a(d)’
which is the MVD spatial spectrum estimate.
Expressing the spatial covariance matrix in terms of its eigenvectors and eigenvalues,

we can write

R = Z pivivi, (2.56)
=1

The inverse R™! has the same eigenvectors as R, but its eigenvalues are the reciprocal of

those of R. Therefore,
R™! = Z ivivH : (2.57)
=1 1"
The eigenvector expansion of R™! is truncated to include only the terms corresponding
to the signal plus noise subspace
g 1 "

R_lzz v

=1

This expression for R™ can be substituted in (2.55) to give an alternative MVD spatial

spectrum estimate.
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2.3.4 The Autoregressive Spatial Spectrum Estimator

Using the same idea as in linear prediction for time series, let z,,, be the total signal mea-
sured at the mg sensor. We assume that z,,, is estimated by a weighted linear combination

of the signals at the other r — 1 sensors:
Ty = — Z W T - (2.59)
m#£mo

The method is based on finding the weights w,, which minimize the mean squared

prediction error

E{|tm,+ Y wntml’} (2.60)
m#£mo
We define the weights column vector W = [w1, ..., Wig—1, Wings Wing41s - - - Wy] !, and

U,,, as the vector having its mgth element equal to one and the other elements equal to

zero. Then, the linear prediction problem can be restated as:

min WHZRW subject to WHU,, = 1. (2.61)
w

The above constrained optimization problem is very similar to the MVD problem as de-
scribed in (2.52), the only difference being the presence of the vector U, in the constraint
equation for the linear prediction problem instead of the steering vector a(f) in the con-

straint equation for the MVD problem. Therefore, the solution is:

R'U,,

W= _—"7——¢"—.
UTTnOR—lUm0

(2.62)

Using the ideas found in time series, the linear prediction method corresponds to
an autoregressive model for the signal. Thus, the power spectrum is given by the mean-
squared prediction error divided by the magnitude squared of the spectrum of the predictor

coeflicients

WHRW
Pl) = ——+- 2.
Substituting W from (2.62) we get
ul R7'U,
P(6) = —> ¢ (2.64)

UL Ra(0)?
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By discarding the constant factor U%O R™'U,,, in the nominator and using the vector

U =[1,0,...,0]" we get the Autoregressive (AR) spatial spectrum estimate

1

Panll) = GTR-Tap 2

(2.65)
Again, the expression for R! given in (2.58) can be used in the estimate of the spatial

spectrum.

2.3.5 Relationships Between the MVD, AR, MUSIC and MN Spectra

The spatial spectra estimators presented in the previous sections are interrelated in an
asymptotic sense. Here, we assume that the model we introduced for our physical problem
is exact: We have a space series of superimposed uncorrelated signals in an additive
white noise environment, which consist of uniformly spaced spatial samples and whose
spatial correlation matrix is exactly known. Then, we can state the following about the

relationships among the different spatial spectra:

e Asshown by Burg [5], the MVD and AR spectra are related to each other analytically

in the case of an equally spaced linear array by

SRS B
Puavp(6) v 12 PR 6)

m=1

7 (2.66)

where PX%)(O) is the AR spectrum obtained with an mth order model. This result
suggests that the MVD spectrum is a smoothed version of the AR spectrum as it
is a harmonic average of lower order AR spectra. This explains the reason for the

greater fluctuations observed in the AR spectrum compared to the MVD spectrum.

e Nickel [50] showed that if the spatial covariance matrix R is known exactly, the
noise subspace projection matrix V,, VI used to compute the MUSIC spectrum is
the limiting value of the inverse covariance matrix R™! when the signal to noise
power approaches infinity. Therefore, the MUSIC spectrum can be interpreted as
the limit of an MVD type of spectrum when the signal-to-noise ratio is infinite. This
observation explains the better resolution of the MUSIC spectrum compared to that

of the MVD spectrum.
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Figure 2.1: Relationships between the four high resolution spatial spectra

e The MN spectrum is the limiting value of the AR spectrum for infinite SNR, hence

the superior resolution of the MN spectrum compared to the AR spectrum.

e The MUSIC spectrum is a weighted harmonic average of the MN spectra for array
sizes 1 to M, i.e., the MUSIC spectrum is a smoothed version of the MN spectrum.

A graphical depiction of the above relationships is given in Figure 2.1.

2.4 High Resolution Methods Based on Higher-Order

Statistics

The orthogonal decomposition methods described in the previous section have been de-
veloped by using the assumption that the additive noise is white, i.e., the noise covariance
matrix is diagonal. When the white noise assumption does not hold, as it is often the case
in sonar or radar applications, the harmonic decomposition methods based on second-order
statistics will not give reliable spatial spectrum estimates. Array processing problems in
the presence of spatially correlated noise have been studied by assuming known spatial
noise autocovariance or by estimating it from secondary inputs [57, 63].

Pan and Nikias [74] studied the bearing estimation problem in the presence of spatially

correlated Gaussian noise by employing fourth-order cumulants of the array snapshots.
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The motivation behind the use of higher-order statistics lies in their ability to suppress
the Gaussian noise. Indeed, if the additive noise follows the Gaussian probability density
function, all its cumulants of order greater than two are identically zero.

The spatial spectrum estimates defined in the previous section can be reformulated by

introducing the fourth-order cumulant matrix of the array snapshots as

C = Cum : : : N ERGEGEER AT GIPE (2.67)
em(t) @) wa(t)

where Cum denotes the cumulant operator for a zero mean random process z(k), defined

as

Cum {z(k), 2" (k+ 1), 2(k+ 72), 2" (k + 1)} = ca(71, T2, T3)
= E{ak)a™(k+ m)e(k+m)z™(k+73)}
—E{x(k),a™(k+7)} - F{a(k+m)a™(k+75)}
—E{x(k),z(k+m)}-E{a™(k+m)a™(k+73)}

)
(
(
—E{x(k), e (k+73)} - E{a(k+ m)a(k+ )} (2.68)

As we can see, to generate the fourth-order cumulant sequence, we need knowledge of the
fourth-order moment and autocorrelation sequences.

The snapshot vector x(t) as defined in (2.2) is
x(t) = A(0)s(t) + n(t) (2.69)
Substituting (2.69) into (2.67) we get that
C = ATAH, (2.70)

where I = diag(y1, 72, - - -, YMm), and i is the fourth-order cumulant (kurtosis) of the kth

source signal defined as

ve € Cum {55 (t), s1(8), s(8), s5(6)} (2.71)
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The important point is that (2.70) holds even for the case of additive spatially corre-
lated Gaussian noise with unknown covariance function. Based on the cumulant matrix C,
the high resolution methods introduced in Section 2.3 can be reformulated by decomposing

matrix C in terms of its eigenvectors Y;:

q

C=> [pi+e] XX+ Z &Y (2.72)
=1 i=q+1
In theory, it holds that ¢, = 0 ¢ = 1,...,r. In practice however, ¢; will be very small

compared to p; if we estimate the cumulant matrix C properly. The inverse of C expressed

in terms corresponding to the signal subspace is

g
1
Z — (2.73)
1 H
Then, the four spatial spectrum estimates become as follows:
MVD Spectrum Fstimator:
Parv(8) = . (2.74)
MYPE ™ a(0)H E-1a(0) '
AR Spectrum Fstimator:
Par() = ! (2.75)
AT uTE1a(9) 2 '
MUSIC Spectrum Fstimator:
Pausic() ! (2.76)
MUsic(t) = =7 )
Yizgr [A(0)T L]
MN Spectrum Fstimator:
1
P )= ————— 2.77
N0 = fagrwr 270

where the vector W follows from an analysis analogous to the one described in Sec-

tion 2.3.2.
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In addition to the aforementioned techniques, a bearing estimation method based on
the cross-bispectrum of the array output data was introduced by Forster and Nikias [19].
The method was based on the asymptotic distribution of the cross-bispectrum estimates
and employed maximum likelihood theory. Finally, another interpretation for the use
of cumulants in array processing was proposed by Dogan and Mendel [15, 16]. It was
shown that fourth-order cumulants of multichannel observations increase the directional
information compared with second-order statistics, and suppress spatially colored non-

Gaussian noise with the use of an additional remote sensor.
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Chapter 3

Alpha-Stable Random Variables and Processes

Gaussian distributions and processes have long been accepted as useful tools for stochastic
modeling. In this section, we introduce a statistical model based on the class of symmetric
a-stable (SaS ) distributions which is well-suited for describing signals that are impulsive
in nature. A review of the state of the art on stable processes from a statistical point
of view is provided by a collection of papers edited by Cambanis, Samorodnitsky and
Taqqu [11]. Several statisticians including Cambanis, Zolotarev, Weron, et al. have pub-
lished extensively on the theory and applications of stable processes. They studied the
properties of stable processes [6, 8, 29, 33, 36, 43, 46, 48, 65, 90, 98], their spectral represen-
tation [7, 27, 47|, as well as prediction and linear filtering problems [9, 10, 35, 37, 62, 94].
Textbooks in the area were written by Samorodnitsky and Taqqu [64] and by Janicki and
Weron [32].

An extensive review of stable processes from a signal processing point of view can be
found in a tutorial paper by Shao and Nikias [69] as well as in a monogram written by the

same authors [52].

3.1 The Class of Real SaS Distributions

The symmetric a-stable (Sa.S) distribution is best defined by its characteristic function

p(w) = exp(pdw — y|w|?), (3.1)

where « is the characteristic exponent restricted to the values 0 < a < 2,6 (—o0 < § < 00)
is the location parameter, and v (v > 0) is the dispersion of the distribution. For values

of a in the interval (1,2], the location parameter § corresponds to the mean of the Sa.S
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Figure 3.1: Standard Sa.S densities.

distribution, while for 0 < o < 1, § corresponds to its median. The dispersion parameter
~ determines the spread of the distribution around its location parameter §, similar to the
variance of the Gaussian distribution. The characteristic exponent « is the most important
parameter of the SaS distribution and it determines the shape of the distribution.

A stable distribution is called standard it § = 0 and v = 1. Clearly, if a random variable
X is stable with parameters o, 7,8, then (X — §)/4%/ is standard with characteristic
exponent «. The standard SaS density functions for a few values of the characteristic
exponent « are shown in Figure 3.1.

By letting o take the values 1 and 2, we get two important special cases of SaS

distributions, namely, the Cauchy (o = 1), and the Gaussian (o = 2):

Cauchy

)= X L
fi(v,6;2) = e R (3.2)

Gaussian

(z — 6)*

\/leT'yeXp [— = 1. (3.3)

f2(775;$) =
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Figure 3.2: A close-up view of the tails of the densities in Figure 3.1.

Unfortunately, no closed form expressions exist for general Sa.S distributions other
than the Cauchy and the Gaussian. However, power series expansions can be derived for
fa(y,0;2). In the following, we shall assume that all Sa.S distributions are centered at the
origin, i.e., the location parameter § = 0. This is equivalent to the zero-mean assumption

for Gaussian distributions. Then, the standard Sa.S density function is given by [69]

Ly %F(ak + D=k sin(522) for 0 < v < 1
1

f ( ) n(22+1) fora=1 (3 4)
o) = ]
%Z?:O (gi?kr(%)ﬁk forl<a<?2
ﬁ exp [‘%2] for o« = 2.

Although the SaS density behaves approximately like a Gaussian density near the
origin, its tails decay at a lower rate than the Gaussian density tails. While the Gaussian
density has exponential tails, the stable densities have algebraic tails (cf. Figure 3.2).
The smaller the characteristic exponent « is, the heavier the tails of the SaS density.
This implies that random variables following S«.S distributions with small characteristic
exponents are highly impulsive. It is this heavy-tail characteristic that makes the S«aS

densities appropriate for modeling signals and noise or interference which are impulsive in
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nature. Figure 3.3 depicts some representative time series of Sa.S deviates for comparison
purposes. Clearly, several outliers can be observed in the data series when the character-
istic exponent « takes values other than 2. As « decreases both the occurrence rate and
the strength of the outliers increase, resulting to very impulsive processes.

SaS densities obey two important properties which further justify their role in data

modeling;:

e The stability property, which states that the random variables Xy, ..., X, are inde-
pendent and symmetrically stable with the same characteristic exponent « if and

only if for any constants a4, ..., a,, the linear combination ) ;- ; ¢; X, is also Sa.5;

e The generalized central limit theorem, which states that the family of stable distri-

butions contains all limiting distributions of sums of i.i.d. random variables.

An important difference between the Gaussian and the other distributions of the Sa.S
family is that only moments of order less than « exist for the non-Gaussian S«a.S family
members. The fractional lower order moments (FLOM’s) of a Sa.S random variable with

zero location parameter and dispersion v are given by:
E|X|P=C(p,a)ys for0<p<a (3.5)

where

and ['(-) is the Gamma function.

3.2 Bivariate Isotropic Stable Distributions

Multivariate stable distributions, much like the univariate stable distributions, are char-
acterized by the stability property and the generalized central limit theorem. However,
they are much more difficult to describe because they form a nonparametric set [69]. An
exception is the family of multidimensional isotropic stable distributions. Here, we con-
centrate on the two dimensional (bivariate) case which is appropriate for modeling signals
and noise in the bearing estimation problem.

The characteristic function of a bivariate isotropic a-stable distribution has the form

@(whwz) = eXP(J(51w1 + 52w2) - ’Y|°-’|a)7 (3-7)
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Figure 3.3: SaS time series. (a): a =

a = 1.0 (Cauchy), (e): a =0.85, (f): a =
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0.45.
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where w = (w1, ws) and |w| = (/wi + w2

Again here, the parameters o and « are the characteristic exponent and the disper-
sion, respectively. The parameters &1, 9, are the location parameters. The distribution
is isotropic with respect to the point (d1,82). Note that the two marginal distributions
of the isotropic stable distribution are Sa.S with parameters (41,7, @) and (d2,7,@). In
the following, we will assume that (d1,d2) = (0,0). The bivariate isotropic Cauchy and
Gaussian distributions are special cases for & = 1 and o = 2, respectively.

As in the case of the univariate Sa.S density function, when o # 1 or & # 2, no closed
form expressions exist for the density function of the bivariate stable random variable. By
using the polar coordinate r = |z| = {/2} + 23, the density function can be written as

Jory(21,22) = Xan~(r), and can be expressed in a power series expansion form:

ak(—1)k-1 : am r _\—ak—
e Yy G (U (ak/24 1)) sin(552) (=) 72 for 0 < < 1

5
IS _
Xan(r) = (P42 ) fora=1
QLY - 1
7row12/a 2 k=0 221£+1()k!)2 F(2ko-ll-2)(er/a)2k forl<a<?2
ﬁexp [_%] for a = 2.

(3.8)

The density function y, () described above is also a heavy-tailed function. An expression

for the FLOM’s, similar to the one for the single-dimensional case, can be found in [98].

If X is a random vector in R™ having the isotropic stable distribution with dispersion 7,
then

EIX|P =Cp(p,a)ys for0<p<a (3.9)

where

(3.10)

3.3 Symmetric Alpha-Stable Processes

A collection of random variables {X(¢), t € T} where T is an arbitrary index set, is
said to be a SaS stochastic process if for all combinations of distinct indices t1,...,¢t, €
T, the random variables X (¢1),..., X(¢,) are jointly Sa.S with the same characteristic
exponent a. The stochastic process {X(t), ¢t € T} is stationary if the random vectors
(X(t1),...,X(tn)) and (X (t1+59),..., X (t,+s)) are identically distributed for each choice

of s,ty,...,t, € T. The family of stable processes has many members with mutually
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exclusive properties. In the following, we present three important types of stable processes
that are commonly used.

1) Sub-Gaussian Processes: A stable process {X (t), ¢t € T'} is said to be an «a-sub-
Gaussian process (a-SG(R)) if for distinct indices ¢y,...,¢t, € T, (X(¢t1),..., X (t,)) has

characteristic function given by

1 e
plw) = exp(=[5 > wiwon Rt tn)]*%), (3.11)
{,m=1
where R(t, s) is a positive definite function, w = [wy,...,w,]’ and « takes values in (1,2].

When a =2, X(¢) is a Gaussian process with zero mean and covariance function R(¢, s).
A sub-Gaussian process is stationary if and only if R(¢,s) = R(t — s) = R(s — {).
Sub-Gaussian processes share many common features with Gaussian processes. In fact,
sub-Gaussian processes are variance mixtures of Gaussian processes [10]. Specifically, if
X(t) is a-SG(R), then
X(t) = SY?y (1) (3.12)

where S is a positive §-stable random variable and independent of Y (¢) which is a Gaus-
sian process with zero-mean and covariance function R(¢,s). An important distinction
between (Gaussian and sub-Gaussian processes is that, while linear spaces of Gaussian
random variables may contain non-degenerate independent elements, sub-Gaussian ran-
dom variables cannot be independent [12]. A sub-Gaussian process X (t) = S'Y/2Y(t) is
stationary if and only if the Gaussian process Y (¢) is stationary.

2) Linear Stable Processes: Let {U(n), n = 0,£1,42,...} be a family of i.i.d. SaS

random variables. Then,
+ oo

X(n)= > alU(n—1i) (3.13)

i=—00
defines a stationary S« random process if 7% |a;|*7% < oo for some 0 < § < «
when 0 < « < 1, or if 7% |a;] < oo when @ > 1. These processes are called linear
stable processes or stable processes with moving-average representation. Examples of
linear stable processes include finite-order autoregressive (AR), moving-average (MA) and

autoregressive moving-average (ARMA) processes [69].
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3) Harmonizable Stable Processes: A complex valued Sa.S process X (t) is called har-

monizable if it can be expressed as:

o0

X(t):/ & dE(w); —o0 < t < oo, (3.14)

— 00

where d¢(w) is a SaS process with independent increments satisfying
{E|de(w)|PYo/? = C(p, a)p(w) dw for all 0 < p < a, (3.15)

and C'(p, «) is a constant depending on p and « and ¢(w) is a nonnegative function called
the spectral density of X (t) [27]. The spectral density ¢(w) describes fully the distribution
of the process X (¢). In another sharp contrast with the Gaussian case, the class of Sa.S
harmonizable processes is disjoint from the class of linear processes. In addition, sub-
Gaussian processes are neither linear nor harmonizable [12].

In modeling the signals and/or noise for the parameter estimation problem, we need
a complex model for the noise samples. We also need to define quantities which describe
correlations between random variables. In the following section, we present the family of
isotropic complex Sa.$ distributions and describe their correlation properties by means of

the covariation quantity.

3.4 Complex SaS Random Variables and Covariations

A complex random variable (r.v.) X = Xj + X, is symmetric a-stable (Sa.S) if X; and

X, are jointly Sa.S and its characteristic function is written as

plw) = FexpR(wX™)] = Fexp[y(wi X1 +wzX3)]

= exp [—/S lwizy + wexe|“dl'x, x, (21, 22) |, (3.16)
2

where w = wq + jwq, R[] is the real part operator, and 'y, x, is a symmetric measure on
the unit sphere 53, called the spectral measure of the random variable X.
A complex random variable X = X + X3 is isotropic if and only if (X5, X3) has a

uniform spectral measure. In this case, the characteristic function of X can be written as

p(w) = Fexp(yR[wX™]) = exp(—7ylw|?), (3.17)
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where v (v > 0) is the dispersion of the distribution.

In the theory of second-order processes, the concept of covariance plays an important
role in problems of linear prediction, filtering and smoothing. Since Sa.S processes do
not possess finite pth order moments for p > «, covariances do not exist on the space
of SaS random variables. Instead, a quantity called covariation plays an analogous role
for statistical signal processing problems involving Sa.S processes to the role played by
covariance in the case of second-order processes.

Several complex r.v.’s are jointly Sa.S if their real and imaginary parts are jointly Sa.S.
When X = X; 4+ 3X5 and Y = Y] + 3Y5 are jointly SaS with 1 < a < 2, the covariation
of X and Y is defined by

(X, Y]a = /S (z1+ gz2) (g1 + gy2) <"~ dlx, x, 11, (21, %2, Y1, 2), (3.18)
4

where we use throughout the convention
Y <P> = |y Py, (3.19)

It can be shown that for every 1 < p < «, the covariation can be expressed as a function

of moments [9]

EXY<r=1>

X,Y], = , 2

where 7y is the dispersion of the r.v. Y given by

p/o ElY|P f
= 21
Ty Clpra) or 0 < p< a, (3.21)
with o )
PHL(E)I(-2)
C(p,a) = . a (3.22)
al'(3)I'(=5)
Obviously, from (3.20) it holds that
[X7 X]oz =X (323)
Also, the covariation coefficient of X and Y is defined by
[X, Y]a
A = .24
XY= vy, (3.24)
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and by using (3.20), it can be expressed as

EXYy<pr=1>

Axy = EVT forl <p<oa. (3.25)

The covariation of complex jointly SaS r.v.’s is not generally symmetric and has the

following properties [6]:

P1 If Xy, X5 and Y are jointly S«a.S, then
[LZX1—|—bX27Y]a = Q[X17Y]a—|—b[X27Y]a (326)

for any complex constants @ and b.

P2 If Y] and Y; are independent and Xy, X5 and Y are jointly S«aS, then
[aXl, bYl + CYQ]a = ab<a_1>[X1, Yl]oz + LZC<OZ_1>[)(17 YZ]oz (327)
for any complex constants a, b and c.

P3 If X and Y are independent Sa.S, then [ X, Y], =0

P4 Let {U;; ¢ = 1,...,n} be independent complex Sa.S r.v.’s with dispersions v;. For

any complex numbers {a;,b;; i =1,...,n} form
X =a Uy + -+ a, Uy,

Y=0U+---4+5bU,.

Then
[X7 X]oz = 71|al|a + - "|‘7n|an|a7

[Y7 Y]oz = 71|b1|a + - "|’7n|bn|a7

[(X,Y], = 'ylalbfa_b + o Ypa, b (3.28)
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3.5 Generation of Complex Isotropic Sa.5 Random

Variables

The generation of complex isotropic SaS deviates of characteristic exponent « is based

on the following proposition found in [64]:

Proposition 3.1 A complex SaS (o < 2) random variable X = X1 + 3X3 is isotropic if
and only if there exist two i.i.d. zero-mean Gaussian variables Gy and G5 and a real stable

random variable A of characteristic exponent /2, dispersion cos*(ra/4) and skewness

B =1 (we write A~ S, 5(cos*(ra/4),1)), independent of (G, Gy) such that (X, Xy) L

(AY2G, AV2G).

We say that the vector (X1, X3) is sub-Gaussian with underlying vector (G1,G3). It can
be shown that the real and imaginary parts of X are always dependent, unless G; and G5
are degenerate. Hence, every complex isotropic Sa.S random variable with o« < 2 can be

expressed as

X = AY2(G + 4Gy, (3.29)

and its generation involves the generation of a real, totally skewed stable random variable.
The problem of generating a real stable deviate is studied in [14] and [32]. Here, we present
the result for easy reference.

To generate a real standard stable random variable A ~ S,(1,3) of characteristic
exponent «, skewness [ and unit dispersion v = 1, the following representations can be

deduced:

B sina(U — Uy) (cos(U — a(U — Up)) =
S(a, 3,1) = Dapg (cos U)l/a ( TR ) , fora#1, (3.30)
and
2| = IW cosU

where W is standard exponential with Pr{W > w} = ¢, w > 0, and U is uniform
on (—%,%). Also, D, = [cos(arctan(f3 tan(ra/2)))] "2, and Uy = —58[k(a)/a] with
k(o) =1— |1 — af. Then, a stable variate, Ay, of dispersion 4 can be obtained from A by

Ay = ~YA.
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To conclude, the following proposition gives the relationship between the dispersion

~ of the complex r.v. X = X; 4 3X5 and the variance ¢ of the complex Gaussian r.v.

G =G+ )Go.

Proposition 3.2 The dispersion v of the complex r.v. X = X1+ 3Xo generated according
to Proposition 3.1 is given by v = (0/2)%, where o is the variance of the underlying complex

Gaussian random variable.

Proof The Laplace transform of the r.v. A ~ Sa/Q(COSQ(ﬂ'Oé/ZL), 1) is given by [64]:
E{exp(—sA)} = exp(=s?/%), s> 0. (3.32)
Also, since G = (1 + )G3 ~ N¢(0,0), its characteristic function is given by
va(w) = exp(—02|w|2/4)7 (3.33)
where w = wy + jwy. Then, the characteristic function of X can be expressed as

px(w) = E{exp(RwX7])}
= E{exp(s(w14'7G) + w0 AV2Gy)))
= E{E{exp(j(wiAY?G + wyAV?G))|A}}
= FE{exp(—c*(wi +w3)A/4)} [by use of 3.33]
= exp((0/2)%w|”) [by use of 3.32]. (3.34)

Comparing (3.34) with (3.7) we conclude that v = (¢/2)*. 1§
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Chapter 4

Maximum Likelihood DOA Estimation in Alpha-Stable

Noise

In this chapter, we develop the Maximum Likelihood estimator of the source locations
in the presence of noise modeled as a complex isotropic a-stable process with dispersion
~. Initially, in Section 4.1, we concentrate on the case where o = 1, i.e., we consider
the additive complex Cauchy noise case. There are two reasons for doing this: First, the
Cauchy distribution has a closed-form expression for its density function. This results
in a straight-forward implementation of the maximum likelihood estimation, with closed
form expressions for the Cramér-Rao bound derived in Section 4.2. Second, it is shown
through simulations in Section 4.4 that the Cauchy beamformer is very robust in different
impulsive noise environments, i.e., its performance does not change significantly when the
parameter « of the SaS noise varies in the interval [1,2]. When the noise follows the Sa.S
distribution with a # 1, the maximum likelihood estimation of the direction of arrival
is approximated by exploring the simple expression for the characteristic function of the
noise given by (3.7). This approach is followed in Section 4.3.

In the following, in a similar approach as in [97], we do not regard the source signals
as sample functions of random processes but rather as unknown deterministic sequences.
We will see that under the unknown signal assumption, the ML estimation of the source
bearings cannot be decoupled from the ML estimation of the signal waveforms as it can
be in the case of Gaussian additive noise. Hence, in order to reduce the dimensionality
of the optimization procedure, we will use suboptimal estimates of the signals, refering to

the resulting processor as the pseudo maximum likelihood processor.
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4.1 Pseudo ML Bearing Estimation of Sources in Cauchy

Noise

In this section, we assume that the noise present at the array sensors is modeled as a
complex isotropic Cauchy process with pdf given by (3.8, a = 1). We are most interested
in estimating the bearings of the sources, and therefore we consider the signals themselves,
as well as the noise dispersion, v, as nuisance parameters in the estimation problem.

Under assumption A.4, it follows from (2.1) and (3.8) that the joint density function

) (4.1)

M
H H : 2\3/2 (42)
Siim1 2 ('y + |wi(t) = S22, ai(0k)sk(t)] )

where a1(8) = 1 and a;(8;) = e=*7(%); j =2 ... r. Hence the log likelihood function

) L (43)

The ML estimator is obtained by maximizing L(X;~,S,8) with respect to v, S, and 8,

of the sampled data is given by

= ﬁﬁXM(

t=11:=1

xl(t) — Z ai(ek)sk(t)
k=1

or

L(X;~,8,0), ignoring constant terms, is expressed as

q

Z (0r) sk (t

tlzl

L(X;7,8,0) = Mrlog(y ZZlog ('y + |z

i.e.,

max L(X;~,S,80). 4.4
max L(X:7.5.6) (4.0

To reduce the dimension of this optimization problem, we first fix v and €, and minimize
L(X;~,8S,0) with respect to the signal S. For fixed ¢, we take the derivative of L(X;~,S, )
with respect to sg(t):

OL @B [2i(t) — ai(8) sk ()]
dsp(t) 3; V2 25 (t) — ai () sk(O]? (4.5)

Unfortunately, no explicit solution of (4.5) is possible. In order to be able to obtain
closed form expressions for the signals, we resort to the application of the pseudo-maximum

likelihood (PML) estimation. PML estimation is an important method in applications
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where probability models abound for which the analytical derivation of the maximum
likelihood estimate for all the parameters is virtually impossible. The problem formulated

n [24] can be stated as follows:

Let X4, ..., X, be i.i.d. random variables with probability distribution f(X;8,S)
indezed by two sets of parameters. Let S = é(Xl, ..., Xy) be an estimate of
S other than the maximum likelithood estimate, and let 0 be the solution of
the likelihood equation 0/06 log L(X; 0, S) = 0 which mazimizes the likeli-
hood. Then, 0 is called a pseudo mazimum likelthood estimate of 8, and under
certain conditions it is consistent and asymptotically normal.

The PML estimator € has good large sample properties when S does. In general, the
asymptotic analysis for 0 will depend on the asymptotic characteristics of S.

Returning to the optimization problem described in (4.4), we observe that maximiz-
ing L(X;v,S,60) with respect to the signal S is equivalent to the following minimization

problem:

M r 2
: i(t) = Yk @i(6k) sk (1))
min £(X;~,S,0) = mln log( = . 4.6
dn £(X:7. 8 {; ; a(l 22 ) (4.6)
As we can see, (4.6) involves minimizing a double sum expression of logarithmic functions
of the form log(1+ z). In the unit disc B1(0) = {z € C : |z| < 1}, the function log(1 + z)
can be expressed as an infinite series:

n—l 2

log(1 4 z) = Z :z—%—l——---; ERS! (4.7)

Hence, for |o;(t) — >3 _; a;(8%)sk(t)| < v the functional £(X;~,S, @) can be written in the

form
roooo n 1

L£(X;8,8) %ZZ

t=11i=1n=1

a; (0x) sk ()" (4.8)

i M@

A first order approximation of the above expression results in the following

,C(l)(X; 7, S, 8) functional:

[}

M r q
,C(l)(X;'y, S,0) = LZZMZ ZaZ (O)sk(t (4.9)
k=1

7 t=1 =1
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which, by using (2.2), can be written in a more compact form as:

M
1
£0(X;9,8,0) = — 3 x(t) - A(B)s(1)]2 (4.10)
v t=1
Hence, the minimization of ,C(l)(X;'y, S, 0) with respect to S is equivalent to the Least-

Squares (LS) estimation of S. This problem has a well-known solution:
5(t) = (AT(0)A(0)) L AT (0)x(1). (4.11)

The dispersion v can be estimated by using the method of moments. Namely, in the
expression for the FLOM of the noise given in (3.9), F|X|? can be approximated by an

average sum:

. [ M ST ) Tl ai(03) 3 (1)) | )
[Ca(p, 1)]7
where p < 1, and Cy(p, 1) is given by:
Cy(p, 1) = pQPF(EEE(Q_)p)- (4.13)
2

By using the above estimates for the signal S and the noise dispersion v, we obtain

the following reduced optimization problem:

rl ( t))}. (4.14)

An iterative procedure based on the gradient descent principle can be applied in or-

w|w
M:

max ¢ Mrlog(
7 { 8l

q
— > ai(6r)sk
k=1

t

der to solve for 6. In general, the cost function described in (4.14) is non-convex and the
optimization procedure has to be initialized sufficiently close to the global extremum. Sub-
optimal DOA estimators such as the MUSIC algorithm or the ROC-MUSIC method [76]
introduced in the next section, can be used to obtain initial bearing estimates. Concluding
this section we point out, once again, the two main assumptions made in order to obtain

a closed-form expression for the signal estimate, S:
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B.1 Assumption |z;(t) — S7_, a;(6x)sk(t)] < v (holds with probability (v2 — 1)/v/2)

enabled us to express the logarithmic function as an infinite series;

B.2 Assumption () — >.7_, @i(0x)sk(t)| < v enabled us to take a first order approxi-
mation of the infinite series, and thus to obtain a least-squares closed form estimate

for the signal.

Obviously, when assumptions B.1 and B.2 are not satisfied, the pseudo maximum likeli-
hood processor will suffer from suboptimal signal estimation. For the general application
case, when the processor does not possess enough information about the transmitted sig-
nals, the two assumptions B.1 and B.2 provide a closed form expression for the signal
estimates. The degree that these assumptions affect the performance of the processor is

studied in the simulated experiments, in Section 4.4.

4.2 The Cramér-Rao Bound for Cauchy Noise

Under the assumptions stated in Section 2.1 and for the case of complex isotropic Cauchy

noise, the following theorem holds:

Theorem 4.1 The CRB for 8, and v is given by

572 [ & H i H HAN ' AH B
CRB(O) = =~ {Z?R{S (1)D [1 —A(A"A) A ] DS(t)}} (4.15)
and )
CRB(v) = Z% (4.16)
where ~ -
Sl(t) 0 0 0
0 Sg(t) 0 0
spy=| : : Col t=1,.00, (4.17)
0 0 Sq_l(t) 0
| 0 0 0 sq(t) |
D =[d(6),....d(5,)], (4.18)

and d(6;) = 0a(6;)/00;; i=1,....q.
Proof See Appendix A.
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The above expression for the CRB is very similar to the one presented in Section
2.2.3 for the case of additive Gaussian noise. We should note that the above bound can
be achieved only when there exist unbiased estimators of all the model parameters v, S,
and 0. A useful insight on the CRB can be gained if we consider the case of a single
source (¢ = 1) impinging from direction 6 in a linear array whose sensors are spaced a

half-wavelength apart. In this case,

A = [17 e—ﬁrsin(é’)7 o e—](r—l)wsin(é’)]T7 (419)
and
D = [0, —jm cos(B) e 5O —3(r — 1)7mcos()e DS, (4.20)
So, it holds
ATA =, (4.21)
—1)(2r—-1
DD = ﬂ_Qr(r )6( r—1) cos*(8), (4.22)
and
-1
DA = ]ﬂ'r(gi) cos(6). (4.23)
Then,
20 1 72
CRB(#) = = - . . 4.24
0= 2 e S, S0 )
The term ZMWij(t)lz’ in the above expression for the CRB can be viewed as the inverse
t=1 8

of a quantity analogous to the signal-to-noise ratio (SNR) for the Gaussian case, i.e., a
generalized SNR, so to speak. The larger the dispersion v of the noise, the higher the
CRB.

4.3 ML Estimation for General a-Stable Noise

In this section, we discuss the maximum likelihood estimation problem in the presence of
additive stable noise with characteristic exponent «vin the interval (1,2). In this case, there
are no closed-form expressions but only power series expansions for the noise distributions
as shown in (3.8). Here, we present an approximate solution to the ML estimation problem

based on the characteristic function of the bivariate a-stable process given by (3.7).
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The problem of approximating likelihood calculations has been studied in the past
for applications where probability distributions are only conveniently represented by their
transforms, like the characteristic function (cf. [3] and the references contained therein).
A natural approach for estimating density (p(z;#)) based functions, like the likelihood
function L(z;6) = logp(x;#), the score function S(z;6) = QIO%W, and the Fisher
information Z(6) = var{S(x;6)}, is based on prediction theory: The best linear approx-
imation of a function h(z) of a random variable in terms of a kernel class of functions
G ={g(wi,z); wi € (wi,...,wp)} is defined to be h(z) = K| dig(w;, ) minimizing the
mean-square error E{(h(z) — h(z))?}. The well-known solution for this problem is given
by:

h(2) = E{h(z)} + A5 [g(2) - 4], (1.25)

where g(#) = [g(w1,2), .9l )T, A = cov{h(z),&(x)}, T = var{g(e)}, and 7 =
Eig(z)}-
Approximations of the score function S(z;6) and the Fisher information Z(6) based

on the above expression, can be obtained as follows [3]. Under mild regularity conditions,

oFr
Eo{S(x;0)g(x)} = 762‘(2(96)} (4.26)
for any function g¢(z). Furthermore,  Ey{S(x;0)} = 0, and hence

A = cov{S(z;0),g(x)} = m = 4(8), where v(8) = Fg{g(z)}. By using (4.25), we

find that for any set of functlons g(x), an approximation to the score function is given by:
S(z:0) =3(0)"=7H(0)[g(x) — ~(0)]. (4.27)

According to standard arguments, the approximate expression for the Fisher information
is given by:
Z(6) =4(6)"=71(6)7(0). (4.28)

Returning to the bearing estimation problem in the presence of additive complex
isotropic a-stable noise, we consider the case of a single source impinging on the array

from direction . Then, the likelihood function is given by

L0X7,8,6)= 353 08 vy (i) — @01 (4.29)

t=11:=1
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The approximation to the maximum likelihood equations based on the data samples at

the array sensors can be written as

M r
S(X:7,8,0) =33 S (wi(t); v, s(t),0) = 0. (4.30)
t=1+4=1
By choosing the kernel functions to be g(w,z) = exp[jR{wz}], the approximation of the
score functions S(t o(zi(t);y,s(t),0) will depend on the characteristic functions

Bty (w; 7, 8(1),0). Using (3.7), we can write

D20y (w3 vy 8(1),0) = exp[y(wpR{a;(0)s(t)} + wsS{ai(8)s(t)}) — v|w|], (4.31)
where w = wy + jwg, and R{-} and I{-} are the real and imaginary part operators.
Evaluation in a complex grid = wy X wg where wy = wy = [—k7,...,—7,7,..., k7]’

and application of (4.27) give the following expression for S(X;4):
M r
0)=>_> [Da()¢)(20)]"Sg (0)[g(2, #:(t) — (. (%2, 0)]- (4.32)
t=1:=1

Also, because of the independence of the observed data, and by using (4.28), the approx-

imate Fisher information is given by:

M r
6 =22, 9(1.(2,6) DG (6) g (6) Do (6) 1,1y (€2.6). (4.33)

The vectors and matrices in (4.32) and (4.33) are defined as follows:

exp [ (—kra; n(t) — kra;5(t))]
exp [ (—krwin(t) + (=k + 1)7ais(t))]

g(Q, z;(t)) = exp [ (—kra; n(t) + kra; 5(t))] , (4.34)
exp [y (=k + D)rain(t) — kra;s(1))]

exp [y (kta; 2 (t) + kra; (t))]

- 4k2x1
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where z; 2(t) = ®{z;(t)} and 2; 5 (t) = I{z;(¢)}. Also,

— @ -

exp[y(—krR{ai(0)s(t)} — krS{as(0)s(t)}) — ~[(=k7)* + (=k7)*] 2] .
exp[y(—krR{ai(0)s(t)} + (—k7 + 1)S{ai(0)s(t)}) — 7[(=h7)* + ((=k + 1)7)*] 2]

b(6,i) (2, 0) = exply(—k7R{ai(8)s()} + kTS{ai(0)s(t)}) — v[(=k7)? + (k7)?] 2]
exp[((—k + 1)7R{ai(6)s(t)} — krS{ai(8)s(t)}) = (= + 1)7)? + (=k7)?] %]
I exply(krR{ai(0)s(t)} + krS{ai(0)s()}) — 2(k7)? + (k7)?]%] | P
(4.35)

The matrix Dg(6) is the 4k* x 4k* diagonal matrix

Do(f) = diag[—krR{di(0)s(t)} — krS{di(0)s()},
—krR{di(0)s()} + (=k + 1)rS{d;(0)s(t)}, .. .,
—krR{d:(0)s()} + krS{d;(8)s(t)}, .. .,
kTR{d:(0)s(1)} + krS{d:(0)s(t)}]. (4.36)

)
)

Finally, £ (6) is the 4k* x 4k* covariance matrix cov{g(£2, z;(t))}.

We can make the following remarks concerning the described approximation.

Remark 1: In this section, we considered only the case of a single source impinging
on the array. The generalization to multiple sources of a known number is a conceptually
straightforward problem, but one that involves a considerable computational load since it
requires the solution of a nonlinear system of equations of the form (4.32).

Remark 2: In (4.32) we considered the approximation of the derivatives of the likelihood
function only with respect to the parameter of interest 6, i.e., we assumed that the noise
dispersion v and the signal .S are known, or can be estimated via some method other than
ML (see also Section 4.1 for the Cauchy case).

Remark 3: The kernel class G' = {exp[yR{wz}]; w € C} is complete and so an approx-
imation, ﬁ(x), of any function can be made arbitrarily close to h(z). In practice, we use
a finite number of functions indexed by €2. For the case of a linear array of sensors and a
single impinging source from direction 6, the likelihood function is periodic with respect
to 6 and its domain lies in the interval [—# /2, 7 /2]. If the domain of interest is the interval
[— F, F], an appropriate choice for 7 is 7 = 27 /F. The approximation will depend on the
values of the characteristic function at the points of the grid €. This approach is basically

equivalent to sampling the probability density function at the nodes of an orthogonal grid

46



with spacing 27 /7. The computational complexity associated with the method is increas-
ing with order O(k*). We found that a reasonable choice for k is between 5 and 10 for the
general case of the a-stable law (1 < a < 2).

4.4 A Performance Study

To demonstrate the performance of the proposed method for the direction-of-arrival (DOA)
problem, we conducted several simulation experiments where we compared the ML esti-
mator based on the Cauchy noise assumption (MLC) with the ML estimator based on the
Gaussian noise assumption (MLG), and with the MUSIC estimator.

In all the experiments the array is linear with five sensors spaced a half-wavelength
apart. A single signal impinges to the array from a source located at a direction of 5°. At
first, the signal is assumed to be known at the receiver and the ML method is applied to
estimate the direction of arrival. Also, for the unknown signal case the pseudo ML method
is applied by using a least-squares estimate for the signal. The noise is assumed to follow
the bivariate isotropic stable distribution. We chose p to be p = 0.5 when we estimated
the noise dispersion v via expression (4.12). In theory, expression (3.9) holds for any value
of p as long as 0 < p < a. In practice, the variance of the estimator is a function of p. It
is shown in [76] that values of p in the range [1/2, a/2] give estimators with the smallest
variance.

In every experiment we perform 500 Monte-Carlo runs and compute the mean square
error (MSE) of the DOA estimates. The optimization for the MLC and MLG methods
is performed by a steepest-descent algorithm with variable stepsize selected by means of
Armijo’s rule [44].

In Figures 4.1, 4.2, and 4.3 we plot the likelihood functions of the MLC and MLG
methods for three trials. The likelihood functions are formed by using M = 20 snapshots
of data from two incoming source signals located at directions 8 = [—5?,5°]. The signals
are assumed to be known at the receiver. In Figure 4.1, since the additive noise to the
sensors is Gaussian (« = 2), the MLG likelihood function is the one based on the correct
assumption about the noise distribution. On the other hand, in Figure 4.2, the additive
noise is Cauchy distributed (o = 1) and therefore, the MLC likelihood function is the one
based on the correct assumption about the noise distribution. Finally, in Figure 4.3, the
additive noise to the sensors is a-stable with o = 0.5 and neither the MLG nor the MLC

likelihood functions rely on the correct assumption about the noise distribution. As we
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can see from the figures, the MLC likelihood function, based on the Cauchy assumption,
attains its maximum value very close to the true directions of arrival in all three different
cases of additive stable noise. On the other hand, the MLG likelihood function, based
on the Gaussian assumption, cannot localize the two sources accurately when the actual
data distribution deviates from the Gaussian case. The robustness of the MLC method
can clearly be seen in Figure 4.3, where the Cauchy beamformer is still able to localize
the two sources even though the characteristic exponent of the additive noise is o = 0.5.
In this case, the Gaussian beamformer totally fails. These observations, are quantified in
the following subsections through extensive Monte-Carlo runs.

Since the alpha-stable family for o < 2 determines processes with infinite variance, we
define two alternative signal-to-noise ratios (SNR’s). Namely, we define the Generalized
SNR (GSNR) to be the ratio of the signal power over the noise dispersion 7:

1

GSNR= 1010g(7—§:|8(t)|2). (4.37)

Also, for finite sample realizations, we define the Pseudo-SNR (PSNR) as:

M 2
— t
PSNR = 1010g(2t]\2#8()|2). (4.38)
Zt:l |n(t)|
In the following, we present a comparative simulation study for the estimation accuracy

and the probability of convergence of the aforementioned algorithms.

4.4.1 Estimation Accuracy

In this example we study the estimation accuracy of MLC, MLG and MUSIC as a function
of three parameters, namely the number of snapshots M, the noise dispersion 7, and the
noise characteristic exponent a.

Number of snapshots M. In the first experiment we study the influence of the num-
ber of snapshots M to the performance of the algorithms. The noise follows the complex
isotropic Cauchy distribution with dispersion v = 1 (cf. (3.8)). For this experiment, the
GSNR is kept almost constant at 22.5 dB as shown on Table 4.1. The PSNR is different in
every Monte-Carlo run, so we calculate the average PSNR, over the 500 Monte-Carlo runs
(cf. Table 4.1). As the number of snapshots M increases, the PSNR decreases because

more and more impulsive noise samples are incorporated into the data.
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Figure 4.1: MLC (a-b) and MLG (c-d) likelihood functions (r = 5, M = 20, ®@ = [-5°,5°]).

Additive Gaussian noise (o = 2.0, v = 1).
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Table 4.1: GSNR and average PSNR for different values of M.

Number of snapshots, M
M=5 | M=10| M=20 | M =50 | M =100
GSNR [dB] | 22.6951 | 22.7323 | 22.7416 | 22.5003 | 22.6543
PSNR [dB] | 7.3712 | 3.3938 | 0.5371 | -4.3158 -7.149

@ (b)

Music Music

i \\/’ Y\/’

MLG

MEAN SQUARE ERROR
5

MEAN SQUARE ERROR
5
=<
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(e}
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g
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NUMBER OF SNAPSHOTS NUMBER OF SNAPSHOTS

Figure 4.4: MSE of the estimated DOA and CRB as functions of the number of snapshots
M. (a) Exact signal knowledge, (b) Least-squares estimate of the signal.

Figure 4.4(a) shows the resulting MSE of the estimated DOA as a function of the
number of snapshots when the signal is known. The CRB is also plotted. As expected,
the MLC estimator has the best performance since it is the optimal estimator for this type
of noise. Also, the complete failure of the MLC and MUSIC processors for this type of
impulsive noise is apparent. Figure 4.4(b) shows similar plots for the case of the pseudo
ML estimators where we use a LS estimate for the signal. The MLC estimator has again
the least MSE. Comparing these curves with the analogous curves obtained assuming exact
signal knowledge, we observe a larger MSE for the pseudo ML estimates, as expected.

Noise dispersion <. In the second experiment we study the influence of the noise
dispersion =, i.e., the influence of the GSNR to the performance of the methods. Here
also, the noise follows the bivariate isotropic Cauchy distribution with dispersion . The
number of snapshots available to the algorithms is M = 20. The GSNR and average
PSNR for this experiment are shown on Table 4.2.
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Table 4.2: GSNR and average PSNR for different values of .

Noise Dispersion, ~
vy=05] y=1 vy=2 vy=4 vy=206 v=238 v =10
GSNR [dB] | 25.7519 | 22.7416 | 19.7313 | 16.7210 | 14.9601 | 13.7107 | 12.7416
PSNR [dB] | 6.5577 | 0.5371 | -5.4835 | -11.5041 | -15.0259 | -17.5247 | -19.4629

MEAN SQUARE ERROR
5

MEAN SQUARE ERROR
N
1S

GSNR GSNR

Figure 4.5: MSE of the estimated DOA and CRB as functions of the GSNR. (a) Exact
signal knowledge, (b) Least-squares estimate of the signal.

Figure 4.5 shows the resulting MSE of the estimated DOA as a function of the GSNR.
Again the MLC estimate has the best performance. As evident in Figure 4.5(b), the
performance of the MLC using a LS estimate for the signal degrades more rapidly for
large values of the noise dispersion, v (low GSNR values). The reason is that for large
values of the noise dispersion, there is a small probability that assumption B.2 made in
Section 4.1 holds. Thus, the MLC estimate suffers from suboptimal signal estimation. It
is noted however that the MLC estimate still has the best performance.

Characteristic exponent «. The importance of this experiment rests in its study of
the robustness of the algorithms in different noise environments. Of course, by design, the
MLG estimator is optimal for additive Gaussian noise (o = 2), and the introduced MLC
estimator is optimal for additive Cauchy noise (v = 1). An important property of any
processor is to be able to perform reasonably well in a wide range of noise environments
(1 < a < 2). Here, we test the performance of the estimators when the characteristic

exponent, a, of the noise stable law is changing.
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Table 4.3: GSNR and average PSNR for different values of «.

Noise Characteristic Exponent, o
a=1.0 | a=12 | a=1.4 | a=1.6 | a=1.8 | a=20
GSNR [dDB] 22.7416 (y = 1)
PSNR [dB] | 0.5371 | 6.2171 | 10.1869 | 13.1035 | 15.3269 | 20.0383

@ , )

MEAN SQUARE ERROR
MEAN SQUARE ERROR

CHARACTERISTIC EXPONENT CHARACTERISTIC EXPONENT

Figure 4.6: MSE of the estimated DOA and CRB as functions of the characteristic expo-
nent «. (a) Exact signal knowledge, (b) Least-squares estimate of the signal.

Figure 4.6 shows the resulting MSE curves as functions of the characteristic exponent
«. The number of snapshots available to the algorithms is M = 20. The GSNR is 22.7416
dB (v = 1) and is shown together with the average PSNR, on Table 4.3. The CRB as a
function of a was computed by means of (4.33), where we used the values k = 10, and
T =0.157.

As we can clearly see, the Cauchy beamformer is practically insensitive to the changes
of «, and for exact signal knowledge it almost achieves the CRB for the whole range
of values . On the other hand, both the MLG and the MUSIC algorithms exhibit very
large mean-square estimation errors for non-Gaussian noise environments. Note that when
o = 2, i.e., for the Gaussian noise case, the MLG method has the least MSE, as expected.

The experiment demonstrates that for values of « in [1,2], the ML method based
on the Cauchy noise assumption exhibits performance very close to the optimum. On

the other hand, the optimum ML estimator for the general Sa.S case with o € (1,2)
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Figure 4.7: Probability of convergence within 1° of the true DOA as a function of the
characteristic exponent . (a) Exact signal knowledge, (b) Least-squares estimate of the
signal.

involves the computationally intensive solution of S(X;O) = 0 with S(X;O) given by
(4.32). These observations, combined with the fact that the ML method based on the
Cauchy assumption has computational complexity similar to the ML method based on
the Gaussian assumption, justify the importance of the Cauchy beamformer for the DOA

estimation problem in practice.

4.4.2 Initialization and Convergence

In this example, we study the convergence of the MLC and MLG algorithms to the true
DOA value as a function of the characteristic exponent « of the noise. The initialization
of the optimization procedure is done by means of the MUSIC bearing estimates. Again,
the number of snapshots available to the algorithms is M = 20 and the GSNR and average
PSNR are as shown on Table 4.3. In Figure 4.7 we plot the probability that the processor
will converge within 1° from the true DOA as a function of the characteristic exponent of
the noise. It is shown that for the known signal case, MLC exhibits higher probability of
convergence than MLG in the range 1 < o < 1.6. The range of the superior performance

of MLC is 1 < o < 1.8 when a LS estimate for the signal waveforms is used.
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4.5 Concluding Remarks

In this chapter, we have presented a novel approach to the DOA estimation problem in
the presence of impulsive interference. The method is based on the maximum likelihood
estimation technique where the noise is modeled as a complex isotropic S5 process. The
Cauchy beamformer has been shown to give better bearing estimates than the Gaussian
beamformer in a wide range of impulsive noise environments, and for very low SNR, values.
The technique inherits the computational complexity of the ML family of methods but
avoids the eigen-decomposition operations of the eigenvector-based methods. The simu-
lations show that for very large values of the noise dispersion, the Cauchy beamformer
suffers when the LS estimate for the signal is used. Still, its performance is better than

the performance of existing methods.
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Chapter 5

Subspace Techniques with Alpha-Stable Distributions

The optimal ML techniques employed in Chapter 4 are often regarded as exceedingly
complex due to the high computational load of the multivariate nonlinear optimization
problem involved with these techniques. Hence, sub-optimal methods need to be developed
for the solution of the DOA problem in the presence of impulsive noise, when reduced
computational cost is a crucial design requirement.

In this chapter, we present subspace techniques for the source localization problem,
techniques which are based on the geometrical properties of the data model. Considerable
research has been done in this area under the framework of Gaussian-distributed signals
and/or noise. The better known of the so-called eigendecomposition-based methods are
the MUSIC [66], the Minimum Norm [41, 57], and the ESPRIT method [61]. These
methods estimate the bearings of the source signals by performing an eigendecomposition
on the spatial covariance matrix of the array sensor outputs. Studies concerning the
statistical efficiency of the most popular eigendecomposition-based method, namely the
MUSIC algorithm, have been done in [38, 72]. The relationship between the MUSIC
and ML methods has also been studied in [72]. Since SaS processes do not possess
finite pth order moments for p > «, traditional subspace techniques employing second-
and higher-order moments cannot be applied in impulsive noise environments modeled
under the stable law. Instead, properties of fractional lower-order moments (FLOM’s)
and covariations should be used.

In the following sections, we extend the subspace-based techniques for bearing estima-
tion to processes with finite moments of order p (p < 2) and to complex isotropic Sa.S
processes. In Section 5.1, we discuss the development of subspace techniques in the pres-
ence of a-stable distributed signals and noise. Our analysis is based on the formulation of

the covariation matrix of the array sensor outputs. In Section 5.2, we present consistent
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estimators for the covariation matrix and we study their asymptotic performance. Simu-

lation experiments are presented in Section 5.3, and conclusions are drawn in Section 5.4.

5.1 The Array Covariation Matrix

In this section, we assume that the ¢ signal waveforms are non-coherent, statistically
independent, complex isotropic SaS (1 < a < 2) random processes with zero location
parameter and covariation matrix I's = diag(vs,,...,7s,). In addition, the noise vector
n(t) is a complex isotropic Sa.S random process with the same characteristic exponent «
as the signals. The noise is assumed to be independent of the signals and has covariation
matrix 'y = ~v,1.

Equation (2.2) can be written as
x(t) = w(t) + n(t), (5.1)

where w(t) = A(0)s(t). By the stability property of stable processes, it follows that w(t)

is also a complex isotropic Sa.S random vector with components
wi(t) = A (0)s(t) = a;(01)s1(t) + -+ -+ a;(0y)s,(t) t=1,...,r. (5.2)

In addition, it holds that w(¢) is independent of n(¢).
Now, we define the covariation matriz, I'x, of the observation vector process x(t) as
the matrix whose elements are the covariations [2;(t), 2;(t)], of the components of x(t).

We have that

[2:(8), (D))o = [wilt) + ni(t), w;(t) + n; (8)]a
= [wi(t), w;(O)]a + [wi(t), n;()]a + [n:(t), wj(t)]o + [0:(t), nj(t)]a- (5.3)

By the independence assumption of w(t) and n(t) and by property P3 of Section 3.4, we
have that

[wi(t), n;(t)]a = 0, (5.4)

and

[n;(t), w;(t)], = 0. (5.5)
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Also, by using (5.2) and properties P1 and P2, it follows that

[wi(t), wiW)]a = [D ai(0)si(t), wi(t)]a
k=1

Il
]

a; (05) s (1), w;(1)]a

o
Il
—

Il
M@

g
a; (0) skt ,Za] 6;)si(t
=1

o
Il
—

Il
]

a; (1) as ™ (0) vy, (5.6)

o
Il
—

where 75, = [k, sklq. Finally, due to the noise assumption made earlier, it holds that

[:(), 75 ()] = 70 i, (5.7)

where §; ; is the Kronecker delta function. Combining (5.3)-(5.7) we obtain the following

expression for the covariations of the sensor measurements:

q
[:(t = 2 @il Brn, + i G =L (5:8)

In addition, the dispersion and covariation coeflicients of the array sensor measurements

are given respectively by

q
Ve (t) Z|a] O)|" s, + 70 T=1,....1, (5.9)

and

N Yoy ai(0k)as T (0)vs, + Vnbi
00 = TS e+

In matrix form, (5.8) gives the following expression for the covariation matrix of the

=1, (5.10)

observation vector:

Ty 2 [x(t),x(t)]a = A@)TsA<*"1>(0) + 7,1, (5.11)
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where the (i, j)th element of matrix A<*~'>(8) results from the (j,7)th element of A(6)
according to the operation

A< (0)); = [AO) " = [[A@)],, 1" [AO)]; (5.12)

Jst Jst

Clearly, when o = 2, i.e., for Gaussian distributed signals and noise, the expression for
the covariation matrix is reduced to the form shown in (2.31).

When the amplitude response of the sensors equals unity, i.e., for steering vectors of

the form a(6y) = [1, e=wom(06) om0 (@17 it follows that
A< (0)]; 5 = |0 07270 = [A ()] (5.13)
and thus, the covariation matrix can be written as
Ty = A(O)TsA7(0) + 4,1 (5.14)

Finally, by using (5.9) and (5.10), the dispersion and covariation coefficients of the array

sensor measurements can be written as
q
Yoy = D Vox + o G =L, (5.15)
k=1

and

A _ ZZ:I al(ek)a;(ek)vsk + P)/n(sz,]
wi(t),z;(t) = ST Ve + 7

Hence, in this case, we can apply the subspace techniques described in Section 2.2.2, to

ii=1,...,r (5.16)

the covariation or the covariation coefficient matrices of the observation vector to extract
the bearing information. Since several estimators have been proposed for the covariation
coefficient of two SaS random variables, in the following we will use the covariation
coeflicient matrix of the array sensor measurements to estimate the bearings of the sources.

We will refer to the new algorithm resulting from the eigendecomposition of the array
covariation coefficient matrix as the Robust Covariation-Based MUSIC or ROC-MUSIC. In
practice, we have to estimate the covariation matrix from a finite number of array sensor
measurements. The following section describes one such estimator, based on fractional

lower order moments of the stable process, and studies its asymptotic statistical properties.
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5.2 Covariation Estimators

An estimator for the covariation coefficient Ax y defined in (3.24), is called the fractional
lower order (FLOM) estimator and was proposed in [69]. Expanding the p-support range
of the FLOM estimator we define the modified FLOM (MFLOM) estimator

_ Z?:l Xi)/;<p—1>

Axy(p) = SV (5.17)

for independent observations (X1, Y1),..., (X, Y,). In the above expression, 1/2 < p < «
if X and Y are real Sa.S random variables, and 0 < p < «if X and Y are complex isotropic
SaS random variables. The estimator given in (5.17) is a moments-based estimator of the

modified covariation coefficient function defined as

E{XYy<r-1> 1/2<p<a if X and Y are real
Axy(p) = ¥7 / (5.18)

E{|Y|r} 0<p<a if X and Y are complex
The modified covariation coefficient function is well defined (finite) for the aforementioned

values of the parameter p as follows from the following proposition:

Proposition 5.1 Let X and Y be jointly SaS random wvariables. It holds that
E{X||[Y[PF7'} < oo and F{|XPY[Y|*™%} < 0 if1/2 < p < a/2 (0 < p < a/2) for
X and Y real (isotropic complez.)

Proof See Appendix B.

Clearly, when 1 < p < « the function Ax y(p) equals the covariation coefficient Ay y
as defined in (3.24)-(3.25). The theoretical performance of the MFLOM estimator is given
by the following theorem:

Theorem 5.1 The estimator /A\Xy(p) given by (5.17) is consistent and asymptotically

normal with mean equal to the true modified covariation coefficient function Ax y (p), and

1 9 _ l 2 2p—2 _ p—1 2 ;_
Lt = 1 HE{|X| VP2 = XY )] s
<p—1> Py <p—1> P E{LM
2?}%{[E{XY Y1) = E(XY <P E{ VP (E{Y P} }+
o oy ne] (LYY
[E{x PPy - (B{IY] })]( e ) , (5.19)

61



where R[z] denotes the real part of z and p varies in the range 0 < p < a /2 for the complex

isotropic case. In notational form,

ViaAxy (p) = Axy () 5 N(0,03(p), (5.20)

where 5 denotes convergence in distribution, and N (i, 0?) is the normal distribution with

mean p and variance o*.

Proof See Appendix C.

For the case of real jointly SaS random variables, the asymptotic variance of the
estimator is finite for values of p in the range 1/2 < p < /2. The simulation experiments
in the following section give some significant insight on the performances of the MFLOM

estimator and the proposed ROC-MUSIC algorithm.

5.3 Simulations

We performed three simulation experiments to assess the performance of the MFLOM
estimator and to compare the MUSIC and ROC-MUSIC algorithms. The first experiment
illustrates the behavior of the MFLOM estimator of the covariation coefficient as a function
of p and compares MFLOM with the least-squares and screened ratio estimators. The
second and third experiments study the performance of the MUSIC and ROC-MUSIC
algorithms in the presence of simulated Sa.5 noise and real radar clutter, respectively.
The improved performance of the ROC-MUSIC method in terms of resolution capability,

bias and mean square error is apparent in the simulation results.

5.3.1 Performance of the MFLOM Estimator

The purpose of this experiment is to study the influence of the parameter p to the perfor-
mance of the MFLOM estimator of the covariation coefficient. Two real SaS (1 < o < 2)

random variables, X and Y, are defined as
X = a1 Uy + a12Us,

Y = a Uy + axUy,
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where Uy, and U, are independent, SaS random variables. The model coeflicients

{ai;; 1,7 =1,2} are given by

—0.75 0.25
[a;;] = . (5.21)
0.18 0.78

It follows from (5.10) that the true covariation coefficient A of X with Y is
Z?:l alja2<]‘a_1>

A= 5
Zj:l |a2j|a

(5.22)
We generated n = 5,000 independent samples of U; and U, and we calculated the
MFLOM estimator by means of the expression

Zn—l XZ'Y'<p_1>
>imy [YilP

Avirrom (p) = (5.23)

for different values of p in the range [0,2]. We run K = 1,000 Monte Carlo experiments
and compared the performance of the MFLOM estimator to that of the least-squares and
the screened ratio estimators. The two later estimators are defined as follows:

Least-squares estimator:

“ XY
As = S5 (5.24)
i [Yil?
Screened ratio estimator [37]:
. n XZY 1
ASR — ZZ 1 i XY: (525)

where

1 ifep <Y <e
Xy = .
0 otherwise.

In [37], it is shown that the least-squares estimator ALs is not consistent for 1 < o < 2
while the screened ratio estimator ;\SR is strongly consistent.

Figure 5.1 shows the standard deviation of the MFLOM estimator of the modified
covariation coefficient as a function of the parameter p and for different values of the
characteristic exponent o. As we can see, for the case of non-Gaussian stable signals

(1 < a < 2), the values of p in the range (1/2,«/2) result into the smallest standard
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Figure 5.1: Standard deviation of the MFLOM estimates of the modified covariation
coefficient as a function of the parameter p.

deviations. For Gaussian signals, the optimal value of p is 2 and the resulting MFLOM
estimator is simply the least-squares estimator, as expected.
In Figure 5.2, we plot the MFLOM estimates for @ = 1.5 and several values of p. We

also plot in Figure 5.3 the corresponding running sample variance estimates S7 defined as

follows:
. 1 & < (k) , )
Sk = -1 (Mvirrom(P) = Avrrom(p))” k=1,... K, (5.26)
=1
where .
<(k) 1 0
Avrrom(p) = A Z /\E\/I)FLOM(p)' (5.27)
=1

If the population of the MFLOM estimates {;\g\i[)FLOM(p)}fil has finite variance, S will
converge to a finite value (converging variance test). As we can see, only for the value of
p in the range (1/2,a/2), i.e., for p = 0.7, is the MFLOM estimator normally distributed
with finite variance, which supports the theoretical analysis of Section 5.2. Figure 5.4

shows the screened ratio estimates and the corresponding running sample variance.
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Figure 5.4: Screened ratio estimates (a) and running variance (b) for a = 1.5.

Table 5.1: Performance of the covariation coefficient estimators.

o LS SR MFLOM True A
1.1 1-0.4240 | -0.4263 | -0.4245 (p = 0.55) -0.4252
(1.1065) | (0.0651) | (0.0636)
1.2 | -0.3371 | -0.3396 | -0.3380 (p=0.58) | -0.3384
(1.0010) | (0.0603) | (0.0572)
1.3 1-0.2641 | -0.2595 | -0.2596 (p = 0.60) | -0.2601
(0.9008) | (0.0574) | (0.0490)
1.4 ]-0.1984 | -0.1873 | -0.1874 (p = 0.65) | -0.1900
(0.8007) | (0.0565) | (0.0432)
1.5 1 -0.1386 | -0.1250 | -0.1258 (p=0.68) | -0.1273
(0.6986) | (0.0536) | (0.0385)
1.6 | -0.0840 | -0.0706 | -0.0709 (p=0.70) | -0.0715
(0.5956) | (0.0522) | (0.0345)
1.7 1 -0.0342 | -0.0215 | -0.0215 (p = 0.75) -0.0222
(0.4913) | (0.0501) | (0.0303)
1.8 1 0.0113 0.0226 0.0225 (p=0.80) | 0.0215
(0.3794) | (0.0472) | (0.0261)
1.9 | 0.0537 0.0601 0.0600 (p=0.90) | 0.0599
(0.2407) | (0.0456) | (0.0223)
2.0 | 0.0932 0.0917 0.0932 (p=2.0) 0.0936
(0.0141) | (0.0365) | (0.0141)
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Table 5.1 shows comparative results on the performance of the three estimators. We
include the mean of the estimators, the standard deviation in parentheses, and the value
of p for which the smallest standard deviation is achieved by the MFLOM estimator. For
the screened ratio estimator, we chose ¢; = 0.1 and ¢3 = oo. Clearly, for o # 2, the least-
squares estimator has large standard deviation compared to the other two estimators. For
the Gaussian case (o = 2), the least-squares estimator is optimum. The screened ratio
estimator exhibits small bias and standard deviation. On the other hand, the MFLOM
estimator gives the smallest bias and standard deviation of all three estimators for a choice
of the parameter p in the range (1/2, «/2). For such values of p, the MFLOM estimator of
the modified covariation coeflicient function converges to the true covariation coeflicient
calculated by (5.22). Hence, we can conjecture that (3.24) holds for 1/2 < p < « in the

case of real Sa.S random variables.

5.3.2 Performance Comparison of ROC-MUSIC versus MUSIC
for Simulated Data

In this experiment, we compare the performance of the proposed ROC-MUSIC algorithm
to MUSIC. The sample covariation coefficient matrix (SCCM), as estimated by (5.17),
is not symmetric and hence it has complex eigenvalues in general. The more snapshots
are available at the array sensors, the more nearly symmetric SCCM becomes. We come
around this problem by performing the eigenvalue decomposition to the sum of the sample
covariation coefficient matrix and its Hermitian transpose.

The array is linear with five sensors spaced a half-wavelength apart. Two QAM com-
munication signals independent of each other and of the same power impinge to the array.
The number of signals is assumed to be known. The noise is assumed to follow the com-
plex isotropic Sa.S distribution with dispersion 7. In every experiment we perform 200
Monte-Carlo runs and compute the resolution event probability and the mean-square error
(MSE) of the direction-of-arrival estimates averaged for the two sources. The MSE of the
DOA estimates was calculated by taking into consideration only the Monte-Carlo runs for
which the two algorithms resolved the two sources.

The resolution analysis of the two algorithms was studied by using a popular resolution

criterion defined by the following threshold equation [38, 96]:

(>

A6, 05) 2 P(6,,) %{P(@l) +P(#:)} > 0, (5.28)
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Table 5.2: GSNR and average PSNR for different values of «.

Noise Characteristic Exponent o
a=1.01 | a=12 | a=1.4 | a=1.6 | a=1.38 | a=2.0
GSNR [dB] 223 (y=1)
PSNR [dB] | -17.9690 | -7.8245 | -2.8001 | -0.8380 | -0.2164 | -0.0441

where #; and 6, are the angles of arrival of the two signals, 6, = (61 + 62)/2 is the mid-
range between them, and the null spectrum P(6) 2 1/5(0) is defined as the reciprocal
of the spatial spectrum S(6) given in (2.41). The two signals are said to be resolvable
if inequality (5.28) holds. The inequality implies that the null spectrum magnitude at
the mid-angle should lie above the line segment linking the two signal valleys, in order
for the two sources to be resolvable. In our experiments, we estimated the null spectrum
from a finite number of array sensor measurements and we determined the probability of
resolution by averaging the resolution events over the 200 independent Monte Carlo runs.

In the following simulation experiments, we study the resolution capability and esti-
mation accuracy of ROC-MUSIC versus MUSIC as functions of four parameters, namely
the noise characteristic exponent «, the number of snapshots M, the noise dispersion -,
and the angular separation of the two sources.

Characteristic exponent «. In this experiment, we evaluate the performance of
the two algorithms in a wide range of noise environments, from the more impulsive (« in
the neighborhood of 1) to the Gaussian ones (o = 2). The angles of arrival for the two
signals are ; = —5° and 6, = 5°. The number of snapshots available to the algorithms
is M = 1000. The GSNR is 22.3 dB (v = 1) and is shown together with the average
PSNR on Table 5.2. The characteristic exponent « of the additive noise is unknown to
the ROC-MUSIC algorithm. We use two values of the parameter p in the estimation of
the covariation matrix (cf. (5.17)): p = 0.8 and p = 0.4. Clearly, MUSIC can be thought
as a special case of ROC-MUSIC with p = 2.

In Figure 5.5, spatial spectral estimates obtained in ten independent trials are shown for
the ROC-MUSIC and MUSIC algorithms. Three types of alpha stable noise corresponding
to three values of the characteristic exponent o = 2.0, 1.5, 1.2 were used. We can
see that the MUSIC method exhibits high-resolution performance only for the case of
Gaussian additive noise. On the other hand, the ROC-MUSIC method has considerably
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less variability from trial to trial than the MUSIC technique, and exhibits better resolution
capabilities for non-Gaussian additive noise environments.

Figure 5.6 depicts the improved performance of ROC-MUSIC over that of MUSIC both
in terms of resolution probability and MSE, for values of « in the range (1,2). Note that
for v < 1.2, MUSIC does not resolve the two sources in any of the 200 Monte Carlo runs.
The results suggest that in impulsive noise environments modeled under the stable law,
it is more beneficial to use the covariation matrix (lower-order moments) instead of the
covariance matrix (second-order moments). Of course, for Gaussian additive noise (o = 2)
the use of second-order moments (p = 2) gives better results. Figure 5.6(b) shows that
the choice of p = 0.8 in ROC-MUSIC gives better results than the ones obtained when
using p = 0.4, especially when « > 1.6 in which case p < a/2.

Number of snapshots M. The influence of the number of snapshots M to the per-
formance of the algorithms is shown on Figure 5.7. For this and the following experiments
we chose two values for the characteristic exponent of the noise, namely o = 1.5 and
a = 1.8, corresponding to a fairly impulsive noise environment (o = 1.5) and an almost
Gaussian one (a = 1.8). Also, in the implementation of ROC-MUSIC, we used p = 0.8 for
both cases of the stable noise. For this experiment, the GSNR is kept almost constant at
22.3 dB as shown on Table 5.3. As we can also see from Table 5.3, the PSNR is greater for

the case of the less impulsive noise (v = 1.8). As illustrated in Figure 5.7, the performance

71



Table 5.3: GSNR and average PSNR for different values of M.

Number of snapshots M
M=50 | M=100 | M =200 | M =400 | M =800 | M =1,600 | M = 3,200
GSNR [dB] | 22.4003 22.2257 22.2015 22.3551 22.2832 22.2907 22.3166
PSNR [dB] | -0.6420 -0.6034 -1.0301 -1.4491 -1.2882 -2.1307 -1.9418
(o = 1.5)
PSNR [dB] | -0.1551 0.1494 -0.1808 -0.5530 -0.1396 -0.4561 -0.3315
(o =1.8)

Table 5.4: GSNR and average PSNR for different values of .

Noise Dispersion
vy=05]| v=1 v =2 v=4 vy=26 y=8 | v=10
GSNR [dB] | 25.3202 | 22.3099 | 19.2996 | 16.2893 | 14.5284 | 13.2790 | 12.3099
PSNR [dB] | -0.7486 | -1.5614 | -2.9538 | -5.0779 | -6.6677 | -7.9334 | -8.9824

(oo =1.5)
PSNR [dB] | -0.0730 | -0.2164 | -0.5031 | -1.0462 | -1.5426 | -1.9969 | -2.4147
(v =1.8)

of ROC-MUSIC is superior to that of MUSIC especially as the number of snapshots M
increases and more and more impulsive noise samples are incorporated into the data.

Noise dispersion ~. In this experiment, we study the influence of the noise dispersion
v, i.e., the influence of the GSNR to the performance of the methods. The number of
snapshots available to the algorithms is M = 1,000. The GSNR and average PSNR for
this experiment are shown on Table 5.4. The results are depicted in Figure 5.8. Again,
for & = 1.5 and GSNR< 14 dB, MUSIC fails to resolve the two sources in all 200 Monte
Carlo runs.

Angular separation. Figure 5.9 illustrates the variation of the algorithmic perfor-
mance with respect to the angle separation of the two incoming signals, for M = 1, 000,
GSNR= 22.3 dB, PSNR(a = 1.5) = —1.56 dB, and PSNR(ov = 1.8) = —0.22 dB. As
expected, the resolution capability of both algorithms improves with increased angle sepa-
ration between the two sources. But for a given probability of resolution, the ROC-MUSIC
algorithm requires a lower angle separation threshold than MUSIC.
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Table 5.5: GSNR and average PSNR for different values of v (real clutter data).

Noise Dispersion
vy=1 v =2 v=4 y=8 | y=16 | v =32
GSNR [dB] | 22.3290 | 19.3187 | 16.3084 | 13.2981 | 10.2878 | 7.2775
PSNR [dB] | -0.4998 | -0.8081 | -1.4173 | -2.5602 | -4.5344 | -7.5873

5.3.3 Performance Comparison of ROC-MUSIC versus MUSIC
for Real Clutter Data

The proposed algorithm has been tested with real radar sea clutter data provided by
the Naval Surface Warfare Center, Carderock Division, Bethesda, Maryland. Clutter is
a group of unwanted radar returns due to scattering centers such as precipitation, birds,
and ocean waves. The received clutter signal can be represented in terms of its in-phase
(I) and quadrature ((Q) components. A typical sample set of the sea clutter data is shown
in Figure 5.10. The spiky nature of these radar returns is obvious, and it has been shown,
using the algorithms developed in [77], that they can be modeled as Sa.S processes with
o= 1.85 and v = 0.19.

We studied the performance of ROC-MUSIC versus MUSIC in the presence of radar
clutter and the results are shown in Figure 5.11. Two uncorrelated radar waveforms were
used and their number was assumed to be known. For the ROC-MUSIC, we used p = 0.85
in the expression for the FLOM estimator of the covariation. Figure 5.11(a-b) shows the
probability of resolution and the MSE for various values of GSNR (cf. Table 5.5). The
number of snapshots was M = 600 and the two sources had angles of arrival taking values
6, = —5% and 6, = 5°. As we can see, for values of GSNR less than 13 dB (PSNR< —2 dB),
ROC-MUSIC exhibits a 10 dB gain in MSE performance. Hence, for low GSNR values in
which most radars operate, ROC-MUSIC shows a significant performance improvement
over MUSIC. Figure 5.11(c-d) depicts the algorithmic behavior as a function of the angle
separation when GSNR=19.3 dB (PSNR= —0.8 dB).

5.4 Concluding Remarks

We have formulated the covariation matrix of the array outputs for the case of complex

isotropic SaS signals and noise. We showed that, for the special case of uncorrelated
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signals and of an array of sensors with unit amplitude response, the covariation matrix has
similar form to the covariance matrix of Gaussian distributed signals. Therefore, subspace-
based bearing estimation techniques can be applied to the covariation matrix resulting to
improved direction of arrival estimates in the presence of impulsive noise environments.
We presented consistent estimators for the marginals of the covariation matrix and we
studied their asymptotic performance through both theory and simulations. The improved
performance of the proposed ROC-MUSIC algorithm in the presence of a wide range of

impulsive noise environments was demonstrated via Monte Carlo experiments.
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Chapter 6

Wide-Band Source Localization in the Alpha-Stable

Framework

In this chapter, we study the problem of localizing wide-band sources in the presence of
noise modeled as a complex isotropic stable process. We consider the frequency-domain
representation of the sensor outputs and show that the spectral density of complex stable
processes plays a role in array processing problems analogous to that played by the power

spectral density of second-order processes.

6.1 Introduction

In Chapter 4, we addressed the solution of the signal parameter estimation problem
through the use of sensor array data retrieved in the presence of impulsive interference.
We introduced optimal, maximum likelihood-based approaches to the localization problem
of narrow-band sources in the presence of noise modeled as a complex isotropic Cauchy
process. Additionally, in Chapter 5, we developed subspace methods based on fractional
lower-order statistics and introduced the ROC-MUSIC algorithm for array processing ap-
plications where reduced computational cost is a crucial design parameter. In this chap-
ter, we develop techniques for direction finding of wide-band sources in impulsive noise
environments. Focused wide-band methods are used so that broad-band sources can be
represented by rank-one models at the receiver. Following an approach similar to the one
in [40], the covariation matrix of sensor outputs is formed after steering delays are inserted
to form a conventional delay-and-sum beamformer. The resulting steered spectral covari-
ation matriz (SSCM) focuses wide-band arrivals from its steering direction. By using a

different SSCM for every direction of interest, all broad-band sources can be handled by a
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rank-one model. With this approach, the full signal bandwidth is exploited and thus, the
observation time to achieve high-resolution performance is reduced.

In Section 6.2, we present some necessary preliminaries on the spectral representation
of complex stationary a-stable processes. In Section 6.3, we introduce the steered spectral
covariation matrix (SSCM) and present wide-band source localization methods in the
presence of a-stable distributed signals and noise. Simulation experiments demonstrating
the performance of the proposed methods are presented in Section 6.4. Finally, conclusions

are drawn in Section 6.5.

6.2 Spectral Representation of Alpha-Stable Processes

Statistical signal processing has traditionally been based on the theory of second-order
stationary Gaussian processes, {X (t); —oo < ¢t < oco}. According to the spectral repre-

sentation theorem, this type of processes can be expressed as:

X (1) = /Oo ¢ e (W) —o0 < t < oo, (6.1)

— 00

where the Gaussian process d€(w) has orthogonal increments and
E|d¢(w)]|* = ¢(w) dw, (6.2)

with ¢(w) being the power spectral density of X (¢). The covariance function of X (t) plays

an important role in linear prediction and filtering problems and is defined as
Covariance{X (), X (s)} = / =99 h(w) duw. (6.3)

In this chapter, we consider an important class of stationary processes which have
the same spectral representation shown in (6.1), but whose second-order moments are
infinite [27]. Namely, we consider strictly stationary complex symmetric alpha-stable
(SaS) processes (0 < a < 2) having the spectral representation (6.1) where d¢(w) is a

SaS process with independent increments satisfying

{E|de(w)|PYo/? = C(p, a)p(w) dw for all 0 < p < a, (6.4)
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where C'(p, &) is a constant depending on p and «a and ¢(w) is a nonnegative function called
the spectral density of X (t). The spectral density ¢(w) describes fully the distribution of
the process X (¢). The formal definition of a symmetric alpha-stable process X (¢) is as

follows:

Definition 6.1 A stochastic process {X (t); —oco < t < oo} is called symmetric alpha-
stable (SaS) for a € (0,2], if for every n € N and any ay,...,a, € R, t1,...,t, € R,

the random variable Y = 3", a; X (t;) has a symmetric stable distribution with indezx «.

The process { X (t); —oo < t < oo} defined by (6.1) is strictly stationary if and only if
£ has isotropic or rotationally invariant increments, i.e., the distribution of the process of
increments e’V d¢(w), —oo < w < 00, does not depend on the rotation 9 [47].

The covariation function plays for stable processes a role analogous to the role that

the covariance plays for Gaussian processes and is given by:

(X (1), X(5)]a & Covariation{ X (t), X (s)} = / T S 0) doo, (6.5)

— 00

As we see in (6.5), the covariation function of an alpha-stable process has an identical
representation in terms of the spectral density ¢ as the covariance function of a second-
order process. The covariation of complex jointly Sa5 r.v.’s is not generally symmetric

and has the following properties [6]:

Q1 If X(r), X(s) and X (¢) are jointly SeS, then
[aX (r) 4+ bX (s), X(t)]a = a[X (r), X ()]0 + b[X (s), X (¢)]a (6.6)

for any complex constants @ and b.

Q2 If X(s) and X (¢) are independent and X (r), X(s) and X (¢) are jointly Sa.5, then
[aX (r),0X (s) + X (t)]o = ab“* " [X (r), X (8)]a + ac<* 2 [X (r), X ()]s (6.7)

for any complex constants a, b and c.

Q3 If X(s) and X (¢) are independent SaS, then [X(s), X(¢)], = 0.
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6.3 The Wide-Band Source Localization Problem

Consider an array of r sensors that receive signals generated by ¢ wide-band sources
51,52, ...,54 with identical bandwidth and locations 0y, 05, ..., 8,. The signals are assumed
to be noncoherent, ergodic, and stationary complex isotropic Sa.S random processes. In
addition, the noise vector n(t) = [ny(t), na(t),...,n.(t)]" is a complex Sa.S random pro-
cess with the same characteristic exponent « as the signals. The signal received at the ith

sensor can be expressed as
g
2i(t) = skt —mi(0k)) + na(t), (6.8)
k=1

where 7;(6y) is the propagation delay between the first and the ith sensor for a waveform
coming from direction #;. Unlike the narrow band case where the problem is usually
formulated in terms of the sampled data, in the wide-band case it is convenient to formulate
the problem in the frequency domain. Assuming the availability of M observations in the
interval (=7"/2,7/2),let X(m) denote the frequency-domain vector with elements X;(m)
corresponding to the Fourier series coefficients of z;(t) at frequency w,,, = 27m/T". It holds

that X;(m) can be expressed as

M=

Xi(m) = z;(t)emm!

o
Il
—

(l
M=

Z Sk(t — TZ(Ok)) + nz(t) e~ Iwmt
k=1

o
Il
—

Il
]

aZ(Ok)Sk(m) + Nz(m), (6.9)

o
Il
—

with Si(m) and N;(m) corresponding to the Fourier series coefficients of si(t) and n;(t)
respectively at frequency w,, = 27m/T, and where a;(6;) = e 7(%)“m Under the as-
sumption that the sensor outputs are approximately band-limited to w; < w < wy, the

frequency-domain sensor output vector X(m) can be expressed in matrix form:
X(m) = A(wp, 0)S(m) + N(m);  wi < wp < wp, (6.10)

where
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o A(wy,,0) = [a(wy,01),...,a(wn,0;)] is the r X ¢ matrix of the array steering vec-
tors at frequency w,,, with a(w,,,0;) = [1,e=s0mm(0k) e =somm(@)T heing the

frequency steering vector of the array toward direction 83 and,

e S(m) = [Si(m),...,S,(m)]T and N(m) = [Ny(m),..., N.(m)]" are the frequency-

domain signal and noise vectors, respectively.

Note that, by the stability property of the alpha-stable processes, the frequency-domain
elements X;(m) are also Sa.S processes with the same characteristic exponent as the time
domain samples ;(t). Also, assuming that the observation time 7 is large, the Fourier

coefficients X(m) and X(n) are independent for m # n [47].

6.3.1 The Spectral Covariation Matrix

Denote by K(w,,) and K,,(wy, ) the source and noise spectral covariation matrices, respec-
tively. Under the assumptions made above about the statistical independence of the sig-
nals and the noise, both matrices are diagonal with K, (w,,) = diag(vs, (Wm ), -+, Vs, (Wm))
and K, (wn) = vo(wm)I, where 5, (wy,) = [Sk(m), Sk(m)]a, k=1,...,q, and v, (w,,) =
[Ni(m), Ni(m)]a, t=1,...,7.

Equation (6.10) can be written as
X(m) =W (m)+N(m); w <wn < wp, (6.11)

where W(m) = A(w,,, 0)S(m). By the stability property, it follows that W(m) is also a

complex isotropic Sa.S random vector with components

Wi(m) = Ai(6,,,0)S(m) = a;(wm, 61)51(m) 4+ - -+ a; (Wi, 0,)S,(m);  i=1,...,r
(6.12)
Also, it holds that W (m) is independent of N(m).
Now, we define the spectral covariation matriz, K(w,, ), of the frequency-domain vector
process X (m) as the matrix whose elements are the covariations [X;(m), X;(m)], of the

components of X(m). We have that

[K(wn)]i; = [Xi(m), Xj(m)]a = [Wi(m) + Ni(m), W;(m) + N;(m)]a

[Ni(m), Nj(m)]a- (6.13)
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By the independence assumption of W(m) and N(m) and by property Q3 we have that
[Wi(m), N;(m)], =0, (6.14)

and

[N;(m), W;(m)], = 0. (6.15)

Also, by using (6.12) and properties Q1 and Q2 it follows that

[]=

[(Wi(m), Wi(m)]o = [} ai(wm, 0k)Sk(m), Wi(m)]a

o
Il

1

i (W, O)[Sk(m), Wi(m)]a

Il
]

o
Il
—

Il
M@

q
a; (wm70k Sk 7Za] wm701 Sl )]
=1

o
Il
—

Il
M@

a; (wm70k) o 1>(wm70k)7sk (wm)7 (616)

o
Il
—

where 7, (wWn,) = [Sk(m), Sg(m)]s. Finally, due to the noise assumption made earlier, it
holds that

[Ni(m), Nj(m)]o = vn(wm) i, (6.17)

where §; ; is the Kronecker delta function. Combining (6.13)-(6.17) we obtain the following

expression for the covariations of the sensor measurements:

q
[Xi(m), Xj(m)]a = Y ai(wms 0) a5 "™ (@, 1) vs, (W) + V(@i )dij G5 =1,...07
k=1

(6.18)
In matrix form, (6.18) gives the following expression for the spectral covariation matrix of

the observation vector:

21

Kx (wn) = [X(m), X(m)]o = A(wn, O)Ks(wn ) A (W, 0) + v, (w0)], (6.19)

where the (7,7)th element of matrix A<°~'>(w,,,0) results from the (j,4)th element of

A (wy,, 0) according to the operation

S (T 0)];.; = [A(wm, 0)57~ > = [[A(wm, 0)]]‘,2' 2 [A(wi, O)]F (6.20)

It It
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Since  the frequency steering vectors are of the form a(w,,6) =

[1,e=00mm(0k)  e=rmmO)T it follows that
[AST (W, 0)]; 5 = [em7emm @) |22 eromna O] = [A (w0, O] (6.21)
and thus the spectral covariation matrix can be written as
Kx (wm) = Alwp, O)Ks(wm)AH(wm7 0) + v, (w1 (6.22)

Clearly, when o = 2, i.e., for Gaussian distributed signals and noise, the expression for the
spectral covariation matrix is identical to the well-known expression for the power spectral

density matrix:
Px(wn) = AW, O)Ps(wn) A (0, 0) + o (wn)T, (6.23)

where Pg(wy,) is the source power spectral density matrix.

In practice, in order to estimate Kx (w,,), we divide the T second observation into N
nonoverlapping segments of AT seconds each and apply the discrete Fourier transform to
obtain uncorrelated frequency-domain vectors X,,(m) for each segment. Then, the spectral

covariation matrix Kx (w,,) is estimated as

N

K x (o) = % S X, () X271 (), (6.24)
n=1

for some 0 < p < a.

Extending the narrow-band source localization techniques of Chapter 5 to the wide-
band case, the series of spectral covariation matrices over the receiver band can be used
to obtain narrow-band spatial estimation results in each frequency. Then, the bearings of
the wide-band sources can be estimated by combining the narrow-band location estimates.
Hence, we define Prras(6) as the incoherent wide-band ROC-MUSIC estimator obtained
by summing the narrow-band ROC-MUSIC results over the band of interest:

Wh 1
Prrv (0) = ; 7 (6.25)
S T o v
where {v;(w;,); t=¢g+1,...,r} are the eigenvectors corresponding to the r — ¢ smallest

eigenvalues of the sample spectral covariation matrix Ky (w,,) estimated in (6.24).
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The performance of the incoherent ROC-MUSIC in localizing wide-band sources is
limited because it requires long observation times to obtain statistically stable estimates
of the frequency-dependent spectral covariation matrices [40, 83]. In many practical situ-
ations, the observation time available at the receiver may be limited due to nonstationary
propagation environments and fast moving signal sources. Such a scenario causes a se-
vere degradation to the performance of the incoherent wide-band methods. To reduce
the observation time required to achieve high-resolution broad-band source localization,
we present in the following section a focused wide-band array processing method which

extends results obtained by Krolik [40] to alpha-stable signals and noise.

6.3.2 The Steered Spectral Covariation Matrix

According to the steered spectral covariation methods, steering delays are inserted into the
sensor output measurements to ensure that sources from a particular direction have the
same rank-one representation at all temporal frequencies. Under the assumption that the
sensor outputs are approximately band-limited to w; < w < wjy, and that the observation
time T >> 27 /(w, — w;) + max(r;(0)), the steered sensor output vector y(t,0) at the
direction of interest 6 is defined as [40]

h
y(t,8) =D Tn(0)X(m)em", (6.26)
m=l
where
T, (0) = diag{e?“m 70O erwmmr-1(0)}, (6.27)

By substituting T, (6) into (6.26), we can express the ith component y; (¢, §) of the steered

time-domain sensor output vector y (¢, 8) as follows
h
yi(t,0) = > e O X (m)erm! = 2t + 7i(0)). (6.28)
m=l
Hence, the steered output vector can be expressed as

y(t,0) = [2o(t + 70(8)), ..., wr_1(t + o1 (6))]T (6.29)

Now, we define the Steered Spectral Covariation Matriz (SSCM), C(8), of the steered

sensor output process y(t,6) as the matrix whose elements are the covariations
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[yi(t,0),y;(t,0)], of the components of y(¢,0). Assuming that the observation time 7'
is large, the Fourier coefficients X(m) and X(n) are independent for m # n [47]. Then,
by following similar steps as in the derivation of the spectral covariation matrix in Sec-

tion 6.3.1, C(f) can be expressed as

C(9) = Zh: T, (0)K (w,) TH (9), (6.30)
m=l
where K(w,,) = [X(m), X(m)], is the covariation matrix of the Fourier coefficient vector
at frequency w,,. The structure of C(#) is apparent when we consider the case of a line
array with sensors equally spaced at distance d apart. In this case, 7;(8) = ¢7(8), where
7(0) = (d/c)sin(f) and c is the propagation speed. Then, according to the model of (6.8)
the ijth element of C() is given by

[CO)i; = (it 0),y;(t, 0)]o = [2:(t + 7:(0)), 25 + 75(0))]a

= |

o

[]=

si(t + 7:(0) — 7i(0k)) + ni(t + 7:(8)),
k

Il
—

[]=

spr(t+75(0) = 7(0k) + 15 (t + 7;(6))]a

S
Il

1

Ce(P(T(0) = 7(61))) + ndi 5, (6.31)

Il
]

o
Il

1

where h =1 — 7, Cu(h(7(0) — 7(0k))) = [sk(t +¢(T(0) — T(0k))), skt + 7 (7(0) — T(0k)))]a is
the covariation function of the kth source signal and =, = [n;(t), n;(t)]o. Equation (6.31)
is valid because we assumed that the signals and noise are stationary and uncorrelated

among them stable processes. For steering direction 8 = 8; we have that

q

[CO)ij= D Clh(T(0) = 7(0k))) + Ve, + Ynbijs (6.32)
k=1,k#£l

where 75, = [s1(t), 51(t)], is the covariation of the [th source. Hence, the spectral covaria-
tion matrix C(#) steered at the direction of a source contains a constant component equal
to the source covariation regardless of the source’s spectral signature. Also, the off-steering
direction summation terms in (6.32) decrease with increasing h and increasing separation

|7(6;) —7(0))| from the steering direction. It follows that the spatial spectral signature of a
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source in the steering direction & = #; can be estimated by measuring the constant compo-
nent 7,,. The resulting spatial spectral estimate is called the Steered Spectral Covariation
(SSC) method given by

Pssc(0) = [17c(9)~11]7t, (6.33)

where 1 is an r x 1 vector of ones, and C(#) is given by (6.30). In practice, the SSCM C(6)
is computed for each steering direction, 8, of interest. Hence, SSCM-based methods are
more computationally intensive than incoherent subspace methods. Their advantage lies in
the fact that they take advantage of the full time-bandwidth product of the observations,

thus resulting in more stable statistical estimates.

6.4 Simulation Results

In this section, the performance of the proposed steered spectral covariation (SSC) method
for localizing wide-band sources is assessed through simulation experiments. We use a uni-
formly spaced linear array consisting of » = 10 omnidirectional sensors which are spaced
a half-wavelength apart at the normalized frequency of 7 radians. The two source sig-
nals are modeled as mutually uncorrelated communication signals with bandpass spectral
spectra with w; = 0.1257 and w, = w. The source directions are —20° and 30°. The
additive noise process is modeled as a stable process with flat spectral density over the
same bandpass range as the signal. A total of 8 narrow-band spectral covariation matrices
K(wy, ), equally spaced from w; to wy,, were used when applying the IRM and SSC meth-
ods (cf. (6.25) and (6.33), respectively). We also implement the incoherent MUSIC (IM)
and steered minimum variance (STMYV) [40] methods which are based on a second-order
statistics formulation.

We study the estimation accuracy of the four methods as a function of the observation
time (number of snapshots at each frequency, N) and the characteristic exponent « of
the signals and noise. The corresponding PSNR and GSNR values as functions of the
experiment parameters are shown in Tables 6.1 and 6.2.

In Figure 6.1 we plot spatial spectral estimates obtained in ten independent trials for
the four methods. Ten independent trials per method are shown with N = 625 snapshots
of data at each frequency w,,; m = 1,...,8. The characteristic exponent of the additive
stable noise is o« = 1.5. The larger variability of the incoherent methods is obvious from

this figure.
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Figure 6.1: Broad-band spatial spectral estimates for the incoherent MUSIC (IM) (a),
incoherent ROC-MUSIC (IRM) (b), steered minimum variance (STMYV) (c), and steered

spectral covariation (SSC) (d). Ten independent trials per method with N = 625 snapshots
of data at each frequency w,,.
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Table 6.1: GSNR and average PSNR for different values of N (a = 1.5).

Number of snapshots at frequency w,,, N
N=625| N=1,250 | N =2,500 | N =5,000
GSNR [dB] | 22.5643 22.8876 22.6512 22.4403
PSNR [dB] | 4.9623 4.2564 3.5671 3.2155

Table 6.2: GSNR and average PSNR for different values of o (N = 625).

Noise Characteristic Exponent, o
a=10]a=12]a=14]a=16]a=18]a=19[a=20
GSNR [dDB] 22.8767
PSNR [dB] | 3.3682 | 4.6223 | 4.8075 | 5.1944 | 6.6755 | 9.0353 [ 11.0233

Figure 6.2(a) shows the resulting MSE of the estimated DOA as a function of the
number of snapshots, N, at each frequency wy,, for the different methods. Figure 6.2(b)
shows the resulting MSE curves as functions of the characteristic exponent «. The num-
ber of snapshots at each frequency available to the receiver is N = 625. The GSNR is
22.8767 dB and is shown together with the average PSNR, on Table 6.2. Clearly, for non-
Gaussian additive noise, SSC exhibits less mean-square estimation error than the other

three methods.

6.5 Concluding Remarks

Until recently, statistical signal processing with alpha-stable distributions has not been
popular due to the fact that the linear space of a stable process is not a Hilbert space,
as in the case of Gaussian processes, but either a Banach (1 < o < 2) or a metric space
(0 < o < 1) both of which are more unyielding in their structure. In this chapter, we
presented new approaches to the wide-band DOA estimation problem in the presence of
impulsive interference. We defined the steered spectral covariation matrix of an array
of sensors, and applied steered subspace-based bearing estimation techniques resulting to

improved bearing estimates in the presence of impulsive additive noise.
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Chapter 7

Future Work

Traditionally, classical array signal processing has dealt with two major aspects of spa-
tial processing, namely localization of a signal of interest or of an interfering signal and
adaptation of the spatial response of an array of sensors to achieve null steering in a
given direction. The achieved spatial focusing in the direction of interest and rejection
of jamming signals makes array signal processing a necessary component of any wireless
communication system. Furthermore, antenna arrays have been used in radar and sonar
applications to detect targets and to estimate important parameters such as target range,
velocity, and location.

In today’s era of multimedia technologies, statistical array signal processing is used for
fast blind equalization of multipath channels without the use of a training sequence, as
well as for blind signal copy, i.e., for blind estimation of the transmitted waveform. Also,
phased antenna arrays play an increasingly crucial role in remote sensing and imaging with
applications in diverse fields such as radar, sonar, geophysical and celestial exploration and
mapping, diagnostic medicine, and climate monitoring, to name a few.

Hence, today more than ever, successful research in statistical signal processing is
dependent upon consideration of the interrelations of the different components of a signal
processing system. Phased array imaging is an example of such an application. On
one hand, it requires very high resolution, adaptive beamforming, and blind calibration
capabilities in the array processing unit. On the other hand, it requires sophisticated
spectral estimation and signal enhancement methods in the image processing unit and in
the object detection and identification units.

In this dissertation, we have demonstrated the importance of extending the statistical
array signal processing methodology to the so-called alpha-stable framework. We devel-

oped array processing methods for a larger class of random processes which include the
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Gaussian processes as special elements. Our proposed methods can be applied in environ-
ments which, while sharing many characteristics, also differ from Gaussian environments in
significant ways. In particular, we developed techniques such as the Cauchy Beamformer
and the ROC-MUSIC algorithm, which perform very robustly in detecting and localizing
sources buried a wide range of impulsive noise environments.

Part of our future research interests lies in the wireless distributed multimedia com-
munication networks where the spatial selectivity of an array of sensors can be used in
order to operate in close-frequency bands and suppress undesirable noise and interference
in favor of the signal of interest. Our emphasis will be in the development of methods
for direction finding, null- and beam-steering, and waveform recovery in mobile networks.
The objective will be to permit successful communication and signal direction-of-arrival
tracking in the presence of a large number of sidelobe interferers in a possibly hostile
environment.

Several major design considerations are involved in the aforementioned scenario in
which moving antenna arrays play an important role. First, signal processing design must
accommodate arrays with a time-varying manifold. The calibration of such arrays will
have to be done blindly since in many situations it is either impossible or impractical
to deploy calibrating sources. Secondly, the environment can be highly non-stationary
and unpredictable, characterized by unfavorable ever-changing propagation conditions due
to the presence of impulsive interferers and jammers. Therefore, the design of robust
beamformers that perform well in a wide range of interference and noise environments is of
great importance. Thirdly, the proposed solutions must be robust in the face of hardware
problems. Since it is costly and sometimes impossible to replace faulty hardware, the
proposed methods should be able to work by suitable processing of the remaining available

measurements.

7.1 Detection of Sources in Impulsive Interference

Environments

The detection of the number of sources impinging on a sensor array is a critical and
difficult issue. Wax et al. [86, 88, 89] approached the problem based on the application of
information theoretic criteria for model selection introduced by Akaike (AIC) and Schwartz
and Rissanen (MDL). Unlike conventional hypothesis-testing-based methods that require

subjective threshold settings, the information theoretic approaches give the number of
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signals by minimizing the AIC or the MDL criteria. We propose to reformulate the
information theoretic criteria for the case of signals in the presence of additive Sa.S noise.
We expect the new methods to be able to detect the number of signals in severe impulsive

interference environments.

7.2 Moving Arrays and Array Calibration in Severe Noise

The array processing methods mentioned in the previous chapters assume a static cali-
brated array whose manifold is precisely known. This is not a realistic assumption in a
scenario where the antenna arrays are mounted on moving platforms. Relatively little
work has been done in the area of time-varying arrays. Notably, this type of problem has
been investigated for underwater sonar systems employing a spatially-referenced towed
array consisting of a towed line subarray and a fixed position line array of passive equi-
spaced hydrophones [17]. Further work by Zeira and Friedlander showed that the use of
Doppler information in antenna arrays, mounted on platforms moving in an arbitrary but
known way, makes them more robust to ambiguity errors than static arrays of comparable
dimensions [95].

Sensor location uncertainty poses the even more difficult task of array calibration.
This has to be done blindly and requires the calibration of sensors with imprecisely known
locations, gains, and phases [60]. Rockah and Schultheiss have studied this problem using
the Cramér-Rao bound (CRB) for the bearing estimates in the presence of sensor location
uncertainty. Friedlander approached the calibration problem in a “blind” way, i.e., without
knowledge of the direction of the calibrating source and with minimal knowledge about
the array manifold [22].

In our future research we will extend our methods to handle sensor location uncertainty
for the case of moving platforms in impulsive noise environments. Also, we will develop
iterative MLL methods for simultaneously estimating source signal locations, waveforms,

and sensor locations.
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Appendix A

Derivation of CRB for Complex Isotropic Cauchy Noise

In this appendix, we derive the CRB for the most general case of multiple signal sources
in the presence of complex isotropic Cauchy noise of unknown dispersion. As a first step,

we derive a useful proposition about the magnitude r and phase ¢ of the noise:

Proposition A.1 The amplitude r and phase ¢ of the noise following the complex isotropic

Cauchy distribution are independent and the magnitude r satisfies:

pl” 1_ 2 (A1)
(24027 ) 159" '

Proof The complex noise samples n;(t) = |ni(t)|e]¢"(t); t=1,...,p; t=1,...,M,
follow the bivariate isotropic Cauchy distribution with dispersion . In other words, the
real and imaginary parts of the noise n = ng + jng are jointly Cauchy with probability

density fi(ng,ng) given by:

1 Y
filom, ns) 21 (nd + nd +72)3/2 Ty = (42)

As we can see, the probability density fi(ng,ng) can be expressed as a function of the

noise magnitude r = |n| = \/n& + nd,

fi(nn3) = 1 () = ot r >0, (A.3)

o (r2 4+ ~2)3/2 =
The joint density of the noise magnitude r and phase ¢ = arctan(ng/ng) is given by [53]:

f(ryd)=rfi(rcosg,rsing) r >0, ¢ €][0,2x]. (A.4)
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From (A.3), it follows that

1 yr

flr,¢) = gm r>0, ¢cl0,2nx]. (A.5)

Since the density f(r, ¢) is independent of ¢, the noise phase ¢ is uniformly distributed in
[0,27] and is independent of the magnitude r. Hence,

flr)= (12 _|_7,:2)3/2 rz0, (A-6)

and

By using (A.6), we get

> r? B Foo r? yr d
2 .22 / 21 2\2 2y 232
(v2+r?) o (VHr) (v2 412

J AR (A
= r. .8
Moo GreeyT

A general form of the above integral can be found in [25]

+oo rn—l—l d n' A
= : 9
/o (ar? 4 207 + ¢)" T2 "7 e+ DVa(Vac+ gyt (A4.9)

where & > 0, ¢ > 0, and 3 > —/ae. Setting n =2, a =1, c =42, and 3 = 0, we get

o2 A
— 1
/0 G2 P 15 (4.10)

and (A.1) follows. 1
Now, we proceed by proving Theorem 4.1. Let n represent the (2Mgq + ¢ + 1)-

dimensional vector of unknown parameters in the stochastic model:

n = [v,s12(1),...,500(1),s1.5(1),...,5.3(1),...,
siR(M), ... sqn(M),s15(M), ..., s.5(M), OT]T
= [v,sh(1),s5(1),...,sh(M),si(M), 67, (A.11)
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where sy(t) = [s1,2(1),.. .,sqg@(t)]T, sg(t) = [s1,5(0),.. .,sqg(t)]T; t=1,...,M, and

0 =[61,...,0,]" is the vector of the unknown directions of arrival. The Fisher Information
Matrix J(n) is defined as
aL(X;%Sﬁ)) <3L(X;%S70))T
Jn)=F . A.12
(m) { (5 L (A12)

First, we calculate the derivatives of the log likelihood function given in (4.3) with

respect to the components of n. We have

OL o~ o= REsE (0O () mi(1)}
IE _ 3 i C k=1,....q, A3
D AT q (1
where d;(0;) = Ma—kl In addition,
oL Mr
oL _ Mr _ 7 A14
a IO, A

t=11i=

IL " R{ar(0)ni(t)}
— =3y = k=1, t=1,...,M, A.15
Dsr(t) = 2+ i) 1 (A-15)

and

oL " S {ar (B)ni(t)}
=3y UM =1 g =1, M A.16
Oses(t) o 7P+ Ina(®)]? I (A.16)

In the following derivations, we will extensively use assumption A.4 of Section 2.1
which states that the noise samples are spatially and temporally independent, and Propo-

sition A.1 which states that the noise phase is uniformly distributed in [0, 27], in order to

get simplifications in the expressions. First, we have

oL 9L T R ()8 ()} RSO (1))
5 (g5 a) = 9E{ZZZZ RS }
_ o I R () ekm(>}%{sr<t>dr<ez>m<t>}}

QE{ZZ PEmOF  pemopE [ W

98



Setting n;(t) = |ni(t)][e?% D, s,(t) = |sp(t)]e?®D and a?(8) = %) (A.17) can be

written as
oL JL M & [ni(t)]
5 (g5 am) = QE{;Z.ZI st (E) i) |
cos(—PBr(t) + wi(0r) + g + ¢i(t))

b,(%(e;ﬂ% cos(—h(t) +e:(6) + 5 + 0x(1) |

cos (Br(t) — Bi(t) — wi(Ok) +wi(0h))

M
= S5 Y RSOGO} k=1 (A18)

Equation (A.18) can be written compactly as

E(Z—z) (Z—z) 5 Z?R{SH )DDS(1)}. (A.19)

Now,

E%) = M”‘W’“ ZE{v +|n<t>|2}

t=14=1
syl o
t=1i=1 (72 + [ni (D)[*)
" 1
S
;;;; 7? + ni(8)]? 72+ | ()
t'#£t or j#1
M2 9 9 1 9 1
Y Y i (72 + [ni()]?)

+992Mr(Mr — 1) (E{m}y

M?r? 1 1 1
= P)/; — 6M2T‘23—72 —|— 972M7‘5—74 —|— 972MT‘(MT‘ — 1)9—74 (AQO)
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Therefore,

ILN? 4 Mr
E(a) - (A.21)

In addition,

oL OL B o= R{az(0)ni (1)} R{a; (00)n; (')}
E(@sme(t)é?sm(t’)) N QE{ZZ |2 72‘|‘|nj(t/)|2 }

21]17+|n

B R{a (0)n:(t)} Rz (0)ns(¢)}
= QE{Z P mOF 224 ) }

+oF {Z $ Ros(6nn) Res 0, (1) }

i=1 j=1,j#i V(O ()
_ 9% s ()]
- QZE{ o7+ |m<t>|2>2}
E {cos(w;(0r) + @i (1)) cos(w; (61) + @5 (1))} d¢ v
‘|‘9Z Z E {M} FE{cos(w;(0k) + @i (1))}

. 2
perP e R AR S O]

B {%} E {cos(w; (8 4+ ¢;('))}

v ny (¢
2 1<
— 915725 Zcos(wi(Hk) —w;i(01))0s v
= Z?R{aZ O0x)ar(0))} 6. (A.22)

Equation (A.22) can be written compactly as

() (i) = {878} -2
Similarly, ., ( oL ) ( ol )T _ __\S {AHA} 5 (A24
Isx(t)) \dss(t)) s ‘
and
(o) (o) = {amalie 29
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Also,

E(@LLL() _9E{§ R ()} R () (1))

06; Dsp.n v+ |ni(t)]?

(1)} ?R{a?(Hk)m(t)}}
P )P

t'=11=1j5=1

_ gE{Z%{slzg)H;(l

=1 7

e P
- 92|1 ) di(6) |E{(72—I-|m(t)|2)2}

SEENTHOIE }

{cos< B1(6) i (81) + 5+ 61(0)) costn (B0) + 61(0)

2
= d;(6))
9 Il 5

1

cos(—0;(t) + w;i(0;) + E - Wz(ek))}

= Z?R{sl On)a; ()},

which in compact form can be written as

E (%L(t)) (Z—z)T — 5%23% {ATDs(1)}.

Similarly,
oL OINT 3 oy
E<853(t)) (—0 —5—72\S{A DS(t)}
Finally,
d FIAN
£(5) (5) =©
T
5(5) () =°
v/ \Osx(t)
and .
(3 () -
v/ \0ss(t)

{COS( Bi(t) + w;(6) + g + wi (k) + 2¢4(t))+

(A.26)

(A.27)

(A.28)

(A.29)

(A.30)

(A.31)
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The Fisher Information Matrix J(7) can now be written as

‘T o 0 0 0 0 |
0 Zp -3y 0 0 Ag(1)
0 T3  Sp 0 0 Ag(1)
Jm)=| : : : : : : ; (A.32)
0 0 0 O —%s  Agp(M)
0 0 0 N S Ag(M)
| 0 AR AL AR(M) Af(M)  © |
where
4 Mr
P=:27 (A.33)
Tp=R{Z} = %?R {afA}, (A.34)
Y
Ty = 3{T) = 5%2% {atA}, (A.35)
3 H
A(t) = R{A} = 50 {aA"Ds(n)}, (A.36)
3 H
As(t) =3{A} =59 {A"DS(1)}, (A.37)
and u
_ 3 H oy
©=:5 ;m{s (1HDDS(1)} . (A.38)
Clearly,
15 v?
CRB(y)= 5= 177 (A.39)

Setting = 51 and using a standard result on the inverse of a partitioned matrix [71],

the CRB for the direction of arrival 8 can be expressed as

CRB™Y(6) =
® - [a%), a%(1),..., akm), af(m)]
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[ =Zn -y 0 0 |[ ar@) ]
2y Eax 0 0 Ag(1)
0 0 Hx —Zy | | Ax(M)

i 0 By Ex | | As(M) |

3 j\;l HinpnH HiH HAY ' AH
- 5722?}%{8 (HDIDS(r) - s (DT A (ATA) T A DS(t)}
M
- 22?)?{SH(t)DH [I—A(AHA)_lAH] DS(t)} (A.40)

and the proof is completed. 1

103



Appendix B

Fractional Lower Order Moments of Products of SaS

Random Variables

It is known that if X is a SaS random variable and p > 0, then E{|X [P} < oo if and
only if p < a [6]. Also, if Xy,..., X, are n-fold dependent SaS random variables and

Piy ..., Pp are positive numbers, then
E{|XqPt | X,|P"} < oo ifand only if p1 4+ -+ -+ p, < a. (B.1)

Recently, it was proven in [45] that for a real SaS random variable X it holds

E{|X|P} <oo for -1 <p<a. (B.2)
Similarly, for an isotropic complex SaS random variable X it holds

E{|X|P} < oo for =2 < p<a. (B.3)
We now consider the problem of determining a range of values of the parameter p for
which E{|X||Y]|P7'} < oo and E{|X|*|Y |72} < o0.
Proof of Proposition 5.1 First, consider F{|X|*|Y|??=2}. It follows from (B.1) that

FE{|X)[Y|?*7%} < oo for p < a/2, when X and Y are jointly SaS random variables. If u
is the measure induced on R? by X and Y, then E{|X||Y|*’~2} can be written as

EQXPYP) = [ eIy ~dute,5) = I, (B.4)
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But I; < oo if and only if [94]

!

L= [l dute,y) < o0 (B.5)

By using (B.2) and (B.3) we get that I; < oo if p > 1/2 (p > 0) when X and Y are real
(complex isotropic) SaS random variables. Hence, it follows that E{|X|?|Y|*72} < oo
if and only if 1/2 < p < @/2 (0 < p < «/2) when X and Y are real (complex isotropic).
Finally, since E{|X[*|Y|*7%} < oo implies E{|X||Y]P7!} < oo, it follows that for the
aforementioned values of p, E{|X||Y[P~!} is also finite. N
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Appendix C

Asymptotic Performance of the MFLOM Estimator

The fractional lower-order (MFLOM) estimator for the modified covariation coefficient

function Ax y (p) given in (5.17) can be written as the quotient of two statistics:

<p—1>
Ty i XY
TQn %Z?:l |)/Z|p

Axy (p) (C.1)
First, we prove the following Lemma for the case of complex isotropic Sa.S random vari-
ables.

Lemma C.1 Given the two-dimensional statistic (T4,,1T5,) described in (C.1) with 0 <

p < a/2, the asymptotic distribution (a.d.) of \/n(Ty, — 61, T3, — 83) is bivariate normal
with mean zero and covariance matrix

1 E{|XPY]PP=2} — |[E{XY<P~1>}]2 E{XY<P=1>|y|P} — E{XY<P=1>}E{|Y|P}
o | B{XrYr<pmI>|Y P} - E{X*Y*<pI>}E{|Y|P} E{|Y PP} — (E{]Y|})? 7
(C.2)
where
0, = B{XY<P~1>}, (C.3)
and
6, = E{|Y|"}. (C.4)

Proof Clearly,

E{T,} = %zn: E{XY P77} = p{XYy<r1>}, (C.5)
and |
E{Ton} = — ZE{IYin} = E{Y|"}. (C.6)
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In addition,

" 1 n n _ § § B
E{Ty,T},} = ﬁE{ZZXinp 1>Xij <p 1>}
=1 7=1

1 & _ 1 22 B e
-2 ZEHXinp 1>|2}+_n2 E E E{Xinp 1>}E{Xij <p 1>}
1=1 =1 j=1
N
127

1 _ n—1 _
= CE(IXPY P 4 S B Y, (1)
and

. 1 n n
E{T3 15} = (Y V)

i=1j7=1

1 n 1 noon
= LS B+ S S BB
=1 =1 5=1
RZ—/
i#]

— Ly, ©8)

1 n
= —E{|Y|*
BV 4+ —

where it follows from Proposition 5.1 that it must be 0 < p < «a/2 so that
FE{|X)*[Y|?*7%} < 0o and F{|Y|*’} < co. By using (C.5)-(C.8) we have that

var(Tin) = E{T1,17,} — | E{T1a}|”

1 1
= —oh, = — [B{IXPIY PP - XYY <o, 0<p <G, (CO)
and
var(Tyn) = E{T2,T5,} — |E{T2,}|?
1 1 «
= —oh, = [EIYPY - (B{YPY? <o, 0<p<g (C0)

Hence, by means of the central limit theorem, we conclude that the statistics 11, and Ty,

are asymptotically normal:

Vi(Ty, — 61) 5 N (0,02, ), (C.11)
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and

Vi(Ty, — 02) 5 N (0,02, ). (C.12)

Now, for every complex numbers a and b define the statistic T,, = a1, +b15,. Then, it can
be easily shown that the asymptotic distribution of \/n(T, — « E{XY<P~1>} —bE{|Y|P})

is normal with variance

Jaf? [E{IXPIY P72 — [ B{X Y <P1>} 2]
—oR {ab” [E{XY P> |V [P} — XY <Y E{Y Y] | 4+
b2 [E{Y 12} = (E{Y"})?] < . (C.13)

It follows that the two statistics T, and Ty, are asymptotically jointly normal. Finally,

the covariance of Ty, and 715, can be shown to be

1
cov(T1p, Tan) = cov (Tan, Thn) = —[E{XY <P~V |P} = E{XY<P"I>}E{|[Y|"}] < o,
n
(C.14)
and the proof of Lemma C.1 is complete. 1
Now, let ¢ be the totally differentiable function of the two statistics Ty, and T, # 0
with
Tln
9(Th,, Ta,) = T (C.15)
2n
Then, from convergence theory [56, p. 321] and Lemma C.1, it follows that the asymptotic

distribution of

\/ﬁ[g (TIm T2n) - 9(017 02)]

is normal with mean zero and variance
2 *
dg
= = E E — . 1
2 (391) 10

Combining (C.2)-(C.4), (C.9)-(C.10), and (C.14)-(C.16) we get that

Pl XY E{XY <)

vn : -
b il E{Y[r}

] 5 N(0,03(p)), (C.17)

with o3 (p) as shown in (5.19). 1
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