On the visual mathematics of
tracking
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A mathematical theory for visual tracking of a three-
dimensional target of known local shape moving rigidly
in 3D is presented here, and it is shown how a
monocular observer can track an initially foveated object
and keep it stationary in the centre of the visual field
assuming that the target is always visible during the
tracking  phase. Our attempt is to develop
correspondence-free tracking schemes and get rid of the
limitations inherent in the optical flow formalism. A
general tracking criterion, the Tracking Constraint, is
derived, which reduces tracking to an appropriate
optimization problem. A correspondence-free scheme is
devised, that depends on global information about the

scene in order to bypass the ill-posed problem of

computing the spatial derivatives of the image intensity
function, and amounts to the solution of a linear system
of equations in order to estimate the 3D motion of the
target. Finally, it must be emphasized that — as hinted in
the title — this work is devoted entirely to the vision
aspects of tracking, and does not get involved in control
aspects. In addition, the principal difference between this
technique and existing ones is that here tracking is
performed in 3D as opposed to 2D. Experimental results
with synthetic and real images demonstrate the feasibility
of the approach and its robustness against noise.
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INTRODUCTION

Visual tracking is an important application of computer
vision. Several tracking systems have been developed
which either focus on the tracking of targets moving on
a plane, or attempt to reduce the 3-dimensional
tracking problem to the tracking of a set of characteris-
tic points of the target. These approaches may be
seriously handicapped in complex visual situations due
to segmentation and feature correspondence problems.

In general, visual tracking is a problem of especial
difficulty, since it involves dynamic scene analysis
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which is not yet fully understood. Assuming knowledge
of the shape® of the target, but without using any
correspondences and without requiring computation of
the optical flow field, we devise a mathematical theory
for the most general tracking situation, namely for
three-dimensional targets moving in three-dimensional
space.

First we describe previous approaches to the tracking
problem, we give a general description of a tracking
system, and we provide the motivation for our
approach to the 3D tracking problem by attempting to
answer the question of why we need to estimate the 3D
motion of 3D targets moving in 3D, and by showing the
advantages of this approach over previous ones.

A kinematic model of the system is derived, and the
Tracking Constraint is introduced, which reduces the
problem of tracking to an appropriate optimization
problem. Tracking strategies based on the recovery of
the 3D motion of the target are devised under the
assumption that we know the local shape of the target,
and various experimental results are reported. Finally,
future research is discussed.

Optical tracking system description and previous
work

Tracking systems may employ active sensors like radar,
sonar and laser in order to produce range data of a
scene, with explicit depth information. But they involve
scanning devices, which are potentially unreliable and
consume excessive power, which is an important factor
especially in space applications'-. Thus passive elec-
tromegnetic sensing, and vision systems in particular,
are an attractive alternative for such systems, providing
very good spatial and temporal resolution and accuracy
which cannot be provided by active sensors, and may
be critical in several applications®*. Moreover, active
research in this field over the last 30 years has provided
solutions to a number of practical problems. Applica-
tions of visual tracking include aircraft and missile
tracking, robot manipulation of objects, navigation,
traffic monitoring, cloud tracking in meteorology, cell

*If €1 is the image of the object, by shape we mean that we know the
depth function z(x, y), ¥(x, y) € {2, up to a constant factor.
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motion and tracking of moving parts of the body (e.g.
the heart) in biomedicine.

In the past, the planar motion of 2D targets™® and
3D targets” ' has received considerable attention, due
to its important applications, such as the motion of
parts on conveyor belts in industry and the analysis of
satellite pictures of atmospheric disturbances in
meteorology. Here we will consider mainly the more
general problem of tracking 3D targets moving in
3-dimensional space.

Roach and Aggarwal'' considered tracking of rigid
convex polyhedra. For each new frame the objects are
specified by segmentation. The centroid of each object
is computed and from its displacement an estimate of
the translational velocity of the object is derived. If the
object is partially occluded or uncertainty in the scene
prevents segmentation, then individual features such as
corners are tracked. Gilbert et al.*'? presented the
design of the US Army Videotheodolite. Segmentation
of the image is performed at video rate, using a
statistical clustering algorithm to separate the target
(missile or aircraft) from the background and plume
areas. A window around the target is specified, which
simplifies subsequent segmentation. The segmented
image is transformed into a binary image of the target,
which is used to compute the centroid and orientation
of the target. These are the input to the tracking
processor, which computes the change in azimuth and
elevation of the telescope necessary to continue track-
ing. The boundary of the projection of a known moving
target (aircraft) is characterized by the coefficients of
its expansion in a complex Fourier series by Wallace
and Mitchell'*. After normalization, these are com-
pared to a library of coefficients corresponding to
different projections of the target, and the target
orientation is specified. Tracking involves identification
of the target in each new frame, extraction of its
boundary and estimation of its orientation using library
data. The MIT Eye-Head robot is described by
Cornog'?, and control strategies to fixate and track
high contrast targets in 3D are presented. The targets
are white spheres on a black background, and the
image is segmented using thresholding, where the
threshold varies with the illumination conditions. In the
tracking phase, the previous position of the centre of
the sphere is used as an initial point for radial search in
order to specify its new position. Its deviation from the
line of sight is used as an error signal to the controller
that must specify the camera rotation. Error exceeding
a threshold induces a saccadic repositioning of the
system. A stereo system developed at JPL for tracking
3D targets whose models are known is described by
Gennery™'® and Wilcox et al’. In the acquisition
phase, features such as vertices of polyhedra are
detected and tracked in 2D, the stereo matching
problem is solved, and thus the 3D locations of the
features are inferred and matched to those of the object
model. During the tracking phase, features are
matched directly from images to the object model,
without need for stereo matching between pairs of
them from the cameras. The object position and
orientation is predicted by extrapolation from previous
data and is adjusted based on new data from feature
detection.

The optical tracking systems presented up to now are
composed of two major subsystems: the vision and the
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control modules. The first generates a desired camera
trajectory in real time that the second has to imple-
ment, also in real time.

The vision module consists of the necessary hardware
and software for the processing of the visual informa-
tion. It gets the analog image, digitizes it, creates an
array of intensities for all points of the field of view and
from this information locates the target and computes
the camera positioning that will achieve tracking.
Locating the target is the part of the tracking process
referred to as the target acquisition phase and corres-
ponds in the human oculomotor system to the fixation
of a target using saccades. It may encompass problems
like recognition of the target and recovery of its
approximate location in 3D, and these may require
image segmentation, feature extraction, creation of a
model of the target and matching this model to one of a
database of target models. Very often range data from
active sensors” or structured light® are used for the
acquisition of the target, if its initial position is not
preset by a human operator'” or by a database of
possible target locations. The more complex the scene,
the more sophisticated the algorithms for this phase
must be, and the more sophisticated they become,
the more delay they introduce into the system. The
tracking phase proper includes the computation and
execution of a smooth and continuous camera motion
that will achieve tracking by keeping the target
foveated and corresponds in the human visual system to
the smooth pursuit of a moving object. During this
phase, the target tends to drift slowly away from the
centre of the image and, after some time, it may be lost.
Then a new acquisition phase is required. As in many
vision applications, we face here the problem of
processing the images in real time. In order to solve the
vision problems mentioned earlier, the number of
operations that must be performed per unit time may
become impressively large. Conventional uniprocessor
architectures usually cannot match these processing
requirements, but suitable special or parallel architec-
tures may be found for the specific processing task.

The control module of the system implements the
desired trajectory provided from the vision module.
The plant in this case is the camera, with the tracking
mount and the actuators that drive it in the azimuth and
elevation directions, and is usually modeled as a
second-order system. From the system theoretic point
of view, the problem of trajectory tracking, in the sense
of deriving the control law that will force the plant to
follow a desired trajectory, has received considerable
attention and several techniques have been examined
for its solution. Depending on the technique, the
selection of an appropriate control strategy to imple-
ment the optimal camera trajectory may be a compli-
cated task. In any case, the hard real-time regime of the
problem will impose control cycles ranging from 0.1 to
1 ms, while the updating of the sensory information will
be done at video rate (30 to 60 Hz). Although computer
speed improvement over the last 25 years has been on
the order of 10° the average control computer speed
improvement was only on the order of Reference 16.
This is especially important for visual servoing applica-
tions, where scene complexity may dramatically
increase the processing time requirements and con-
siderable time delays in the controller may be intoler-
able. A solution seems to lie in the use of a hierarchy of
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control computers with assembly programmed ones
handling input/output intensive and real time critical
tasks and with high-level programmed ones handling
task synchronization and supervisory control. Such
hierarchical schemes were successfully used in the
past'?.

The inertia of such a mechanical system will prevent
instantaneous repositioning of the camera in case the
target drifts away from the centre of the camera.
Therefore prediction of future positions of the target is
necessary, in order for the target to be kept foveated.
Moreover, the image processing algorithms in the
vision module will introduce additional delays, which
must be compensated. As we saw earlier, a physio-
logical analog of a prediction mechanism also exists in
the human oculomotor system>*?>, Various predictive
schemes for visual tracking, based on linear regression
and Kalman filtering, are presented by Hunt and
Sanderson'’. As we saw, one important reason for
tracking is to reposition a high resolution, but narrow
field of view, photoreceptor array (like the fovea), so
that more information about the target becomes avail-
able. Then, accurate prediction of the target’s future
positions becomes more critical, since if the target is
lost, the time-consuming acquisition phase must be
repeated. In general, due to delays introduced from the
image processing and control systems, a trade-off
between the velocity of the moving target and the
complexity of the visual situation, which will influence
our choice of the vision algorithms, seems inevitable in
a tracking system. The delays are difficult to quantify a
priori, since they will depend a lot on the hardware
which is available for computation and control.

Finally, the mechanical problems arising in the
design of high-performance machines, like the choice
of actuators and transmission components in order to
achieve the best dynamic performance and many other
engineering issues related to the manufacturing of
those machines, are also present in the design of a
tracking system and should be given appropriate
consideration.

Main results and criticism of previous work

In the following we will concentrate on the tracking
phase of the tracking of a 3D target and assume that
during the acquisition phase the target was brought to
the centre of the image plane. Previous approaches to
the problem are composed of three main steps: first,
they perform segmentation of the image or of appropri-
ately selected parts of it in order to locate the target and
extract the new position of some characteristic points of
its image (centroid, feature points, etc.); second, they
match these new characteristic points with their corres-
ponding ones in previous or current (in the binocular
case) frames, and thus extract information about the
displacement of the target; and third, from this dis-
placement they compute the necessary camera rotation
that will achieve tracking.

In the sequel we describe these steps and the
problems that they introduce in more detail.

In the first step, image segmentation is used in order
to separate the target from its background. In most
early tracking schemes, segmentation is done at every
new frame in order to specify the target location. In
later schemes, segmentation is done mainly during the

vol 9 no 4 august 1991

acquisition phase and windows are specified around the
target or around feature points of the target, which are
updated during the tracking phase according to the
estimated target motion. These windows facilitate
segmentation by restricting it to a relatively small area
of the image. In computer vision, image segmentation
has been established as one of the most difficult
problems, especially in complex scenes. Segmentation
algorithms based on thresholding and stochastic image
models for image generation have been developed, but
their usefulness is usually limited for natural images,
due either to their assumptions about the visual world
or the need for continuous adjustment of thresholds in
the case of varying imaging conditions.

The second step is a generalization of the centroid
algorithms used in tracking planar targets moving in
2D. In the 2D case the centroid of the image corres-
ponds to a specific physical point on the target or in the
area of the target and, most important, will continue to
correspond to the same physical point during the entire
motion of the target. Therefore, the claim that its
motion describes the motion of the whole target is
justified, since the motion of every other point of the
rigid target is kinematicaly related to the motion of this
characteristic point. If we attempt to use a similar
analysis in 3D though, it is going to fail, since, as the
target moves, the centre of brightness at each time
instant will not correspond to the same physical point
on the target (this can be readily seen by considering
the tracking of a car moving towards the observer;
initially the centroid will probably correspond to a
point of the front windshield but as the car passes in
front of the observer, the new centroid may correspond
to a point on the door). Therefore, knowing the motion
of the centroid does not necessarily provide the motion
of every other point of the target; it does not
satisfactorily characterize the motion of the target.
Thus the computationally simple tracking methods of
the 2D case, based on the recovery and tracking of the
image centre of brightness, have to be replaced by
harder ones in the 3D case, which use feature extrac-
tion, matching and feature tracking. In this case feature
correspondence between consecutive frames has to be
accounted for and the difficulty of this problem is
proportional to the complexity of the scene. Alterna-
tively, ad hoc methods for specific targets were deve-
loped, where the new orientation of the target is
specified at each time instant by comparing its projec-
tion to a database of target projections.

The third step involves the computation of the
camera angular velocity w needed to achieve tracking.
Usually @ is computed as = Ke, where e is the
displacement of one of the characteristic points com-
puted in the second step and K is a constant. Clearly,
the issue here is whether this displacement has been
computed accurately, despite all the segmentation and
point correspondence problems and, more importantly,
whether the displacement of this point really charac-
terizes the displacement of the target.

The fundamental question every visual tracking
scheme has to answer is “Where is the new position of
the target?” Previous methods attempted to do so by
exploiting only “‘static” information, such as the one
provided by each separate frame. We directly exploit
information about the temporal variation of the image
induced from the target motion. The target separation
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problem then has a very elegant solution based on
“dynamic” information from consecutive frames,
which enables us to distinguish what moves (target)
from what doesn’t (background). The carriers of infor-
mation are then the derivatives of the image intensity
functions, not the displacements of heuristically speci-
fied characteristic points of the target. For example, in
the case of a ball moving over a uniform background,
the viewing situation is simple enough to allow segmen-
tation and feature correspondence-based algorithms to
perform satisfactorily. But in the case of a book moving
in front of a bookcase full of books, the edge detection
algorithm will produce such a large number of edges
that the segmentation task will become impossible. On
the other hand, the image spatiotemporal derivatives
will capture the variation of the image generated from
the target motion and this information will dynamically
segment the image into moving and static parts.

In our approach, we consider a general criterion for
3D tracking, the tracking constraint, which if satisfied,
guarantees tracking in the sense of keeping an initially
foveated target stationary in the centre of the camera,
without being restricted to a specific target or visual
environment. We follow the continuous motion
approach and use the concept of optical flow to
formulate this constraint. The tracking constraint uses
global information from entire areas of the image, not
local information from specific points, and does not
require feature extraction or matching. It requires,
though, knowledge of the shape and motion of the
target, and it is formulated in terms of shape and 3D
motion instead of the optical flow field. Provided the
shape is known, an algorithm is presented which
estimates the 3D motion of the target from image data.
This estimate of the target motion parameters, together
with the known shape of the target, are used with the
tracking constraint to produce the desired camera
angular velocity that will track the target. Obviously, a
requirement for knowledge of the shape in a general
tracking scheme is far less restrictive than an ad hoc
tracking scheme for a specific target or class of targets,
since the latter may be used only for a specific target,
while the former may be used for any tracking problem
where the shape is known exactly or approximately.*

Comparison with other theories

The existence of a multitude of tracking systems
demonstrates the fact that there does not exist to date a
tracking system able to track successfully any moving
object under any circumstances. Excluding the 3D
model based tracking systems described in the previous
sections and comparing our theory with 2D tracking
systems that claim generality, we find that such 2D
systems based on some sort of prediction (ad hoc) could
fail in such a way that is not predictable from the image
data. Put more simply, a general 2D tracking system
can totally fail while there is no indication in the image
data that such a thing is about to happen; and this is the
striking difference between such systems and the one
developed here. Our system is based on a strict
computational theory that gives rise to algorithms (and
an implementation). At the heart of the computational

*We require knowledge of shape only in order to solve the problem
in a correspondenceless manner.
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theory (see next section) lies a procedure for computing
the three-dimensional motion of the target, without
correspondence and under the assumption of the
knowledge of its shape. For this to happen, several
measurements on the target image (which can be
“nice” or nondifferentiable) must be performed. When
such measurements cannot be carried out, it is obvious
that this tracking system will fail. One such case
appears when the image of the target occupies a very
small part of the image. On the one hand, there is not
enough data for the procedure to work and on the other
hand the assumption of the knowledge of shape
becomes meaningless, when the target occupies a
“few” pixels on the image plane. For such cases, for
example tracking a missile with an airborne camera, 2D
tracking seems more appropriate. The present system
will work well when the target is not far away, for
example in an indoor robotic environment (its image is
“large” enough' to provide enough data).

Finally, and most importantly, the theory described
here, considers tracking in 3D and consequently
suggests several research avenues on how tracking
interacts with modules such as shape from *x7,
structure from motion, etc.; such interactions are
necessary in our effort to integrate various vision
modules®-?".

COMPUTATIONAL THEORY OF TRACKING

In this section we will devise the model we use in our
analysis of the tracking process. The tracking process
will be explicitly defined and a computational theory
(in the sense of Marr®?) for tracking will be derived
from the modelling process.

Tracking requires that a mathematical model be
established which describes the relationship between
the target and its image taken by the camera and
between information derived from this image and the
kinematic parameters of the motion of the target. To
this end, we will define the coordinate systems that we
will need and provide their relationships.

| 4

Figure 1. World and camera coordinate systems

‘Complete quantitative analysis of instability connected to the
motion estimation problem is still lacking from the literature, and
consequently from this part of our paper. For some preliminary
results see Spetsakis and Aloimonos'® and Adiu'?.
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Suppose there exists an inertial frame in R?, the
world coordinate system OXyYoZ5, with respect to
which all quantities are measured (see Figure 1). The
ideal pinhole camera model is used. An image is a two-
dimensional pattern of brightness projected on the
image plane. Consider the camera coordinate system
OXYZ, with Z along the optical axis, i.e. the
perpendicular from the pinhole to the image plane
pointing toward the scene. This induces a two-
dimensional coordinate system, the image-plane coor-
dinate system oxy on the image plane. The focal length f
of the camera is defined as the distance Oo. Consider
finally a target coordinate system WX'Y'Z’ attached to
the rigid body that we want to track.

If P: R®*— R?is the pr0ject10n function, consider a
point A in [R?® with coordinates X = (X, Y, Z) relative
to the camera coordinate system, which is projected to
the point P, of the image plane with coordinates
X =(x, y). Then,

£=(t)-ri0=(5)

Assume the target is statlonary with respect to the
target coordinate frame, i.e. X=0=X'(=
(to) ™ X ' and is moving rigidly with respect to the other
coordinate frames.

Consider the target with its point W (see Figure 2)
moving with translational velocity T = (T, T, T3) and
with spatial angular velocity @ = (w,, -, w3) relative
to the camera frame. From the system kinematics>:2*,
it can be shown that:

i) X(0)=F(@)+R(@HX'

with R(.)e RxSO(3), where SO(3) is the Special
Orthogonal (Rotation) Group of order 3.

(i) X(to)=T + o X (1) )
where
0 —w; w
o= w5 0 —w, =
— Wy ) 0
dR(fu) i D) i
. R(t;) and T= TR (1)

Figure 2. Camera, image-plane and target coordinate
systems
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The effect of a rotation of the camera on the image
formation process is exactly the same as the effect of an
opposite rotation of the target on the process. Put in
another way, since the formation of an image on the
image plane depends on the relative motion of the
camera and the target, it is irrelevant to this process
whether the camera is rotating in one direction or the
target is rotating in the opposite one. This is formally
proven elsewhere”. This is an important fact, since it
will allow us to make the subsequent analysis in the
camera coordinate frame instead of the world frame
and thus achieve a remarkable simplification of the
corresponding formulae.

Optical flow is the velocity field generated on the
image plane from the projection of objects moving in
3D from the motion of the observer with respect to the
scene or from apparent motion, when a series of images
gives the illusion of motion. The image intensity s(x, y,
1) at a point (x, y) of the image plane at time ¢ is related
to the instantaneous velocity (u'(x, y), v'(x, y)) at that
point by the optical flow constraint equation”.

sl y sty y)+s,(x, y, t) vi(x, y)
+s5:(x,y,0)=0, (3)

The computation of the optical flow field is a very hard
problem and dlthough some very good research has
been published®°, the problem is far from solved,
especially for the case of complex visual environments
involving discontinuities. For this reason we avoid the
use of optical flow as the input to the perceptual
process of tracking, although tracking is facilitated
tremendously if the optical flow is known?”.

Let % be the projection of our target on the image
plane S. Suppose that our target has a prominent
feature that we want to track at a point W in R?, which
can be identified during the target acquisition phase
and which is projected to a point Py of the image
plane. Because we will devise tracking schemes that
will use only global information from large areas of the
image, we do not need an exact solution to the feature
extraction problem, i.e., the exact location of the point
Py. All we need is a neighbourhood By (P, ew)CR,
with ey acceptably small. This is very important, since
recovering the area %y, during the target acquisition
phase is going to be much more robust to noise than
attempting to recover a single point Py,

Suppose that during the target acquisition phase, the
area By was recovered and moved to the origin of the
image plane. We define the tracking problem as
follows: Find the camera rotation (w,, w,) that will
hold By (Pyw, €w) stationary in a neighbourhood % (o,
€) of the origin o of the image plane.

Suppose now that we get an image s(x, y, t) at time ¢
and we want to solve the tracking problem defined
above. We must specify a camera rotation (w,, ®,)
that will act from time  to 7+ dt and that will keep %y,
at the origin despite the motion of the target. Let the
optical flow at time ¢ be (u'(x, y), v'(x, ¥)) at a point (x,
y) €S and at time ¢+ dr let it be (u"*“(x, y), v'*(x, y)).
Now, (u'**, v***) will be the superposition of the
optical flow induced by two motions: The motion of the
target by (7', @) and the tracking motion of the camera
by (w., ®,). Suppose that the motion of the target
during the time interval [z, ¢+ dt] that will induce the
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first component of (u'*%, v'**) will be almost identical

to its motion during the time interval [r—dt, t] that
induced the optical flow (u', v'). Therefore this first
component of (u'*%, v'*¥) will be u', v). The second
component of (u**, v'*“) will be induced from the
motion of the camera; let it be (Ucay, Veam).

Therefore:

W= Uy (4)
and:

vl =yt vey (5)

Assuming that the focal length is f=1, let us see
exactly how the motion influences the induced optical
flow for the case of perspective projection. It is easy to
prove that:

TT T IT'A
u'(x, y) S

—w.xy+w3(x2+ 1)— w3y (6)

T,—yTs 9
T —w(y°+ 1)+ wrxy + wsx. (7)

vi(x, y) =
The more general case of an arbitrary projection P:

*— [R?is treated below.

In order to compute the optical flow induced from
the camera motion, we take advantage of the nature of
optical flow as the velocity field induced by the relative
motion of the camera and the target. This is related to
our previous observation that a rotation of the camera
has the same effect on the image formation process as
an additional opposite rotation of the target. There-
fore, we can see that the camera moving by w,, o,
generates optical flow ey, Veanm, Which is exactly
the same to the one that would be generated by the
target, if the target underwent an additional motion by
—W,, —w,.

Then ti]f: respective camera-induced optlcal flow will
be given from (6) and (7), with T=0and &= (-w,,
—w,, 0):

Ucam = WXy —w, (xZ + 1) (8)
Veam =@, (y* +1)— Wy Xy )
Thus, the total optical flow at time ¢+ dt will be

“f+df i H{+w_‘-xy

— 0, (P +1) (10)
v = vt w (¥ 4+ 1) - wyxy (11)

Now, for the tracking to be successful, at time ¢+ df the
point Py, must be stationary at the origin, and therefore
the optical flow at the origin must be zero, i.e.:

w40, 0) = v'+(0,0) =0 (12)
or:
(0, 0) + ucam(0,0) = v/(0,0) +vean(0,0)=0 (13)

Therefore, by appropriate choice of w, and w,, the
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optical flow ucqp and veay, induced from the camera
motion as given from (8) and (9) will be such that (13)
holds.

In order to increase robustness, in addition to (13)
we require that the optical flow on an entire neigh-
bourhood (0, €) of the origin (with e=ey), be
minimal. This is then our tracking constraint and is
formulated as follows: the desired camera angular
velocity (wy, ;) that will achieve tracking is the
minimizer of:

ﬂmnmJ=JfﬁHMmf+®”ﬂﬂdX@

=JL[w+%w—%w%nf

+(v'+w (¥ +1)—w,xy)ldedy (14)

Notice that the tracking constraint is expressed in terms
of the neighbourhood % of the origin of the camera,
not some neighbourhood of a target feature whose
specification would require segmentation of the image
and feature extraction during the tracking phase.
Moreover, the tracking problem is now reduced to an
optimization problem and appropriate mathematical
methods can be used to attack it.

An algorithm for tracking the motion of an object
moving in 3D then suggests itself:

Step I:
Estimate (T, @) from the image and then derive
the optical flow induced from this motion, using
equations (6) and (7).

Step 2:
Minimize expression (14) and derive the desired
camera angular velocities that will achieve track-
ing.
Typically, Step 1 involves the optical flow constraint,
and Step 2 the tracking constraint. Clearly, if we
assume knowledge of the optical flow, then tracking is
achieved through minimization of (14) or, if (14) is
combined with (3), tracking is achieved through solu-
tion of a penalized least-squares problem (the reader
interested in this approach is referred to Tsakiris®®).
However, due to the fact that the computation of the
optical flow still remains a very hard problem, we chose
to seek an alternative approach. The next section
describes our algorithm for tracking based on the
knowledge of the shape of the target and does not
assume knowledge of the optical flow field.

TRACKING USING KNOWLEDGE OF SHAPE
OF THE TARGET

Our theory of tracking an object whose local shape is
known proceeds as follows:

First, we compute the three-dimensional motion
parameters of the object (direction of translation and
angular velocity). An estimate of the optical flow can
then be found which depends only on information
available from the image, where we used the shape
information in order to eliminate the depth terms of
equations (6) and (7). Based on this and on the concept
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of linear features (defined below), we can estimate the
target motion parameters by solving a system of linear
equations. The system does not use point correspond-
ences, only global information from the image;

Second, from the tracking constraint, we formulate
a cost functional whose minimizers are the camera
angular velocities w, and w,, which are necessary in
order for the camera to track the moving target. Using
our estimate of the target motion parameters, we can
solve this minimization problem for w, and w,.

Linear features

Linear features of an image are sets of functionals of the
type

:{ﬁ(r)lﬁ-(!):JL s(x, y, Dui(x, y)dxdy,

i‘——l,.“,n},

where s is the image intensity at a pomt (x, y) of a
subset D of the image at time ¢ and x;: R*>— R is the
measuring function (also referred to as moment weight-
ing kernel).

Our purpose for introducing linear features in the
study of the 3D motion estimation problem is not to
classify or reconstruct a pattern of some kind, as it is in
classical pattern recognition®®~*>'3 but is related to the
errors introduced into the optical flow constraint
equation when it is used to process discretized informa-
tion. In principle, the 3D motion parameters could be
recovered (up to depth) by a formulation like the
following: from (3), (6) and (7) we get for every point

(x, y

T4 T
sx[—]—x—‘ —wy(y? +1)+m2xy+w3x]
iz 7

M
g ?—y?—-w,xy+m2(x +1)—wsy|+s5=0

and then:

1L [E T
by, ——— (s
Z e : 4

= [3‘.\'(}"2 ot 1) i s_vxy] w; + [_S‘A_xy +
5}-(/‘,’1 = l)] (05} 4 leX e .s‘_\.y] W3 = _S;.

Given enough points (x, y) and expressing the depth
function Z in terms of shape and retinal coordinates,
we will get a system of linear equations whose solution
gives the 3D motion. However, the problem is that the
coefficients of the system depend on the spatiotemporal
derivatives of s at each point (x, y) and, since numerical
differentiation is an ill-posed (and consequent]y ill-
conditioned) problem % severe errors will be intro-
duced if we attempt to evaluate these derivatives
numerically.

Therefore an algorithm is presented below where,
using linear features to collect global information from
an area of the image, the computation of the spatial
derivatives of the image is no longer necessary®. A

vol 9 no 4 august 1991

problem common in this approach and in the use of
linear features in pattern recognition is how to select
the most appropriate measuring functions and what the
length of the linear feature vector should be, so that the
characterization of the image by this vector be “rich”
enough in information. This point will be discussed
further later.

Recovery of the three-dimensional motion

Suppose that an object exists in R?, with its surface
given as a function Z=g(X, Y) in the camera
coordinate system OXYZ. The following analysis is
done with respect to the camera coordinate frame, but
can be readily extended to the world frame. However,
this is not necessary as was proven from the kinematic
analysis of the above problem. Consider a point A
on the surface of the object which is projected to the
point P, of the image plane. Suppose that A has
coordinates X = (X, Y, Z) with respect to the camera
coordinate system at time ¢ and that P, has coordinates
X = (x, y) with respect to the image-plane frame at the
same instant.

Theorem

The optical flow X = (u, v) generated from the motion of
a rigid target relative to our camera is a linear function of
the target motion parameters of the form

7 fy

P=*]-S mae (15)
Vv k=1

where m, are the motion parameters (direction of

translation and rotation) and Uy are known functions

of the shape, the projection function and the retinal

coordinates.

Proof.

If P: R*— R? is the projection function, then:

el
T E (PZ()?'),) el

Suppose that the object in view performs a rigid
motion. We have seen that each point A will move with
a velocity V, which is a function of its position X with
respect to the camera coordinate system. More pre-
cisely, from (2):

T,
Xelh)-T+ax=| & |+
Ty
0 —ws3 > X
w; 0 —w) v (17)
—w> ) 0 Z

where T is the translational velocity of the centre W of
the target frame and @ the spatial angular velocity of
the target with respect to the camera frame. The

241



velocity V can be written as:

0 0 0
V(X)=Td,0 )+ Tl 1 |+ 0 )+
1 0 1
0 Z -Y
w, | =Z |+w 0 |+ws; X
Y -X 0

(18)

[

> mka(j?)

k=1

where m; are the target motion parameters defined as
follows:

m=T, m=T, m3=Ts;,

My =wy, Ms=w;, Mg=ws3

and:
1 0 0
vid=0) V(X)={1 ViX)={ 0 |,
0 0 1

0 zZ -Y
ViX) = —Z), 175(5(’)=( 0 ) Ve(X) = X)
¥ -X 0

As the target moves in [R?, its image also moves on
the image plane. The projection P, of the point A with
image plane coordinates X = P(X'), moves with velocity
x, which is the optical flow at this point. From (16):

(%= (r ) £ (u) L =% X)V(R) =

¥ v dt
aP, aP, aP,
GO R :
TEcY)
dP> aP> 0P, Z
Ay dZ

Moreover, from the projection function X = P(X) we
can derive the inverse projection mapping P! from the
image to the surface, i.e., X = P;' (¥), which is known
up to a factor (depth), since the shape Z=g(X, Y) of
the target is known. We can then consider 4P/dX and
V and thus the optical flow ¥ itself as functions of the
retinal coordinates X. Then:

A P;\x), V=UiE'i
6‘.?( g(x))- 2 ( g(x

and:
: 1 aP 9y et
¥= (%) =2 (@) V@)

where for A C R? and B C R? we have P;’ :A— B the
inverse transformation of P.
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From (18) and (19) we have:

()2 &

V. X k=1

5 ki, 6
B m s (PG) VaPL ) = 3 i

mkﬂ((f) =

uh(.?))

Uy (X)

where we have defined:

@) & ”"‘(f)) _ 2 pa@) VP @) (0)
TN ) T

Obviously, u,(¥) depends only on the shape of the
target and is known. Then:

v= ()= S m 1)

and we have expressed the optical flow at a point of the
image as a function of the shape of the target, its
motion parameters m; and the retinal coordinates.
Moreover, it is given as a linear combination of the
motion parameters,

Estimation of the motion paramaters m;

The problem now is to compute the motion parameters
m;, i=1, ..., 6, of (15), without actually computing
the optical flow or the derivatives of the image intensity
function. For this purpose, we use the concept of linear
features presented earlier. Consider a set F of linear
features over a neighbourhood (0, €) of the origin
of the image plane F(1) = {fi(0) = [ Jus(x, ¥, 0)pi(x,
yydx dy, i=1, n}. From the optical flow
constraint equation we have s,u+s,v+s,=0 or ds/
at= —x"Vs. Consider the temporal derivative of the
i™" linear feature:

as
JJ- — u;dxdy
s of

i J' L wi(XTVs)dx dy (22)

fi

1 fi
oy m'kJ’J sy, S5+ U sy) dx dy.
k=1 B

Defining hy = — [[a pi(uy 5+ u.5,) dxdy, we get =
30 myhy and then:

Hm=7, (23)

where H is the nx6 matrix of the coefficients hy
and m=(m,, ..., mg). The vector of derivatives of
linear features f and the matrix H depend on measur-
able quantities. We want to solve the linear system (23)
and obtain the motion parameter vector . Since the
number n of linear features will normally be greater
than 6, the system will be inconsistent in the general
case. We can select the linear features such that
rank(H) = 6. Therefore, a least-squares approximate
solution becomes necessary.

In our case, the system (23) has the unique minimal
norm solution:

m=H'T, (24)
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where H' is the Moore-Penrose inverse of H. This can
be computed either directly from the formula H' =
(H™H) 'H' if H has rank(H) =m, or using Greville’s
algorithm, an iterative procedure that computes H™ in
m iterations. At the k" iteration it computes Hy,, where
Hy is the submatrix of H consisting of its first &
columns. The advantage of the second method is that
we don’t have to check the rank of H, and we avoid the
evaluation of enormous analytic expressions for (H'
H) 'H', if n is large. Greville’s algorithm is very well
suited for our case, since it will compute H' in m =6
steps, no matter what the length n of the linear feature
vector is**.*

In our target motion parameter estimation scheme
no explicit calculation of the optical flow field is
needed, as we have seen up to this point. In the next
section we will see that neither is it needed for the
tracking scheme developed there. Moreover, the only
calculation involving the derivatives of the image
intensity function s is done in order to obtain the
parameters /. Spatial differentiation of s is needed
there, but since numerical differentiation is an ill-posed
problem, we attempted to bypass it by using integration
by parts in (22). Supposing that the area % is a
rectangle % = [a, b]X[c, d] in image plane coordin-
ates, we have:

b rd
hy = _J‘ j iy, s+ “k;sy) dx dy

=~ [ 1o D 0. 9500, ) -

mila, y)u(a, y)sa, y)]dy (25)

- f e, ) W s

a

milx, ) uy (x, ¢)s(x, c)] dx

+ LhJ’;; s(x, y)[a—if (ai(x, y) wy (x, y)) +

d
]_ (ui(x, y) uy,(x, }’)}] dx dy.
oy

Therefore, numerical spatial differentiation of s was
replaced by differentiation of g;, uy, and uy,, which
can be done analytically.

Due to the problem degeneracy® * % from the
above process, as well as from every method for the
recovery of motion from monocular data, we can only
recover the direction of translation and the rotation of
the target, due to the unknown depth scale. This
becomes obvious from the following example, where
we define m;= T;/c, i=1, 2, 3, and c is essentially a
measure of depth.

Example: the planar case

The above analysis is particularly simple in the case of a
plane moving in 3D. This is a very interesting case, not
only by itself or for the case of the polyhedral world,
but also as a local approximation of more general

“It must be emphasized here that this approach could be related to a
Kalman filtering approach to allow “maneuvering” objects (non-
constant motion), but it is not pursued here.
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surfaces™. We will show how (15) transforms under
perspective projection. Suppose we want to track a
point W on the plane and suppose that this point
translates with velocity T and the plane rotates with
angular velocity o with respect to the camera frame.
We want to estimate T and w from visual data.

The perspective projection function is:

X

(26)

Consider the plane Z=g(X, Y)=pX+gY+c. The
shape parameters p and g are supposed to be known,
but not the depth factor c¢ (since we consider the
monocular case). The inverse projection transforma-
tion P;' (¥) is:

X X
i c
X=|Y |=P'@®)=—| » (27)
- f=px—qy f
Then from (26) and (27):
L
o i z Z<
—= (X)=
X 1o
S
.
= ey = el
Y
01-=
f

From (17) and (27) we have:

T
:(f—px—qy)mzf—wsy

= 17— TZ
) s = —(f—px—qgy)+wix—w
Er@) = | 2(-pr-gtos-of

T;
o5 (f—px—qy)+w y—wx

Defining m, =Tlc, my=Tslc, my=Tilc, my=w,,
Ms = w,, Mg = w3 and:

i f—px—qy
V@)= ——— 0
f=px—qy 0
0
i €
VLX) = fopx=—qy
T gy
0
0
s C
Vi@)= ——— 0
F=px—qy
f—px—aqy
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0
— C
Vi) = -
) f—p-r—qy( f)
}}
)(‘
7 O ) (g,
' f=px—qy
T
. -y
Ve(X) = ( -’f)
f—px—aqy 0
we get from (20):
e (F PGSR 0
u](.r)—( 0 ) uz(x)_(f—px—qy)'
_x(f-px—qy)
St 1
i _y(f—px—qy)
b
. (i +ia?)
prinicgy f = 5
4¥) = _{fl+y2) . HslE)= 2y ;
f f

Then from (15):
L]
X=2 mutii(x)
Py

with the parameters u; depending on the shape
parameters of the target and on retinal coordinates.
Moreover the optical flow (i, v) is expressed as a linear
combination of the motion parameters m;.

Now we can choose a set of linear futures F and from
(25) compute h;;.. Then we can form the matrix H and
the vector? of (23) and estimate the parameters m of
the 3D motion of the plane from:

i = [H']].

Appendix 1 presents the analysis for more complex
shapes.

Tracking

From the algorithm presented in the previous section,
we get an estimate of the motion parameters of our
target. It remains to see how we use it in order to fulfill
the tracking constraint. Using the tracking constraint
(14) we reduce the problem of specifying the camera
angular velocities that will achieve tracking to an
unconstrained optimization problem, namely that of
minimizing a cost functional of the form:

J(w,, ®,) = aw’+ ,Bw:‘. +
yo,+ 0w, +ew,w,+{ (28)

with respect to w, and w,.
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It is easy to prove™ that a cost functional of the form:
J(x, y)=ax’+ By’ +yx+8y+exy+¢
with «, =0, «, B not simultaneously zero and

4aB—€’#0 has a unique global minimizer (x*,y¥)
of the form:

de—2

P L W (29)
daB—€”
ye—2ad

)’*=m, (30)

From the tracking constraint (14), the w,, », we seek
are the minimizers of:

Tl i h~ f f [ ) + el 3+

(v'(x.y) +veam(x, y)’ldxdy  (31)

In the sequel, we attempt to bring (31) into the form
(28).

Under the assumption that we know the shape of our
target, we derived an estimate of the target motion
parameters m; (=1, ..., 6. We derived also an
expression for the target-induced optical flow of the
form (15):

()= 2 Ce ) @

where u;; are known functions of the shape of the target
(see the example of the planar case in the previous
section) and m; the known estimates of the target
motion parameters (where (m,, ms, ms) is the direction
of target translation and (my, ms, mg) is the target
rotation). Similarly, the camera-induced optical flow
will be given by an expression like (32) with m; =0,

my=0, my=0, my= —w,, ms= —w, and ms =0:
(“CAM(/",}")) (“u(-"s )’)) (Uﬂ(L "’))
i —w,
Veam(x, y) ugp(x, y) “\usy(x, y)/
(33)

where uy,, Uy, Us;, Us> are known functions of the
retinal coordinates, and w,, w, are the unknown
camera rotation parameters. By substituting u', v/,
Ucam Veam from (32) and (33) to (31), the only
unknowns will be w, and w, and J can be brought to
the form: '

J o, )= aw? +,8w_3 +yw, +dw, +ew,w,+{ (34)

where:
i f f RN R R
B =[] i+t sy

g = —ZJIB [t (x, ) uagr(x,y) + v'(x,y) usa(x,y)] dxdy
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5 =2 [ Wity us o) + v e ) vy
€ = ZJ’jH [ttay(x,¥) usi (e, ) + tgn(x, v) uso(x, y)| dxdy

= JJ:S[(uf(,r, }'))2"'(1”()(, y))z] dx dy

with u'(x, y) =30 muu;(x, y) and vi(x, y) =320 m;
up(x, y). Obviously a, B=0. Simulation results
show that they are not simultaneously zero and
4aB—€’+0 (see also the example below). Then, as
we saw earlier, the unique minimizers w? and w3 of
(34) are given from (29) and (30), i.e.:

o HEZ LY

ye—2ad
w;= : -
4af—e”

and o)

e daB—e€’ e

Example: the planar case

Consider the same planar case as before and apply the
above tracking scheme. If our tracking goal is to be
accomplished, we expect it to produce a motion of the
camera in the same direction as that of the target.
Suppose that the point W is near the centre of the
image-plane coordinate frame and is moving with a
translational velocity T and the target rotates with
angular velocity @ and assume that these are known
from the estimation part of our algorithm. Then, in the
small area 9 that we consider around the origin of the
image plane, we will have x=0and y=0. Therefore, the
expressions we found for i, . . ., tig, will be as follows:

R O )
‘x(_n)‘ “22('1)’ “"‘z(o)‘
T O el
ti=( ) o (y) mom ()

and the optical flow in this area will be:

=l

' T' ¢ 2
uix, y)=~—+w, and Vi(x, y)=— —w,
@ ©

Defining A éffﬁd.atdy, the parameters of J(w,, w,)
in (34) will become: :

T,
a=A, B=A, y==2(—“ —uu)A,
c

T,
52—2t—+wJA,EzO
c

We see that @, =0 and indeed a, B=>0. Moreover,
4aB—e*=~4A>#0. Then, from (35) we get:

W= —-1‘# —E-i-w, and wfz—izﬁ + w>
¢ T A,

From Figure 2 we can see that this is exactly the motion

our camera should perform in order to track the target.

In the next section we present experimental results that

show how this tracking algorithm actually works in

planar and other cases.
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Experimental results
Synthetic experiments

Our target is a plane in R? with surface normal vector
(=p, —gq, 1). We simulate the image formation
process using kinematic models of the system motion.
We consider the target covered by a grid and for each
of the points of the grid we specify the respective
projection on the image plane from the perspective
projection function, the target kinematics and the
position of the point in the target coordinate frame.
The image on the image plane is then a textured shape.
We consider binary images generated from perspective
projection of the moving target. In this paper only the
diagram of the distance o Py™ versus time (see Figure 2)
is presented as a measure of the quality of tracking. The
simulation of the tracking process consists of a
sequence of a target motion followed by a camera
tracking action at each time instant. Therefore, motion
at even time instants on the diagrams corresponds to
target motion, while motion at odd time instants
corresponds to camera tracking motion.

The tracking algorithm given above was imple-
mented. It assumes that a feature extraction process
found the feature Py on the image plane during the
acquisition phase, but due to noise and computational
errors, its position was specified only up to a neigh-
bourhood @y and it attempts to stabilize %y in the
centre of the image plane. The exact formulation of this
algorithm for the case of a plane moving in 3D was
given as an example above. Very good results were
obtained for this tracking scheme fed with “‘perfect”
estimates of the target motion (accurate values for the
direction of translation and rotation) for various
motions of the target. The results degenerate “‘grace-
fully’” as the quality of estimates decreases due to very
fast motion of the target or noisy images. A sequence of
“noisy” target motion estimates was generated in order -
to test the performance of the algorithm under inac-
curate motion estimates. The algorithm performs well
with 30% to 60% noise in target motion estimation;
even in the case when some of the parameters are

L e L LA

80 |— | ! ! J

e L i

T .55 5L 5 3% 2 VR S

0% noise

30% noise
60 |— | 1 | 1 .

—— B0% ncise -

------ 90% ncise
40 — + ! . | —

DISTANCE (in pixels)

Pl ! | ! e

Figure 3. Target tracker with noisy target motion
parameter estimation. General motion of the target
(translational and rotational)

“P,, is the projection on the image plane of the point W of the target;
o is the origin of the image plane coordinate system.
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estimated with 90% deviation from real values, it
performs satisfactorily enough. The case of a character-
istic target motion is presented in Figure 3 (T, = 20,
Tg =30, 7‘3 = 5, Wy = 2, Wy = 3, Wy = 5)., where the
target translational velocities are given in (length units)
per (time unit) and the angular velocities in (degrees)
per (time unit). The image resolution is 91 x 91.

Several sets of linear features were considered before
establishing experimentally that the best 3D motion
parameter estimation using the above algorithm is
obtained with moments of the image, i.e. with linear
features of the form:

J’J’ x'yis(x,y, )dxdy, 0<i+j<k.
B

The quality of the motion parameter estimation
depends on the order k of the moments considered.
Moments up to order k=10 were considered and in
certain cases significant improvement in performance
was obtained from experiments with moments of order
up to k=4 or less.

The results that follow simulate the target motion
parameter estimator given above, combined with the
tracking algorithm for an image with resolution
21 % 21;

(a) Only translational motion of the target (T, =
30). Experimental results for moments up to
order kK =2 and k = 10 are presented in Figure 4.
Small deviation of the target from the centre of
the camera is observed.

(b) Only rotation of the target (w,=135). Experi-
mental results for moments up to order k=2
and k = 10 are presented in Figure 5.

(c) General motion of target (T,=40, w,=2,
w3 =5). Experimental results for moments up
to order k=5 are presented in Figure 6a.

(d) General motion of target (7,=20, 7,=0,

'T_‘; — 5, w =0, = —2, w3 = 10)
Experimental results for moments up to order
k=2 are presented in Figure 6b. The target
moves along the line of sight and the tracking
algorithm does not cause it to deviate from the
centre of the camera.

20 — . T T e T

] o

DISTANCE (in pixels)

I \\/ | ]

0|--||-||||||||I_||.||||.|..

(4] &5 10 15 20 25 a0
TIME

Figure 4. Motion parameter estimator (using moments
up to orders k=2 and k=10) and target tracker.
Translational target motion
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Figure 5. Motion parameler estimator (using moments
up to orders k=2 and k=10) and target tracker.
Rotational target motion
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Figure 6. Experimental results (see text) =

Implementation issues

Errors are introduced in this tracking scheme from the
following sources:

(1) Discretization effects, which will affect mainly
the temporal derivatives of the linear features.

(2) Numerical instabilities in the solution of the
linear system Hm=f.

(3) The coarse resolution of the image used in
simulations. Due to this a translation may have
the same visual effect as a specific rotation, and
vice versa. This may affect the motion estimation
algorithm, but ultimately it will not affect track-
ing. Using the fine resolution of a real system,
this effect is expected to disappear.

The use of moments as linear features has the
advantage that they are easily implementable in
hardware®, therefore the above scheme can be used
for real-time applications. Moreover, multiprocessor
architectures such as the fine-grain Connection
Machine® are an interesting alternative for the real-
time computation of the matrix H and the vector of
linear features f (see above), which are the
computational bottlenecks of the above algorithm.
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Figure 7. A Mitsubishi programmable robot arm hold-
ing the target (soft drink can)

A robotic implementation

In order to demonstrate the successfulness of the
approach, we implemented the tracking algorithm in a
robotic environment built in our laboratory. The task
was the following: a programmable Mitsubishi robot
arm held a soft drink can which it could move towards
any direction. (Figure 7 shows the robot holding the
can against a background of a white board that we
intentionally painted with texture, for reasons to be
explained later.) On the hand, near the first robot, an
American Merlin robot arm was placed (see Figure 8),

Figure 8. An American Merlin robot arm equipped with
TV camera (tracker)

Figure 9. The tracker (left) and the target (n'gh)
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Figure 10. Image of target as seen by the tracker

having six rotational joints and a sphere of operation
approximatley two meters in diameter. A Sony DC-37
CCD miniature television camera with a 16 mm focal
length lens was attached to the arm. The task then was
to have the American Merlin robot arm track the can
held by the first robot, which could move towards any
direction (see Figure 9, which shows part of the
“seeing” arm on the left “watching™ the arm that holds
the object to be tracked). Figure 10 shows the image of
the object to be tracked as seen by the tracker. Since
the theory works for both differentiable and non-
differentiable image functions, in order to reduce the
amount of data that needs to be processed, we work
directly with the discontinuities (zero-crossings). This is
why we painted the background with texture. The
reason was to make it harder to identify the “moving”
contours. Edge detection of an image such as in Figure
10, with some thresholding, provides us with an edge
map such as in Figure 11. However, with the process of
dynamic segmentation we identify the moving edges
(Figure 12), and such successive frames constitute the -
input to our tracking process, assuming that the edge
ponts lie on a cylindrical surface (and using the
mathematics described in the Appendix). Because the
analysis of the images taken by the tracker had to be
done on a VAX 785 and primitive image operations on
a VICOM image processor, all linked through a
network, a real time implementation was impossible
due to the heavy communication bottleneck. For this
reason we chose to present results from the experi-

Figure I1. Edge map of scene
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Figure 12. Moving edges (target)
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Figure 13. Target tracker (using moments up to k=135)

ments in the same format as in the case of the synthetic
simulations. Figure 13 shows some of the results.
The vertical axis represents the distance oP,, as before,
and the horizontal axis represents time. As before, the
tracking process consists of a sequence of target
motion, followed by a camera tracking action in each
time instant. Thus, motion at even time instants on the
diagrams corresponds to target motion, while motion at
odd time instants corresponds to camera tracking
motion. Figure 13 shows results from three experi-
ments. In the first (solid line), the actual motion was
translation along the x-axis and under the assumption
that the object in view was planar (instead of cylindri-
cal) in order to examine the deviation of the results as a
function of deviation from the local shape assumption.
Clearly the results are not sensitive to this assumption.
The next two experiments (dotted and dashed lines)
show results under horizontal motion (dotted) and
motion in the x—y plane (dashed). It is quite clear that
the results are very satisfactory.

CONCLUSIONS AND FUTURE RESEARCH

The problem examined in this paper was the tracking
phase of visual tracking of three-dimensional targets
moving in three dimensions, which is the most general
tracing situation in practice. We devised a general class
of algorithms based on the continuous motion formal-
ism, which, contrary to previous approaches, use
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dynamic segmentation® of the image sequence and are
correspondence-free. Therefore, two major shortcom-
ings of most previous tracking systems, namely segmen-
tation and feature matching, are bypassed and a novel
formulation of the visual tracking problem as an
optimization problem is presented, which leads to the
tracking constraint. This expresses the camera angular
velocity that will achieve tracking as the minimizer of
an appropriate cost functional, which requires that for
the tracking to be successful, the optical flow in a
neighbourhood of the origin of the image plane has to
be minimized.

The tracking constraint and the optical flow con-
straint are used to create an algorithmic scheme for
tracking where we assume knowledge of the shape of
the target. The optical flow can be expressed as a linear
combination of the motion parameters (direction of
translation and rotation), which can be estimated using
linear features of the image, which in turn provide us
with global, correspondence-free information about the
temporal variation of the image. The linear feature
formulation allows us not to compute numerically the
spatial derivatives of the image intensity function,
which is an ill-posed problem, but use instead the
spatial derivatives of the corresponding measuring
functions, which can be computed analytically.

Simulation results demonstrate the success of this
algorithm in tracking 3D targets, even under very noisy
information like very coarse image resolution and
erroneous motion parameter estimation. Experimental
results in a robotic environment demonstrate the
promise of the approach.

Hardware implementation and testing of our algor-
ithms in a real-time visual environment is one of our
primary future research goals. The image moment
invariants which we used as lincar features have the
advantage of being casily implementable on special
hardware or computable on multiprocessor computer
systems such as the Connection Machine. Therefore
the computational bottleneck, which in our experi-
ments was the computation of the linear features vector
and the matrix H (see above), can be eliminated and
real-time application of the algorithms becomes pos-
sible. These algorithms will generate a desired trajec-
tory for the camera actuators to follow, and therefore
appropriate modelling and control schemes are neces-
sary in order to implement this desired motion in real
time. fedh =N

A 3D shape estimation scheme was presented
which assumes knowledge of the 3D motion and
estimates shape, following a very similar approach to
the one used in our 3D motion estimation algorithm. A
cooperative scheme based on these two algorithms may
be able to achieve tracking in the case when only
approximate shape and approximate motion informa-
tion are available a priori. Interaction between these
two algorithms, together with additional visual infor-
mation, may be able to improve the shape and motion
estimates as time evolves, until some kind of equili-
brium is reached.

Provided we have an estimate of the target 3D
motion from the algorithm presented above, this
information can be used not just for tracking, but as
part of an augmented system able to acquire a target

*Using the temporal derivative to identify the moving target.
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(track and approach it) and/or perform obstacle
avoidance. Apart from obvious obstacle avoidance
applications in robot navigation, this may have other
interesting applications such as grabbing a rotating
satellite based on visual information or combining
visual and tactile information in an intelligent control
scheme®™>! that will allow a robot to approach, grasp
and manipulate a moving object in a flexible manufac-
turing environment.

Even though linear features have been proven a very
important tool both in classical pattern recognition and
in novel correspondence-free motion and shape estima-
" tion algorithms, like the ones presented here, no
theoretical investigation has been undertaken on the
relative merits of specific measuring functions ; and
the optimal length &k of the linear feature vector. The
experimental attempt has been to make this vector as
rich in image-related information as possibsle, but the
exact meaning of ‘“richness” has never been stated
formally. A formal measure of the richness of informa-
tion depending on the selection of x; and k will
possibly enable the use of our powerful optimization
tools in order to derive optimality results applicable to
each specific visual situation.™

Finally, the whole previous approach was related to
rigid targets. Humans are perfectly able to track the
motion of non-rigid ones, such as clouds, flags, sea
waves and other humans, even though their shape or
motion parameters may not be exactly known. This is
related to the understanding of non-rigid motion from
visual information and several researchers are already
studying this problem e.g. see Reference 53. Another
interesting problem is to extend this theory to deal with
local shape functions that change continuously through
time. However, this is a hard problem due to ambigui-
ties between 3D motions that generate the same local
shape changes.
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APPENDIX I

Consider again a pinhole camera as the camera model

and

—

X

a quadratic surface as the shape model. Then:

-(,)=re-{ 7 |

Z=g(X.Y)=qoX*+q, XY+ q: Y+ q3x+q4y +qs

Solving the above with respect to ¥, we get:

X X
Ry g‘(}”(i’) =A(q, X)| v
Z 1
where:
2 =qX’+q XY +q, Y’
Mg, T) = qs a=qp q; q.Y

B—(B>—4a)'?, B=q:X+q, Y -1
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(Since there are two solutions, the solution closer to
the camera is chosen). Since P (g is the inverse projec-
tion, substituting into (19) and (15) we get:

ey aP iy 7 1 =
up(X) = ; my, g (ﬁ[(!;)(x)) Vi(Fy (X))

We can now express explicitly in terms of q and m the
optic flow when the object is moving rigidly. Following
the same reasoning as in the planar case, we get:
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or:

1
A(g,X)
=X
0 -
Alg, X)
1 =y

A(q, X) Ag, X)

)
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