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Abstract—The perspective-n-point (PnP) problem is of fundamental importance in computer vision. A global optimality
condition for PnP that is independent of a particular rotation
parameterization was recently developed by Nakano. This paper
puts forward a direct least squares, algebraic PnP solution that
extends Nakano’s work by combining his optimality condition
with the modified Rodrigues parameters (MRPs) for parameterizing rotation. The result is a system of polynomials that is
solved using the Gröbner basis approach. An MRP vector has
twice the rotational range of the classical Rodrigues (i.e., Cayley)
vector used by Nakano to represent rotation. The proposed
solution provides strong guarantees that the full rotation singularity associated with MRPs is avoided. Furthermore, detailed
experiments provide evidence that our solution attains accuracy
that is indistinguishable from Nakano’s Cayley-based method
with a moderate increase in computational cost.

I. I NTRODUCTION
The perspective-n-point (PnP) problem concerns the recovery of 6D pose given the central projections of n ≥ 3 known
3D points on a calibrated camera. It arises often in vision and
robotics applications involving localization, pose tracking and
multi-view 3D reconstruction, hence a considerable amount of
research has been devoted to its study.
An optimality condition that is independent of any rotation parameterization was recently developed by Nakano [1].
He coupled it with the Cayley (a.k.a. Rodrigues) rotation
representation and proposed a globally optimal direct least
squares solution for PnP. Building upon Nakano’s condition,
this paper proposes to parameterize rotation with the modified
Rodrigues parameters (MRPs) and develops a new globally
optimal solution to PnP. The MRPs are a minimal rotation
parameterization defined by the stereographic projection of the
unit quaternion sphere onto a three-dimensional hyperplane.
They can also be considered as a generalization of the classical
Rodrigues parameters.
The contribution of this work is threefold. First, it is the first
to corroborate the applicability of MRPs to the development
of a minimal solver to a geometric vision problem. Second,
it demonstrates that by using MRPs, the domain of validity
of the Cayley representation employed in [1] can be doubled,
with no impact on accuracy and only a moderate impact on
computational performance. Third, it provides a principled
way of dealing with singularities in the representation of rotation. The proposed solution inherits from [1] several attractive

properties, such as applicability to arbitrary number of points
n, global optimality, linear complexity and completeness in
the sense that it returns all solutions irrespective of the value
of n and the spatial arrangement of points in 3D.
The remainder of the paper is organized as follows. Section II provides an overview of previous work on the PnP
problem. Section III gives a brief introduction to Gröbner basis
solvers while Section IV discusses rotation parameterization
and MRPs in particular. Nakano’s optimality condition is
presented in Section V, whereas Section VI shows how it can
be used in conjunction with MRPs. Since the MRP representation is inherently singular at ±2π (i.e. can not represent full
rotations), Section VII explains how this singularity can be
avoided. Experimental results are presented in Section VIII
and the paper is concluded in Section IX.
II. P REVIOUS W ORK
The P3P problem, which is the minimal variant of PnP for
n = 3, was first studied by Grunert [2] in the 19th century.
Other solutions were later proposed by Fischler and Bolles [3],
Gao et al. [4] and Kneip et al. [5]. P3P is known to admit
up to four different solutions, whereas in practice it usually
has just two. As a result, a fourth point is often used for
disambiguation, giving rise to the P4P problem [6], [7].
For the generic (i.e., n ≥ 3) PnP problem, Lu et al. [8]
proposed an iterative method which is initialized with a weak
perspective approximation and refines the rotation matrix via
successive solutions to the absolute orientation problem [9].
More recently, Lepetit et al. [10] developed EPnP, in which
an initial pose estimate is obtained by rotating and translating
the 3D points in their eigenspace and thereafter, solving the
least squares (LS) formulation without the orthonormality constraints. The estimate can be optionally improved iteratively.
Although EPnP can yield very good results, it nonetheless
relies on an unconstrained LS estimate, which can be skewed
by noise in the data. It can also get trapped in local minima,
particularly for small size inputs. Improvements to the basic
EPnP algorithm have been proposed in [11]. Very recently, we
developed SQPnP, a globally optimal algorithm that casts PnP
as a quadratically constrained quadratic program [12].
The turn of attention during the last 15 years to algebraic
geometry methods in conjunction with minimal parameteri-

zation schemes for rotation has led to rapid developments
on the PnP problem. For example, the Direct Least Squares
(DLS) algorithm by Hesch and Roumeliotis [13] employs the
Cayley transform [14] to parametrize the rotation matrix and
solve with resultants a quartic polynomial system obtained
by the first order optimality conditions. DLS inherits a singularity for rotations equal to π from its use of the Cayley
transform [15]. A very similar solution was later proposed
by Zheng et al. [16], with improved rotation parameterization
for singularity avoidance and a Gröbner polynomial solver. In
principle, both methods require a number of elimination steps
to recover up to 40 solutions which are later substituted in
the cost function to determine the global minimum. Kneip et
al. [17] proposed UPnP that is applicable to both central and
non-central cameras.
Public availability of the automatic solver generator [18]
simplified the use of Gröbner basis solvers and has facilitated
the development of several approaches applying them to the
PnP problem. For example, Bujnak et al. [7], [19] designed
solutions for the P3P and P4P with unknown focal length
problems and reported relatively short execution times. A more
recent work that makes use of the automatic generator is that
by Nakano [1]. He derives a rotation optimality condition
without Lagrange multipliers and proposes a globally optimal
DLS method, parameterized by the Cayley representation.
Nakano’s condition is presented in more detail in Section V.
III. G R ÖBNER BASIS S OLVERS
Several problems in geometric computer vision that relate to
relative or absolute camera pose estimation can be solved using
a minimal number of point correspondences. Such minimal
solutions are very important in practical applications since
they can be combined with random sampling schemes such
as RANSAC [3] in order to identify outliers and robustly
estimate pose [20]. The size of a minimal set is directly
related to the total number of samples that need to be drawn
in order to find a solution with acceptable confidence. As
a result, techniques for solving systems of algebraic equations that arise in the solution of minimal or near minimal
problems have attracted considerable interest in recent years.
These systems are characterized by many unknowns and high
degrees that render them challenging for general polynomial
system Gröbner solvers. Fortunately, many vision problems are
characterized by the property that the monomials appearing
in the set of input polynomials for non-degenerate image
measurements remain the same [18]. This, in turn, implies
that general-purpose solvers are not necessary for dealing with
them. Instead, special solvers tailored to such particularities
have demonstrated to be more efficient and robust [18], [21].
The Gröbner basis method [22], [23] is a technique for
solving systems of polynomial equations that has found increased use in computer vision due to its effectiveness in
solving systems of algebraic equations that arise in the solution
of minimal problems. It is applied using the action matrix
approach that aims to transform the problem of finding the
solutions to a system of polynomials to that of finding the

eigenvectors of a special action matrix. In simpler terms, this
means that once the action matrix is found, the system of
polynomials can be solved through its eigendecomposition for
which established numerical techniques are available.
The dimension of the action matrix directly relates to the
number of solutions to the original system. The elements of the
action matrix are polynomial combinations of the coefficients
of the input polynomials. These polynomial combinations are
found in an offline, preprocessing stage that is performed
only once for a certain problem and aims to generate an
elimination template by multiplying the original equations
with different monomials. Gauss-Jordan elimination applied to
the elimination template generates the action matrix. Online
operation of the solver involves populating the elimination
template using the input coefficients, computing its GaussJordan elimination to extract the action matrix and extracting
the solution from the latter using eigendecomposition.
The Gröbner basis method was first introduced in the field
of computer vision by Stewénius [24], who applied it manually
as did all early adopters of this method that followed. However,
applying the Gröbner basis method manually is a laborious and
error-prone task, which led Kukelova et al. [18] to develop a
generator that automatically constructs elimination templates
based on symbolic computer algebra. An automatic generator
accelerates the development of Gröbner basis solvers, extends
their applicability and makes their design simpler and repeatable. Availability of the generator [18] sparked more interest
in the topic and instigated the study of additional minimal
solvers, e.g. [7], [19], [1]. Improvements to the automatic
generator were later proposed in [21].
IV. PARAMETERIZATION OF ROTATION
We begin by providing some background on the Cayley
representation of a rotation. The Cayley transform [14] parameterizes a rotation matrix with the three-parameter Rodrigues
or Gibbs vector g by mapping the skew-symmetric matrix [g]×
of vector g to a rotation matrix:
R =(I3 − [g]× )−1 (I3 + [g]× )
=(I3 + [g]× )(I3 − [g]× )−1 .

(1)

The Cayley transform is often invertible (i.e., when I3 +[g]× is
invertible) and the inverse is given by (I3 −[g]× )(I3 +[g]× )−1 .
A widely used representation of orientation is provided by
unit quaternions. Quaternions are a redundant but free of singularities parameterization. They are defined as q = (qs , qv )T
with kqk = 1 and can be seen as vectors that lie on the
unit sphere in R4 [25], [15]. Components qs and qv are
respectively the quaternion’s scalar and vector parts. Antipodal
unit quaternions, i.e. q and −q, represent the same rotation.
This implies that the mapping between quaternions and 3D
orientations is 2:1, a property known as the “double cover” or
the “2-fold symmetry”.
The Rodrigues vector g is related to the representations of
the principal axis – angle as well as the quaternion with
 
qv
Φ
=
,
(2)
g = e tan
2
qs

where e, Φ are the principal axis and angle, whereas (qs , qv )
is the quaternion [25]. From the last formula is clear that the
Rodrigues vector representation is singular and discontinuous
when the principal rotation angle Φ equals π. This is the price
paid for the Rodrigues vector providing a one-to-one mapping
for rotations, i.e. both q and −q map to the same vector g.
The inverse relation, i.e. the unit quaternion in terms of the
Rodrigues vector is given by


1
1
.
(3)
q= p
g
1 + kgk2
We next focus on the modified Rodrigues parameters
(MRPs) which are a minimal rotation parameterization. They
are the stereographic coordinates of quaternions and, as such,
they are mapped rationally and bijectively to the quaternion
sphere. Rotation parameterization with the MRP vector ψ
originated in the field of aerospace engineering [25], [26] and
was recently introduced to computer vision by [15]. Vector ψ
is related to the representations of the principal axis – angle as
well as that of the quaternion with the following expressions
 
qv
Φ
=
,
(4)
ψ = e tan
4
1 + qs
where e, Φ are again the principal axis and angle, and qv , qs
are respectively the vector and scalar parts of quaternion q.
MRPs double the range of the classical Rodrigues parameters
and encounter a singularity at a principal rotation of Φ = ±2π.
Conversely, the unit quaternion in terms of ψ is [15]:
qs =

1 − kψk
1 + kψk

2
2,

qv =

2ψ
1 + kψk

2

(5)

From eqs. (2) and (5) it is clear that the Rodrigues vector is
related to the MRPs via g = 2ψ/(1 − kψk2 ).
Just like quaternions q and −q refer to the same orientation,
there are two possible MRP vectors that represent the same
physical orientation; one is called the “shadow” MRP of the
other and is denoted next as ψs . However, their coordinates
are not opposite but are related by the following expression:
ψs = −

ψ
2

kψk

(6)

If an MRP vector corresponds to a principal rotation Φ, its
shadow vector corresponds to rotation Φ − 2π. Both represent
the same orientation, but become singular at different angles;
notice that ψs is singular for Φ = 0 and zero for Φ = ±2π.
V. NAKANO ’ S O PTIMALITY C ONDITION
Nakano developed in [1] an optimality condition for PnP
that is independent of the rotation parameterization. In this
section, we provide a brief overview of his approach and refer
the interested reader to the original publication for details.
Let Mi ∈ R3 , i ∈ {1, . . . , n} be a set of known Euclidean
world points and mi their corresponding homogeneous normalized projections on the Z = 1 plane of an unknown camera
coordinate frame. PnP seeks to recover the rotation matrix R
and translation vector t which are such that the homogeneous

image points R Mi + t are in agreement with the known projections mi . Various cost functions can be used to quantify this
agreement, based on either algebraic or geometric distances
(e.g. reprojection error). Nakano employed an algebraic cost
function which demands that mi and R Mi + t are parallel:
minimize
R, t

n
X

k[mi ]× (R Mi + t)k2
(7)

i=1

s.t. RT R = I3 and det(R) = 1,
where k k indicates the Euclidean norm, I3 is the 3×3 identity
matrix and [m]× denotes the skew-symmetric cross product
matrix associated with the vector m, specifically:

 0
−m
m
z

[m]× =  mz
−my

y

0

−mx

mx

0

.

(8)

Algebraic manipulation after directly expressing the translation
vector in terms of rotation, converts (7) to the following
non-linear problem subject to the orthonormality and unit
determinant constraints for the rotation [1]:
minimize rT M r
R

(9)

s.t. RT R = I3 and det(R) = 1,
where M is a symmetric R9×9 matrix and r ∈ R9 the vector
formed by stacking the rows of R. For future use, we will
denote the inverse operation as mat(r) = R.
Using the first-order optimality condition, Nakano showed
in [1] that an optimality condition for the constrained minimization (9) is given by the following pair of equations:
P ≡ RT mat(Mr) − mat(Mr)T R = 0
Q ≡ mat(Mr) RT − R mat(Mr)T = 0.

(10)

The diagonal elements of both 3 × 3 matrices P and Q are
zero, whereas their off-diagonal elements are second degree
polynomials in R. Owing to symmetry, eq. (10) amounts to a
total of six polynomials corresponding to the elements of P
and Q that lie above the main diagonal, i.e.
P1,2 = 0

P1,3 = 0

P2,3 = 0
(11)

Q1,2 = 0 Q1,3 = 0 Q2,3 = 0,
where Pi,j , Qi,j are the (i, j) elements of matrices P and Q.
From the above discussion, solving (9) is equivalent to
solving the system of polynomials (11). Nakano studied three
different rotation parameterizations for solving this system,
namely a rotation matrix, a quaternion, and Cayley’s. Considering that the computational cost and numerical stability of
a solver employing Gröbner basis techniques depends on the
size of the elimination and action matrices, it is preferable to
employ parameterizations that give rise to the smallest such
matrices. Hence, observing that the Cayley parameterization
results in the most compact representation, Nakano proposed
its use for dealing with PnP and showed experimentally that
it achieves accuracy similar to [16].

VI. O PTIMAL DLS P N P WITH MRP S
By inspecting eqs. (2) and (4), it is clear that employing
the Cayley transform formula of eq. (1) with MRP vector ψ
yields a rotation with half the angle of rotation represented by
ψ. Hence, the rotation matrix corresponding to ψ is [25], [15]
R =(I3 − [ψ]× )−2 (I3 + [ψ]× )2
=I3 +

4(1 − kψk2 )[ψ]× + 8[ψ]2×
.
(1 + kψk2 )2

(12)

The denominator (1 + kψk2 )2 in eq. (12) can be eliminated
by multiplying both sides with it. The resulting scaled matrix
I3 (1 + kψk2 )2 + 4(1 − kψk2 )[ψ]× + 8[ψ]2× can be substituted
in place of R in eqs. (11). This is because equations (11)
are homogeneous, therefore they are not affected by scaling
with a non-zero factor. The ensuing polynomial system in the
components of vector ψ involves six multivariate equations of
maximum degree eight and is solved with the Gröbner basis
method using the automatic generator of [18].
The size of the elimination template computed by the generator for the MRP parameterization is 321×401 and that of the
corresponding action matrix 80 × 80. For comparison, Nakano
found that the elimination template and the action matrix
were 124 × 164 and 40 × 40 for the Cayley parameterization
and respectively 630 × 710 and 80 × 80 when rotation was
parameterized with the quaternion.
In theory, the MRP parameterization can yield up to 80
solutions for rotation, however we have empirically observed
that in practice, the non-imaginary ones are usually around
40. The best solution can be chosen as that minimizing either
eq. (9) or the reprojection error. Expectedly, due to the 2-fold
symmetry of the MRP parameterization, the solutions found
form shadow pairs. From eq. (4), it is evident that
If Φ ≤ π then ||ψ|| ≤ 1 else ||ψ|| > 1.
Thus, to disambiguate the shadow pair solutions, it suffices
to consider only those with a ψ magnitude not exceeding
one, i.e. those inside or on the unit sphere in R3 where the
representation is respectively 1:1 and 2:1. Given an estimate
of rotation, the translation can be computed in closed form, as
in [1]. Cheirality is enforced by requiring that the 3D points
transformed with the estimated pose lie in front of the camera.
It is noted at this point that the elimination template for
the MRP parameterization would be smaller if its generation
incorporated symmetry elimination techniques such as those
presented in [27], [28]. However, as implementations of such
methods are not publicly available, we have not applied them
in the context of the present work.
VII. AVOIDING S INGULARITIES
As already mentioned, the Cayley and MRP parameterizations of rotation are singular for rotations ±π and ±2π, respectively. To cope with singularities in the Cayley parameterization, Hesch and Roumeliotis [13] have performed rotations
of the input 3D points around the three principal axes by π/2,
solved the three resulting distinct PnP problems and selected

the solution achieving the best score. Interestingly, they appear
to have been unaware of the method of sequential rotations
which was developed by Shuster to deal with singularities
in the QUEST attitude estimation algorithm [29] that makes
implicit use of the Cayley vector [30], [31].
The key idea behind sequential rotations is to solve for
a rotation representing orientation with respect to a rotated
reference frame away from the singularity and then convert the
estimated rotation back to the original frame. More concretely,
assuming that Rπa is a prior rotation by π about one of the
principal coordinate axes (sub. a ∈ {x, y, z} specifies the axis)
applied to the input 3D points, the sought rotation can be seen
as the product of Rπa followed by a “surplus rotation” away
from π, i.e. R = Sa Rπa . For M of (9), a pre-rotation by Rπa
transforms it as AMAT , where A is the block diagonal matrix
 π

Ra 03 03
A =  03 Rπa 03 
03 03 Rπa
and 03 is the 3×3 zero matrix. It is shown in [30] that the angle
of rotation of at least one of matrices Sx , Sy , Sz and R is at
most 2π/3. In other words, at least one of these four matrices
is away from the singularity at 2π, hence at least one of the
systems (11) for the corresponding PnP problems can be safely
solved to provide Sa . Note that the fourth matrix corresponds
to no pre-rotation, i.e. the latter equals the identity I3 . The
usefulness of sequential rotations lies in that an acceptable
rotated frame is found without an initial orientation estimate.
VIII. E XPERIMENTS
This section reports results from the comparison of the
proposed MRP solver with Matlab implementations of stateof-the art algebraic solutions to PnP, namely optDLS [1],
DLS [13] and OPnP [16]. We employed the original authors’
own implementations of DLS and OPnP, whereas we generated
the optDLS solver ourselves and wrote a wrapper for selecting the best of the solutions it computes using as criterion
the reprojection error. The same criterion disambiguates the
solutions of our solver. For better performance, in the code
generated for optDLS and our proposed solver by the automatic Gröbner generator [18], we substituted the calls to rref
for the Gauss-Jordan elimination with equivalent invocations
of mldivide. Furthermore, rather than naively performing
matrix multiplications, matrix M in eq. (9) is efficiently
constructed by exploiting its structure (cf. supplement of [1]).
As we verified in [12], OPnP and optDLS are among the best
performing PnP solvers currently available.
Both optDLS and DLS include the three rotations by π/2
preprocessing to avoid the Cayley singularity. To stress this,
the two methods are indicated in the plots with the ‘+++’
suffix, i.e. optDLS+++ and DLS+++. Similarly, the proposed
MRP solver is applied using sequential rotations equal to
π as explained in Sec. VII, and is henceforth denoted by
optDLSmrp. Non-linear minimization of the reprojection error
with Levenberg-Marquardt is also initiated at the solution computed by OPnP. This corresponds to the maximum likelihood
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Fig. 3. Plots of maximum (left) and mean (right) root mean square (RMS)
reprojection error for 500 executions of each PnP solver on n = 10 random
points, contaminated with additive zero-mean Gaussian noise with standard
deviation 0.5 ≤ σ ≤ 5 pixels. For each σ, 500 trials are performed.
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Fig. 2. Plots of the mean rotation (left) and translation (right) errors for the
experiments of Fig. 1. The plots summarize 500 trials with n random points,
4 ≤ n ≤ 15 and additive zero-mean Gaussian noise of standard deviation
σ= 2 pixels.

estimate and is indicated with OPnP+LM in the plots. No such
root polishing is applied to the output of any other method.
We adopted the evaluation protocol of [16] and employed
their testing framework1 with limited modifications. For the
convenience of the reader, we repeat next the basic assumptions. The dimensions of the simulated camera are 640 × 480
pixels and its focal length 800 pixels. The simulated 3D points
are randomly distributed in a rectangular parallelepiped with
size [−2, 2]×[−2, 2]×[4, 8]. The ground truth translation ttrue
is chosen equal to the centroid of the simulated 3D points and
the ground truth translation Rtrue is generated randomly.
The rotational error is measured as the maximum angle
(in degrees) between corresponding columns of the true and
arccos ((ritrue )T ri )180
},
estimated rotation matrices, i.e. max3i=1 {
π
while the translational error is measured by the percent of the
relative difference between the true and estimated translation
−tk100
.
vectors, i.e. kttruektk
In the first set of experiments, the number of points n
is increased from 4 to 15 in steps of 1, and zero-mean
Gaussian noise with σ = 2 pixels is added to the image
projections. For each value of n, 500 independent test sets
are generated. Figure 1(a) shows the maximum root mean
1 Downloaded

from https://sites.google.com/site/yinqiangzheng/.

(b) Translation error

15

Fig. 4. Plots of the mean rotation (left) and translation (right) errors for
the experiments of Fig. 3. The plots summarize 500 trials with n = 10
random points and additive zero-mean Gaussian noise of standard deviation
0.5 ≤ σ ≤ 5 pixels.

square (RMS) reprojection errors across all executions of the
compared methods. The motivation for plotting the maximum
of the RMS reprojection errors is that it will indicate whether
these methods consistently approach the minimum for a given
n. The same is not true if the mean is used in place of the
maximum, as any spikes will be averaged out. Nevertheless,
for completeness, plots showing the corresponding mean RMS
reprojection errors are also included in Fig. 1(b). Mean rotation
and translation errors for the same experiments are in Figure 2.
A second set of experiments focuses on the performance
of the methods when the number of points is kept fixed to
10 and the noise standard deviation is varied from 0.5 to 5
pixels in increments of 0.5. Again, 500 trials are performed
for each noise level. Figure 3 shows the maximum and
mean RMS reprojection errors across all executions of the
compared methods, whereas the corresponding mean rotation
and translation errors are in Figure 4.
It is clear from the plots that the results obtained by
our optDLSmrp are practically indistinguishable from those
obtained with the rest of the algebraic methods. Point sets
of smaller size are generally more susceptible to noise, an
observation that has previously been made by others [32].
Finally, the reprojection error achieved by OPnP+LM is
the smallest, which is expectable as it corresponds to the
maximum likelihood estimate that minimizes a geometrically
meaningful error function.
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Fig. 5. Average execution times (in milliseconds) of the various solvers. The
plot summarizes 500 trials for n ∈ {4, 104, 204, . . . , 2004} random points
and additive zero-mean Gaussian noise of standard deviation σ= 2 pixels.

The computational cost of Matlab implementations of the
various methods is illustrated in Figure 5, which shows their
average execution time for fixed noise with σ = 2 and varying
numbers of points n that increase from 4 to 2004 in increments
of 100. For each value of n, 500 trials are performed. Compared to optDLS, optDLSmrp requires between about 1.3 to
5 times more time, for large and small sets respectively. Both
achieve sublinear computation time.
IX. C ONCLUSION
This paper has presented a globally optimal direct least
squares method for the PnP problem. It couples Nakano’s
optimality condition with the modified Rodrigues parameters
(MRPs) representation of rotation to derive a system of polynomial equations. The Gröbner basis solution of this system is
combined with a scheme that avoids the full rotation singularity of MRPs to obtain a novel solution to PnP. Comprehensive
experiments with simulated data have demonstrated the effectiveness and robustness of the proposed approach. An implementation is at https://github.com/mlourakis/optDLSmrp/.
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