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Abstract
The Age of Incorrect Information (AoII) is studied within the con-

text of remote monitoring a Markov source using variable-length

stop-feedback (VLSF) coding. Leveraging recent results on the non-

asymptotic channel coding rate, we consider sources with small

cardinality, where feedback is non-instantaneous as the transmitted

information and feedback message have comparable lengths. We

focus on the feedback sequence, i.e. the times of feedback trans-

missions, and derive AoII-optimal and delay-optimal feedback se-

quences. Our results showcase the impact of the feedback sequence

on the AoII, revealing that a lower average delay does not necessar-

ily correspond to a lower average AoII. We discuss the implications

of our findings and suggest directions for coding scheme design.
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1 Introduction
A noteworthy portion of the recent literature has been devoted to

low-latency communications and their impact on modern applica-

tions. Even though the holy grail of this family of problems is the
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delay characterization of a network [2], there are special applica-

tions where the timeliness of the data is the main requirement. The

increasing list of examples includes autonomous driving, critical

infrastructure monitoring, emerging augmented reality network

applications, and haptic communications. This aspect of communi-

cation is captured by the Age of Information (AoI) metric, which

evaluates the freshness of the status updates received at a moni-

tor from a remote source [9]. More specifically, the instantaneous

AoI at time 𝑡 is defined as the difference 𝑡 − 𝑢𝑡 , where 𝑢𝑡 is the

time-stamp of the most recent update.

Since its introduction, AoI has attracted the interest of researchers

and engineers from many fields [20]. Nevertheless, a shortcoming

of the conventional AoI metric is that it quantifies the information

freshness but omits the dynamics of the data source. For example,

consider a source that changes rapidly and another that changes

slowly. After some time, the samples generated simultaneously

from the two sources will have the same AoI, yet the sample of the

rapidly changing source is possibly less useful for decision-making.

This observation led to the proposal of the Age of Incorrect

Information (AoII) metric, which is the main focus of this work. AoII

is a content-aware metric that measures the time that information

at the monitor is incorrect, weighted by the magnitude of this

incorrectness as measured by an error function [13]. More precisely,

let 𝑔(𝑋𝑡 , 𝑋𝑡 ) denote an error function at time 𝑡 between the source

𝑋𝑡 and its estimation 𝑋𝑡 at the receiver. Moreover, define the age

function,

Δ𝑡 ≜ 𝑡 − ℎ𝑡 , (1)

where ℎ𝑡 is the last time instant when the error 𝑔(𝑋ℎ𝑡 , ˆ𝑋ℎ𝑡 ) was
zero. The instantaneous AoII at time 𝑡 is simply the product

𝛿𝑡 ≜ Δ𝑡 · 𝑔(𝑋𝑡 , 𝑋𝑡 ) . (2)

An example of the AoII metric is shown in Fig. 1.

The AoII has been studied in a system with a Markov source, a

constant transmission delay and a resource constraint in [13], and

with task-oriented age functions in [12]. In [3], the setup is extended

with HARQ for error correction. In [10], the authors consider the

case where the Markov source parameters are unknown. In [5], a

system with arbitrarily distributed transmission delay is considered.

The above works assume communication over an erroneous

channel, where the probability of error and transmission time are

taken as fixed parameters. However, these two parameters are corre-

lated since a lower probability of error requires a longer blocklength.
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Figure 1: An example where a binary source is sampled and
transmitted at every time slot. Successful decodings occur at
time slots 𝑑𝑖 , 𝑖 = 1, 2, 3, whereas the respective samples were
generated at slots 𝑠𝑖 = 𝑑𝑖−1. The error describes themismatch
between the source and the received values at the monitor.
The AoII measures the time the error has been positive.

Moreover, these parameters are channel- and source-dependent.

Combining information-theoretic results and timeliness metrics has

been a major challenge since most classical results are asymptotic,

assuming infinite blocklength. Recently, non-asymptotic achievabil-

ity and converse bounds were proved for fixed blocklength codes

in [16] and their variable-length counterparts in [17].

Our work analyzes the minimum achievable average AoII in the

non-asymptotic regime, where we investigate the impact of feed-

back time instances for variable-length stop-feedback (VLSF) codes.

With VLSF coding, information is encoded into a theoretically infi-

nite codeword, which is then segmented into packets. These packets

are sequentially transmitted over the channel. Upon receiving a

packet, the receiver attempts to decode the information, taking into

consideration all previously received packets. Suppose the decoding

is successful, meaning that the probability of error is less than or

equal to a specified constant 𝜖 . In that case, the receiver notifies the

transmitter with an acknowledgement (ACK) feedback message.

Otherwise, a negative acknowledgement (NACK) is sent to request

more channel outputs. Noticeably, this communication setting is

very similar to hybrid automatic repeat request with incremental

redundancy (HARQ-IR).

We consider sources with small cardinality, which implies that

the transmitted information and feedback message may have simi-

lar lengths. Hence, we assume that feedback is not instantaneous,

thus delaying the transmission of additional coding symbols when

needed by the decoder. We are interested in optimizing the feedback
sequence, i.e. the time slots where decoding occurs and feedback is

generated. Essentially, the feedback sequence determines the length

of the individual packets that a codeword is segmented into.

To derive optimal feedback sequences, it is necessary to use the

probability mass function of the required blocklength for successful

decoding. Since there is no closed-form result for VLSF codes, we

approximate it. More precisely, we use Monte Carlo methods that

simulate variable-length transmissions by calculating a bound on

the probability of error and terminating the transmission when the

probability of error achieves a threshold 𝜖 . This method was intro-

duced in [17] for the binary symmetric channel and later iterated

for the Gaussian channel in [15]. Our approach works with any

preferred probability mass function, but we utilize the approxima-

tion for the Gaussian channel since it is a highly important model

for wireless communications.

Several works have dealt with variable-length coding with finite

blocklength in the context of the AoI metric. Yet, most of them

utilize the fixed-blocklength results of [16] in a simple ARQ setting

assuming the decoder has perfect knowledge of decoding errors. Ex-

amples of such works include [18] which analyzes variable-length

codes, the paper [21] that approximates the optimal blocklength for

vehicular networks, the paper [19] for multicast networks under en-

ergy constraints, and [7] that demonstrates the effect of blocklength

on the violation probabilities of delay and peak AoI. Notably, the

latter is extended for VLSF coding in [6]. All of the above works as-

sume instantaneous feedback. Moreover, they focus on equi-length

packets, with the exception of [6] which also considers the average
blocklength in VLSF coding.

Very few papers consider the feedback sequence in retransmis-

sion schemes. We note [1], which draws the AoI-optimal feed-

back sequence for stationary policies with instantaneous feedback.

In [14], the presence of feedback incurs a reduction in the number of

transmissions, leading to insightful results. Our work differentiates

itself by directly considering the feedback delay.

To the best of our knowledge, this is the first work to analyze

the AoII with VLSF coding. It is also the first to optimize the AoII

with positive feedback delay when monitoring sources with small

cardinality. Additionally, this is the first time in the AoII research

that the feedback sequence is included as part of the optimization

problem.

The main contributions of this paper are summarized as follows:

• The average AoII of a Markov source is studied in a VLSF

channel coding scheme, where feedback is considered to

have a constant (possibly positive) delay.

• The optimization problem for the feedback sequence is for-

mulated as a Markov decision process (MDP). We develop

MDPs for both AoII-optimal and delay-optimal feedback

sequences of VLSF codes. As a baseline reference, we also

compute the delay-minimal periodic feedback sequences.

• The selected feedback sequences are compared for varying

SNR figures. It is demonstrated that a lower average delay

does not necessarily correspond to a lower average AoII.

On the other hand, the structure of the feedback sequence

plays a significant role, exemplified by the surprisingly good

performance of the periodic feedback sequences.

In Section 2, the key elements of the system are described. Section

3 presents the mathematical formulation and algorithmic solution

of the problem. Numerical results are produced in Section 4 and in

Section 5 conclusions are made.
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2 Problem Definition
2.1 Communication model
We consider a discrete-time communication model over a Gaussian

channel, where the SNR is denoted by 𝛾 . The duration of one time

slot is constant and equal to the transmission time of a single coding

symbol, i.e. one channel use. The transmitter monitors a data source

and samples it at every time slot. Let the sample at time 𝑡 be denoted

with𝑋𝑡 . Note that the samples𝑋𝑡 and𝑋𝑡 ′ might be identical, where

we say they carry the same information. At each time-slot 𝑡 , the

transmitter takes an action 𝑦𝑡 ∈ {0, 1}, where 𝑦𝑡 = 0 denotes the

wait action and 𝑦𝑡 = 1 denotes the transmit action.
We employ variable-length stop-feedback codes, denoted as

(𝑙 ,𝑀 ,𝜖) VLSF codes, where 𝑙 is the average blocklength, 𝑀 is the

codebook size, and 𝜖 is the average probability of error [17]. More

precisely, 𝑙 is the average number of coding symbols needed for

decoding when the decoder makes a decision that can be incor-

rect with probability 𝜖 . We assume an incorrect decision outputs a

uniformly distributed value over the residual source values.

We focus on the zero-tolerance policy, i.e. transmissions with

fresh samples occur as long as the AoII is positive. This policy is a

special case of a threshold-based policy where the threshold is equal

to zero, and aligns with the results of related works. For example,

the works [3, 10, 12, 13] prove that the optimal transmission policies

in various systems with resource constraints are threshold-based,

where it can be seen that they become the zero-tolerance policies

when the resource constraints are taken away.

2.2 Feedback Sequence
The transmitter sends a predefined number of codeword symbols

before receiving a feedback signal. We refer to this group of symbols

as a packet, where the first packet is transmitted before the first

feedback signal, and so on. The length of the 𝑟 -th packet is fixed

and equal to 𝜈𝑟 for all source values. The sequence {𝜈𝑟 } is referred
to as the feedback sequence, as it specifies the times of feedback

transmissions.

Taking into account the transmission time of the feedback signal,

an additional delay is incurred which equals a constant 𝛽 number

of time slots. A total number of 𝜈𝑟 + 𝛽 time slots are required

for the transmission 𝑟 -th packet and its feedback reception. If the

transmitter decides to transmit, the entire 𝜈𝑟 symbols must be

transmitted without interruptions. Accordingly, 𝛽 time slots are

required for the feedback signal after transmitting those 𝜈𝑟 symbols,

where the transmitter must stay idle.

Let 𝑝𝑐 (𝑚) ∈ [0, 1) denote the probability that the decoder stops

(succeeds) at the𝑚-th received symbol if decoding is attempted at

every symbol. The probability function for the Gaussian channel

is estimated according to [15]. When decodings are attempted at

each packet, the probability that the decoder succeeds at the 𝑟 -th

packet is

𝑝𝑠 (𝑟 ) ≜
𝐿𝑟∑︁

𝑚=𝐿𝑟−1+1
𝑝𝑐 (𝑚), (3)

where 𝐿𝑟 ≜
∑𝑟
𝑖=1 𝜈𝑖 is the total number of symbols received up to

the 𝑟 -th packet. Then, the conditional probability 𝑝 (𝑟 ) ∈ [0, 1) that
the decoder succeeds at the 𝑟 -th packet, given it had failed up to

the previous packet is

1 2 3
. . . 𝑀

𝛼 𝛼 𝛼 𝛼

𝜇𝜇

𝜇𝜇

𝜇

𝜇

𝜇

𝜇

𝜇

𝜇

𝜇

𝜇

Figure 2: The symmetric Markov source under consideration.

𝑝 (𝑟 ) = 𝑝𝑠 (𝑟 )
1 −∑𝑟−1

𝑖=1 𝑝𝑠 (𝑖)
. (4)

In practical communication systems, the maximum number of pack-

ets or channel uses is constrained [8]. We achieve this by requiring

the following equality, ∑︁
𝑖

𝜈𝑖 = 𝐿, (5)

where 𝐿 is the maximum number of coding symbols per sample. As

𝐿 increases, the probability of successful decoding after receiving

all packets approaches 1. For our numerical analysis, we experi-

mentally define 𝐿 as the maximum number of symbols required for

successful decoding in 10
6
iterations (sample transmissions) of the

simulation described in [15].

2.3 Source Model
This work focuses on symmetric Markov sources, as illustrated

in Figure 2. In this context, 𝑃 (𝑋𝑡+1 = 𝑋𝑡 | 𝑋𝑡 ) = 𝛼 , and 𝑃 (𝑋𝑡+1 =
𝑥 | 𝑋𝑡 ) = 𝜇 ∀ 𝑥 ∈ {1, . . . , 𝑀} \ 𝑋𝑡 . This model represents the

situation where the source changes every 𝑌 time slots, where 𝑌

is geometrically distributed with parameter 1 − 𝛼 , and the source

changes uniformly over the residual source values.

Since the cardinality of the source is𝑀 , each sample requires 𝑘

bits for its representation, where

𝑘 = ⌈log
2
𝑀⌉ . (6)

Let P denote the (single-step) transition probability matrix of the

Markov source in Fig. 2,

P ≜
©­­­­«

1 2 . . . 𝑀

1 𝛼 𝜇 . . . 𝜇

2 𝜇 𝛼 . . . 𝜇

.

.

.
.
.
.

. . .
.
.
.

𝑀 𝜇 𝜇 . . . 𝛼

ª®®®®¬
(7)

The probability of the 𝑡-th step transition from the state 𝑖 to the

state 𝑗 is given by the (𝑖, 𝑗)-th element of P𝑡 , denoted by P𝑡
𝑖 𝑗
. Due

to the symmetry of the Markov chain, P𝑡
𝑖 𝑗
is constant and equal for

all 𝑖 = 𝑗 and P𝑡
𝑖 𝑗
is constant and equal for all 𝑖 ≠ 𝑗 .

We assume the following inequality

P𝑡𝑖𝑖 > P𝑡𝑖 𝑗 , ∀ 𝑖 ≠ 𝑗, 𝑡 ∈ N, (8)

which is equivalent to

𝛼 > 𝜇. (9)

The inequality in (8) implies two important remarks.
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Figure 3: The AoII process in the absence of successful de-
codings.

Remark 1. The most likely source value during decoding is the
transmitted one. Hence, the transmitter sends only the most recent
value of the source. Accordingly, if a NACK is received and the source
has changed, the transmitter discards the previous sample and sends
the most recent.

Remark 2. The optimal estimator at the receiver outputs the fresh-
est sample available.

For the error function, we employ an indicator function,

𝑔(𝑋𝑡 , 𝑋𝑡 ) = 1{𝑋𝑡≠𝑋𝑡 } . (10)

This error function penalizes any information mismatch between

the source and the monitor equally. This function can also arise

by truncating more complex error functions. In this case, some

information is sacrificed in exchange for the tractability of the

optimization problem.

3 Mathematical Formulation
This work aims to optimize the feedback sequence {𝜈𝑟 } for the
average AoII. A feedback sequence can be represented as an 𝐿-

length binary sequence, with a 1 at the 𝑗-th position indicating

feedback after the reception of the 𝑗-th symbol. Hence, the brute

force method for finding the optimal feedback sequence scales in

𝑂 (2𝐿). To address this, we utilize an MDP formulation. We assume

that an ACK always corresponds to decoding the transmitted value.

In practice, this assumption approximates the solution for an 𝜖

that is near zero and allows for simpler mathematical derivations.

We define an MDP for AoII-optimal and then derive an MDP for

delay-optimal feedback sequences. Further details are available in

the extended manuscript [4].

It can be shown that the AoII process is influenced only by

successful decodings, while at all other time slots, it progresses as

the Markov chain in Fig. 3. In addition, only decodings of correct
values decrease the AoII. Thus, the optimization problem pertains

to the minimization of the time elapsed from the initiation of a

transmission until the next successful decoding of a correct value.

In the context of the optimization problem, since the transmitter

cannot initiate a new transmission during feedback transmission,

an additional penalty is paid, which is the average AoII between

the time of the previous correct value decoding and the subsequent

feedback reception. This penalty can be computed utilizing the

Markov chain in Fig. 3. Since the feedback delay is equal to 𝛽 , it

suffices to constrict the length of the Markov chain up to state

numbered as 𝛽 . Let B denote the (𝛽+1)×(𝛽+1) transition matrix

of this Markov chain. The additional penalty due to the feedback

delay equals

𝑑
feedback

=

𝛽∑︁
𝑡=1

𝑡∑︁
𝛿=1

𝛿 · B𝑡
0𝛿

. (11)

Definition 1 (AoII-optimal Feedback Seqence MDP). The
process is an infinite-horizon average-cost MDP, defined as follows.
• The state of the MDP at time 𝑡 is the variable set 𝑆𝑡 = (𝑑𝑡 , 𝑏𝑡 , 𝑙𝑡 ) ∈
S, where 𝑑𝑡 is the time spent transmitting without successful decod-
ing, 𝑏𝑡 is the total number of symbols sent for the current sample
and 𝑙𝑡 is the number of symbols sent since the last feedback.

• The actions 𝑓𝑡 ∈ F , where the action space F = {0, 1} specifies
whether feedback is generated (𝑓𝑡=1) or not (𝑓𝑡=0).

• The cost of state 𝑆𝑡 is 𝑐 (𝑆𝑡 ) = 𝑑𝑡 + 𝑑feedback.
• The transition probability function 𝑃 (𝑆𝑡+1 | 𝑆𝑡 , 𝑓𝑡 ) is defined as
𝑃 ((𝑑𝑡 +1, 𝑏𝑡 +1, 𝑙𝑡 +1) | (𝑑𝑡 , 𝑏𝑡 , 𝑙𝑡 ), 0) = 1,

𝑃 ((𝑑𝑡 +𝛽, 𝑏𝑡 , 0) | (𝑑𝑡 , 𝑏𝑡 , 𝑙𝑡 ), 1) = (1 − 𝑝 (𝑏𝑡 ))P𝑙𝑡+𝛽𝑖𝑖
,

𝑃 ((𝑑𝑡 +𝛽, 0, 0) | (𝑑𝑡 , 𝑏𝑡 , 𝑙𝑡 ), 1) = 𝑝 (𝑏𝑡 ) (1−P𝑙𝑡𝑖𝑖 )+(1−𝑝 (𝑏𝑡 )) (1−P
𝑙𝑡+𝛽
𝑖𝑖

),

𝑃 ((0, 0, 0) | (𝑑𝑡 , 𝑏𝑡 , 𝑙𝑡 ), 1) = 𝑝 (𝑏𝑡 )P𝑙𝑡𝑖𝑖 .

Concerning the delay-optimal MDP, we track the transmission

time of a single sample. That is, we penalize the time spent until

decoding when packets are transmitted without discarding the old

sample for a fresher one. For this reason, we do not penalize the

delay incurred by the feedback of a previous sample transmission.

It can be seen that the delay-optimal MDP is a special case of the

AoII-optimal MDP, as follows.

Definition 2 (Delay-optimal Feedback Seqence MDP). The
MDP is similar to the AoII-optimal MDP (Def. 1), with the exception
that P𝑙

𝑖𝑖
� 1 ∀ 𝑙 ∈ N and 𝑑feedback � 0.

Notice that the MDPs in Def. 1 and Def. 2 are unichain, i.e. there

exists a single recurrent class. Hence, by [11, Thm. 6.5.2], the op-

timal actions can be found by solving the corresponding Bellman

equations, which can be performed iteratively with the relative

value iteration (RVI) algorithm [11].

Since the RVI encompasses multiple iterations over the state

space, it is important to discuss the computational effort due to

the matrix power operations. Firstly, the operation B𝑡 , 𝑡 = 1, . . . , 𝛽

is commonly easy to compute since B is (𝛽+1) × (𝛽+1) and 𝛽 is

typically a small figure. On the other hand, the computation of P𝑙 ,
𝑙 = 1, . . . , 𝐿+𝛽 can be very expensive as P is 2

𝑘 × 2
𝑘
. To tackle

this issue, we develop an efficient version of this operation. The

main idea is to split the source states into two groups: the first

contains only the current source state, and the second contains

the rest. Due to the symmetry of the source model, we do not lose

any information by considering the transitions between those two

groups. To this end, define the simplified transition matrix

P ≜

(
𝛼 1 − 𝛼

𝜇 1 − 𝜇

)
, (12)

and notice that P𝑠
𝑖𝑖
= P𝑠

11
for any power 𝑠 , reducing dramatically

the computational complexity of the power operator.

Having derived the optimal feedback policy for each (𝑑𝑡 , 𝑏𝑡 , 𝑙𝑡 )
MDP state, we shall extract the feedback sequence {𝜈𝑟 }. To this

end, beginning at the state (0, 0, 0), we transit to the next state
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Figure 4: AoII as a function of SNR for 𝛽 = 1 and 𝑘 = 10 bits.
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Figure 5: AoII as a function of SNR for 𝛽 = 1 and 𝑘 = 100 bits.

based on the feedback policy assuming that the source does not

change and the decoding fails. This process is repeated until a state

with parameter 𝑏𝑡 = 𝐿 is reached. The algorithm is detailed in the

extended version of the paper [4].

Lastly, as a baseline reference, we compare the above feedback

sequences with a minimum-delay periodic feedback sequence. A

periodic feedback sequence has the property that 𝜈𝑟 = 𝜈 ′ ∀ 𝑟 . Due

to the periodic property, the brute force method scales in 𝑂 (𝐿), so
an exact solution is easy to find.

Definition 3 (Minimum-delay Periodic Feedback Seqence).

Feedback is transmitted periodically, i.e. 𝜈𝑟 = 𝜈 ′ ∀ 𝑟 , where

𝜈 ′ = argmin

𝜈∈{1,...,𝐿}

⌈ 𝐿
𝜈
⌉∑︁

𝑟=1

𝑟 (𝜈 + 𝛽)𝑝𝑠 (𝑟 ), (13)

with the convention that 𝑝𝑠 (𝑟 ) =
∑𝐿
𝑚=𝐿𝑟−1+1 𝑝𝑐 (𝑚) for 𝑟 > 𝐿

𝜈 .

The last sentence in Def. 3 implies that when 𝐿 is not divisible

by 𝜈 , the transmitter stops transmitting the final packet at the 𝐿-th

symbol, whilst feedback is generated when the period ends at the

𝐿𝑟−1 + 𝜈 slot. Thus, the constraint on the maximum number of
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Figure 6: Delay as a function of SNR for 𝛽 = 1 and 𝑘 = 10 bits.
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Figure 7: Delay as a function of SNR for 𝛽 = 1 and 𝑘 =100 bits.

transmitted symbols per sample applies without limiting the search

space to the periods that divide 𝐿.

4 Numerical Results
In this section, numerical results are obtained by performing 1000

Monte Carlo experiments of horizon equal to 𝑇 = 10
5
. The chosen

parameters for the experiments are 𝛼 = 0.995, 𝑘 ∈ {10, 100} (bits),
average probability of error 𝜖 = 10

−3
, feedback delay 𝛽 = 1, and

SNR 𝛾 ∈ {0, 5, 10, 15, 20} (dB). More results are reported in [4].

Note that 𝛼 is seemingly large because each time slot equals the

transmission time of one coding symbol, which is typically very

short. Figures 4-5 illustrate the average AoII for 𝑘 = 10 and 𝑘 = 100

respectively, and Figures 6-7 illustrate the corresponding delay.

We observe that the delay-optimal and AoII optimal feedback

sequences do not coincide, while their performance difference in-

creases with 𝑘 . Notably, the delay-optimal feedback does not always

perform better than the conventional periodic feedback. This is ap-

parent for 𝑘 = 100 and 𝛾 < 10. A potential explanation for this can

be given by examining the feedback sequences, shown in Fig. 8 for

𝛾 ∈ {0, 5, 15}. We conjecture that since decisions are made only after

the reception of feedback, the content of a sufficiently long packet
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Figure 8: Feedback sequences for 𝑘 = 100. A spike at the𝑚-th symbol indicates that feedback is generated after its reception.

becomes obsolete with a high probability before it is attempted

to be decoded, while the transmitter does not have the chance to

discard the obsolete sample early. However, this is not the case in

high SNRs or small sources because packets are generally short.

5 Conclusions
This paper focuses on the minimization of the AoII using VLSF

coding, where we studied the role of the time instances of feed-

back generation, i.e. the feedback sequence, when feedback delay

is positive. Assuming a Markov source, we formulated the problem

as an MDP and derived AoII-optimal and delay-optimal feedback

sequences. As a baseline reference, we employed delay-minimal

periodic feedback sequences. Numerical results illustrate that delay-

optimality does not necessarily imply AoII-optimality. Significantly,

periodic feedback sequences perform consistently close to the AoII-

optimal. In contrast, the delay-optimal sequences may deviate sub-

stantially, showing that the structure of the feedback sequence

plays a significant role as it allows the scheduler to not only stop

the transmission early but also make a new decision. Following this

observation, future work could explore efficient methods for deriv-

ing AoII-minimal periodic sequences. Notably, periodic feedback is

easy to implement in general networks, rendering it attractive for

various applications.
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