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Abstract

Docking or parallel parking maneuvers of mobile manipulators with nonholonomic

constraints, guided by vision sensory data, are considered. This corresponds to the

stabilization of a highly nonlinear system to a desired pose, for which time{varying

state feedback controls are employed, using a vision{based approximation of the sys-

tem's state. The vision data are provided by a camera carried by the arm of the mobile

manipulator, which tracks a target of reference, as the robot moves. Two approaches

are considered: the �rst involves continuous homogeneous time{varying controls, where

the state information is updated at frame rate from vision. In order to improve robust-

ness with respect to modeling errors, a second approach is explored, namely hybrid

time{varying controls involving a combination of open{ and closed{loop phases, where

the state information is updated from vision data only at the beginning of each period

of the periodic open{loop controls.

The experimental evaluation of the proposed techniques employs a nonholonomic

mobile manipulator prototype developed in the robotics laboratory of INRIA Sophia{

Antipolis, which o�ers the possibility of testing image understanding and control

schemes in real{time on a dedicated multiprocessor system. The sensory apparatus

of this robot is only crudely calibrated, hence our interest in control laws robust to

modeling errors.

�Joint work with Claude Samson, Projet Icare, INRIA Sophia{Antipolis, France
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1 Introduction

Sensor{based control strategies for robotic systems are well developed for manipulator arms;
visual{servoing, for instance, which consists in the direct use of visual feedback in a system's
control loop, (c.f. [7], [8], [9]), provides relatively simple and robust solutions to various
positioning and tracking tasks. Their extension to the case of mobile robots is of signi�cant
importance for practical applications (e.g. in automating the docking maneuvers of AGVs
in a manufacturing environment or the parallel parking maneuvers of cars). However, it
becomes complicated by the presence of nonholonomic kinematic constraints, necessitating
the use of more sophisticated nonlinear control tools.

We consider here the problem of exponential stabilization to a desired pose (position
and orientation) of a mobile manipulator composed of a nonholonomic wheeled unicycle{
type vehicle on which a holonomic manipulator arm is mounted. Localization of the mobile
manipulator relative to its environment is achieved using visual data issued from a camera
mounted at the tip of the manipulator arm. The nonholonomic constraints arise in the
present case from the rolling{without{slipping of the robot's wheels on the plane supporting
the system and constrain its instantaneous motion, whose component lateral to the head-
ing direction is zero. Previous work on this problem by Pissard{Gibollet and Rives [20]
attempted a direct extension of the holonomic visual{servoing approach: this achieved suc-
cessful positioning of the camera with respect to its environment, but not positioning of the
mobile platform of the system to a �nal desired position and orientation. Stabilization of the
nonholonomic mobile platform is, however, the core problem. Moreover, point stabilization
for such systems is, from the nonlinear control perspective, a harder problem than trajectory
tracking ([6]) and, since most previous work on sensor{based control of mobile robots deals
with trajectory tracking problems, this justi�es our interest in this stabilization problem.

Systems of this type can be modeled as drift{free controllable a�ne nonlinear systems
with fewer controls than states. Not only the linearization of these systems is uncontrollable,
but also there do not exist continuous feedback control laws, involving only the state, that
would asymptotically stabilize the system to an equilibrium. This is due to a topological
obstruction pointed out by Brockett [3]. One of the approaches developed to solve the sta-
bilization problem is the use of time{varying state feedback, i.e. control laws that depend
explicitly, not only on the state, but also on time, usually in a periodic way. Samson [25]
introduced them in the context of the unicycle point stabilization problem. Both the exis-
tence of continuous time{periodic stabilizing feedback controls for a wide class of systems
(Coron [4]) and systematic procedures for the construction of smooth asymptotic stabilizers
(Pomet [21], Morin, Pomet and Samson [17]) have been developed. As noted in Samson [25],
smooth time{varying feedback controllers stabilize the system, but convergence to the desired
equilibrium is only polynomial, not exponential. In fact, Lipschitz feedback can be shown
to be unable to achieve exponential stabilization (M'Closkey and Murray [14]). However,
Coron [5] established the existence of continuous only, time{varying controls, which stabi-
lize the system in �nite time and are smooth everywhere, except at the desired equilibrium.
This leads to the existence of continuous time{varying controllers, which achieve a particular
type of exponential stabilization (not exactly the classical one). M'Closkey and Murray [14]
and Pomet and Samson [22] derived continuous non{Lipschitz homogeneous time{varying
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exponentially stabilizing controls, which make the closed{loop system homogeneous of de-
gree zero. Morin and Samson [15], [16] improved the design of controllers of this class, by
providing ways of achieving a prespeci�ed rate of exponential stabilization.

The implementation of a closed-loop control scheme, such as the one above, for accurate
positioning and stabilization of the mobile manipulator to a desired con�guration, depends
upon our ability to estimate the state of the mobile robot at every time instant. This state
estimation may rely on the use of absolute positioning devices or, as in the present instance,
on the use of exteroceptive sensors (ultrasonic/infrared/vision sensors, laser range �nders,
etc.) for relative positioning with respect to environmental features.

The recovery of state information from sensory data requires appropriate models of the
sensory and mechanical apparatus, whose parameters, however, are often imperfectly known
due to, e.g. poor calibration of the system. This introduces unmodeled dynamics, which may
destroy the stability of the closed{loop system. As shown by Hermes [10], Kawski [12], and
Rosier [23], homogeneous exponentially stabilizing controls have some robustness properties
with respect to additive perturbations of degree of homogeneity greater than that of the
closed{loop system, but often this is not enough. Robustness with respect to a more general
class of additive perturbations is examined by Bennani and Rouchon [2] and Morin and
Samson [18] and leads to hybrid time{varying stabilizers consisting of consecutive open{
and closed{loop phases. These stabilizers use open{loop steering of the system to the origin,
which is periodically updated by state information at discrete time instants. Between two
such time instants, the part of the controls that depends on the state is constant, but the
controls themselves are not.

Both the continuous homogeneous and the hybrid time{varying exponentially stabilizing
controls are applied to the mobile platform of our system, which is also equipped with a
vision sensor mounted at the tip of the manipulator arm. The extra degrees{of{freedom
associated with the arm make it possible to position the end{e�ector (and thus the camera)
independently from the mobile platform. In this way, the camera can be made to track a
target of interest (c.f. Aloimonos and Tsakiris [1], Papanikolopoulos, Khosla and Kanade [19]
and the references on tracking surveyed in [8]), while the nonholonomic mobile platform
performs the maneuvers necessary to its own positioning.

For simplicity, we only consider the planar case, where a mobile platform of the unicycle
type carries an n{degree{of{freedom planar manipulator arm, with a camera that moves
parallel to the plane supporting the mobile robot. Similarly, we only consider the kinematic
model of the mobile robot, which is su�cient to handle the problems due to the nonholonomic
constraints. A more detailed treatment of modeling, of real{time control architecture and
of the control via continuous homogeneous time{varying exponential stabilizers appears in
[26], [27], [28] and the references there.

In section 2, the kinematics and vision system of a nonholonomic mobile manipulator
with an n{d.o.f. planar arm are modeled. In section 3, the vision{based control scheme
using continuous homogeneous time{varying stabilizers for the mobile platform is presented,
together with related experimental results. In section 4, the vision{based control scheme
using hybrid time{varying stabilizers for the mobile platform, as well as some recent related
experimental results, are detailed.
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2 Modeling

2.1 Mobile Manipulator Kinematics

We consider a mobile robot of the unicycle type carrying an n{d.o.f. planar manipulator
arm with a camera mounted on its end e�ector (�gure 1 shows the case of n = 3).
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Figure 1: Mobile Manipulator with Camera

Consider an inertial coordinate system fFOg centered at a point O of the plane, a moving
coordinate system fFMg attached to the middle M of the robot's wheel axis and another
moving one fFCg attached to the optical center C of the camera. Let (x; y) be the position
of the point M and � be the orientation of the mobile robot with respect to the coordinate
system fFOg; let lm be the distance of the point M from the �rst joint B1 of the n{d.o.f.
planar arm, with l1; ::: ; ln being the lengths of the links of the arm and  1; ::: ;  n being its
joint coordinates.

Let (xMC ; yMC; �MC) represent the con�guration of fFCg with respect to fFMg;
(xCT ; yCT ; �CT ) represent the con�guration of fFTg with respect to fFCg; (xC ; yC ; �C) rep-
resent the con�guration of fFCg with respect to fFOg and (xT ; yT ; �T ) represent the con�g-
uration of fFTg with respect to fFOg; where xT = d is the distance of point T from point O
and yT = �T = 0:

From the kinematic chain of �gure 1, we have for the case of an n{degree{of{freedom
manipulator arm:

�C = � +
nX
i=1

 i ; xC = x+ lm cos � +
nX
i=1

li cos (� +
iX

j=1

 j) ;

yC = y + lm sin � +
nX
i=1

li sin (� +
iX

j=1

 j) :

(1)
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Velocity Kinematics: By di�erentiating the chain kinematics of the mobile manipulator
and its environment, assuming that we consider stationary targets and solving for the spatial
velocity of the target frame with respect to the camera frame �CT ; we get

�CT
def
=

0
B@

_xCT + _�CT yCT
_yCT � _�CT xCT

_�CT

1
CA =

�
B1;1 B1;2

� _X
_q

!
; (2)

where X
def
= (x; y; �)> is the state of the mobile robot, while q

def
= ( 1;  2; :::;  n)

> is the
con�guration of the manipulator arm and where the matrix B1;1 is0

B@
� cos �C � sin �C b

1;1
1

sin �C � cos �C b
1;1
2

0 0 �1

1
CA ; (3)

with �C given by equation 1, b1;11
def
= �lm sin (

Pn
i=1  i) �

Pn�1
i=1 li sin (

Pn
j=i+1  j); b

1;1
2

def
=

�lm cos (
Pn
i=1  i) �

Pn�1
i=1 li cos (

Pn
j=i+1  j) � ln and with the 3 � n matrix B1;2; being the

Jacobian of the manipulator arm.

Nonholonomic Constraints: The nonholonomic constraints on the motion of the mobile
robot arise from the rolling{without{slipping of the mobile platform's wheels on the plane
supporting the system. Due to these constraints, the instantaneous velocity lateral to the
heading direction of the mobile platform has to be zero.

From this we get the usual unicycle kinematic model for the mobile platform:

_x = v cos � ; _y = v sin � ; _� = ! ; (4)

where v
def
= _x cos �+ _y sin � is the heading speed and ! is the angular velocity of the unicycle.

Then

_X = B3;1(X)

 
v

!

!
=

0
B@ cos � 0

sin � 0
0 1

1
CA
 
v

!

!
: (5)

2.2 Vision Model

Consider a target containing three easily identi�able feature points arranged in the con�g-
uration of �gure 1. The coordinates of the three feature points with respect to fFTg are
(xfTgp ; yfTgp ); p 2 fl; m; rg: The distances a and b (�g. 1) are assumed to be known. The
coordinates of the feature points with respect to the camera coordinate frame fFCg can be
easily found.

We assume the usual pinhole camera model for our vision sensor, with perspective pro-
jection of the target's feature points (viewed as points on the plane IR2) on a 1{dimensional
image plane (analogous to a linear CCD array). This de�nes the projection function P of a
point of IR2; which has coordinates (x; y) with respect to the camera coordinate frame fFCg;
as

P : IR+ � IR �! IR : (x; y) 7�! P(x; y) = f
y

x
: (6)
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where f is the focal length of the camera. In our setup, the coordinate x corresponds to
\depth".

Let the projections of the target feature points on the image plane be Yp =

P(xfCgp ; yfCgp ); p 2 fl; m; rg; given by 6. The vision data are then Yv
def
= (Yl; Ym; Yr)

>: Di�er-
entiating 6, we get the well{known equations of the optical ow [11] for the 1{dimensional
case:

_Yv = B2;1(Yp; x
fCg
p ) �CT =

0
BBB@

� 1

x
fCg
l

Yl
1

x
fCg
l

f 1
f
(f 2 + Y 2

l )

� 1

x
fCg
m

Ym
1

x
fCg
m

f 1
f
(f 2 + Y 2

m)

� 1

x
fCg
r

Yr
1

x
fCg
r

f 1
f
(f 2 + Y 2

r )

1
CCCA �CT ; (7)

where the matrix B2;1(Yp; x
fCg
p ) corresponds to the Jacobian of the visual data, the so-called

interaction matrix [7], [8], [9].

2.3 The Full System

The above modeling equations of the mobile robot with the n{d.o.f. manipulator arm can
be regrouped to derive a few basic relations.

The state of the system is X = (X ; q)>: The velocity kinematics gives

 
�CT

_q

!
= B1(X) _X =

 
B1;1 B1;2

0n�3 IIn�n

! 
_X
_q

!
: (8)

The sensory data are Y = (Yv; q)
>: The optical ow equations give

_Y = B2(X)

 
�CT

_q

!
=

 
B2;1 03�n
0n�3 IIn�n

! 
�CT

_q

!
: (9)

The relationship between the state and the sensory data is Y = �(X): The corresponding
di�erential relationship is given by equations 8 and 9:

_Y =
@�

@X
(X) _X = B2(X)B1(X) _X: (10)

The controls of the system are U = (v; !; ! 1 ; � � � ; ! n)
> = (v; _�; _q)>: Then

_X =

 
_X
_q

!
= B3(X) U =

 
B3;1 03�n
0n�2 IIn�n

!0B@
v
_�
_q

1
CA : (11)

Due to the nonholonomic constraints, the dimension of the control space is strictly less than
that of the state space (dim U < dim X):

A more detailed discussion of the modeling aspects of this system can be found in
[27], [28].
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3 Continuous Homogeneous Time{varying Controls

Consider a mobile robot with only one actuated pan-axis. The system state is X =
(x; y; �;  1)

>; the sensory data are Y = (Yl; Ym Yr;  1)
> and the controls are U =

(v; !; ! 1)
>: The problem that we consider is to stabilize the mobile platform to the

desired con�guration, which, without loss of generality, will be chosen to be zero, i.e.
X? = (x?; y?; �?;  ?1) = 0: The corresponding visual data Y ?

v = (Y ?
l ; Y

?
m; Y

?
r ) can be di-

rectly measured by driving the system to the desired con�guration or can be easily speci�ed
from the models, provided d is also known, along with the target geometry a and b (see
�gure 1).

An exponentially stabilizing control is considered for the mobile platform, while a con-
trol that keeps the targets foveated is considered for the camera. First, some notions of
homogeneous systems are presented, related to their stability and robustness.

Homogeneous Systems: A dilation �r� is a function �r� : IRn �! IRn de�ned as
�r� (x1; : : : ; xn) = (�r1x1; : : : ; �

rnxn); for � > 0 and weights ri > 0; i = 1; : : : ; n:
A continuous function f : IRn �! IR is homogeneous of degree m with respect to the

dilation �r� ; if f(�
r
� (x)) = �mf(x); for all � > 0:

A continuous function � : IRn �! IR is called a homogeneous norm with respect to the
dilation �r� ; if i) �(x) � 0; ii) �(x) = 0 if and only if x = 0; and iii) if it is homogeneous of
degree one, i.e. �(�r� (x)) = ��(x); for all � > 0: (Notice that the triangle inequality is not

required.) A frequently used homogeneous norm associated to �r� is �(x) = (
Pn
i=1 jxij

p

ri )
1

p ;

with p > 0:
A continuous vector �eld X on IRn is homogeneous of degree m with respect to the

dilation �r� ; if X is expressed locally as X(x) =
Pn
i=1Xi(x)

@
@xi
; with Xi(x) a homogeneous

function of degree ri +m:

For time{dependent systems, we still consider the above de�nitions, but with the dilation:

�r� (t; x1; : : : ; xn) = (t; �r1x1; : : : ; �
rnxn): (12)

The equilibrium x = 0 of the system _x = f(t; x) is locally exponentially stable with respect
to the homogeneous norm �(:) associated to the dilation �r� ; if there is a neighborhood U of
x = 0 and positive constants � and � such that �(x(t)) � ��(x(0))e��t; for all t � 0 and
x(0) 2 U: If U = IRn; the exponential stability of x = 0 is global.

Asymptotic stability is a robust property for homogeneous systems, in the sense that
perturbations, which have a higher degree of homogeneity, do not destroy it. This was shown
for autonomous systems by Hermes [10], Kawski [12] and Rosier [23] and was extended to
time{varying periodic systems by Pomet and Samson [22] and M'Closkey and Murray [14]
as follows:

Proposition 1 Consider the system

_x = f(t; x) (13)

with f(t; x) : IR � IRn �! IRn a periodic continuous vector �eld of period T and with
f(t; 0) = 0: Assume the system 13 is homogeneous of degree 0 with respect to the dilation �r�
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in 12 and that the equilibrium x = 0 is locally asymptotically stable. Then, it is also globally
exponentially stable in the above sense. Moreover, consider the perturbed system

_x = f(t; x) + g(t; x); (14)

with g(t; x) : IR � IRn �! IRn a periodic continuous vector �eld with the same period T

as before and which is the sum of homogeneous vector �elds of degree strictly positive with
respect to �r� : The origin x = 0 of system 14 is locally exponentially stable.

3.1 Mobile Platform Pose Stabilization

Mobile platform control synthesis: In order to facilitate the synthesis of the controller
for the mobile platform, a locally di�eomorphic transformation of the states and inputs is
applied

(x1; x2; x3)
> def

= (x; y; tan �)> ; u1 = cos � v ; u2 =
1

cos2 �
! ; (15)

which brings the unicycle kinematics (eq. 4) in the so-called chained form [22], [15]:

_x1 = u1 ; _x2 = x3u1 ; _x3 = u2 : (16)

The mobile platform control, which can be used if the state is known or reconstructed,
is given by:

v(t; X) =
1

cos �
u1(t;	(X)) ; !(t; X) = cos2 � u2(t;	(X)) ; (17)

where u1 and u2 are the continuous time{varying state{feedback controls, developed by
Morin and Samson [16] for the 3{dimensional 2{input chained{form system of equation 16.
These controls, given in terms of the chained{form coordinates of equation 15, are:

u1(t; x1; x2; x3) = �k1� x1 + k1�3(x2; x3) sinwt ;

u2(t; x1; x2; x3) = �
k3

�3(x2; x3)
[ju1jx3 + k2u1

x2

�3(x2; x3)
] ;

(18)

where �3(x2; x3)
def
= (jx2j

2 + jx3j
3)

1

6 ; w is the frequency of the time{varying controls and
�; k1; k2; k3 are positive gains. The controls u1 and u2 are homogeneous of degree 1 and 2,
respectively, with respect to the dilation with weights r = (1; 3; 2); while the closed{loop
chained{form system is homogeneous of degree zero. The exponential convergence to zero

of the closed{loop system can be established using the homogeneous norm �(x1; x2; x3)
def
=

(jx1j
6 + jx2j

2 + jx3j
3)

1

6 : The time{varying state feedback control U for the mobile platform
is then U(t; X) = (v(t; X); !(t; X))>:

State Approximation: Such a control requires an estimate X̂ of the current state X
of the system with respect to its desired con�guration. This estimate can be provided by
state reconstruction from the visual data. However, since we are interested in positioning
the mobile robot to the desired con�guration X? = 0, while starting relatively close to it,
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we could attempt to do so without reconstructing its state explicitly. Since Y = �(X); the
state X can be approximated, near the desired con�guration X? = 0, up to �rst order by

X̂(Y ) = [
@�

@X
(X?)]�1(Y � Y ?) ; (19)

where @�
@X

= B2(X)B1(X) with B1 and B2 as speci�ed in 8 and 9. Equation 19 is proportional
to the di�erence of the current visual data from their desired values and it only involves the
Jacobian @�

@X
evaluated at the desired con�guration X?; which can be determined either

analytically from the models or experimentally. The proposed control law for the mobile
platform can thus be expressed as a function of only the sensory data U = U(t; Y ):

3.2 Manipulator Arm Control

In order to implement a vision{based state{feedback control law for the mobile platform, we
need to continuously observe the target during the motion of the platform. The arm control
! 1 is chosen to keep the target foveated (at the center of the image plane), by regulating
the angular deviation of the line{of{sight of the camera from the targets to zero, while the
mobile platform moves. It is speci�ed so that the distance of the middle target Ym from
its desired value Y ?

m is made to decrease exponentially by regulating the output function

e(X)
def
= Ym � Y ?

m to zero and by making the closed{loop system for e behave like _e = �� e;
for a positive gain �: This is analogous to the task function approach to visual servoing [7],
[24] and gives

! 1(t; X; Y ) = �
�

J2;3

(Ym � Y ?
m)�

�
J2;1

J2;3

v +
J2;2

J2;3

!

�
; (20)

where J2;i is the (2; i){entry of the matrix J (X)
def
= B2(X) B1(X) B3(X): In particular,

J2;3=�f� (Y
2
m

f
+ l2f

x
fCg
m

): The �rst term of equation 20 makes the arm track the targets, while

the term in parenthesis pre{compensates for the motion of the mobile platform. A useful
simpli�cation of this control law can be obtained by ignoring this pre{compensation term
and by setting J2;3 � �f: This approach can be extended to control mobile manipulators
with arms of more than one degree{of{freedom [27], [28].

Vision data capture and processing introduces delays in the system, which manifest
themselves by a deterioration of the controlled system's characteristics. In the case of the
arm control in particular, they appear as an underdamped step response, which cannot
be corrected by altering the gains of the control law. It can, however, be ameliorated by
appropriate compensation using the mobile platform wheel and manipulator arm encoders,
whose readings are readily available. Due to such a delay �; the vision data used in the control
law 20 are Ym(t� �); instead of Ym(t): However, Ym(t)�Ym(t� �) can be approximated near
X? by a weighted sum of the encoder increments during the time interval [t� �; t]: Then, in
equation 20, Ym(t) = Ym(t� �)+ [Ym(t)�Ym(t� �)]; where the �rst term of the RHS comes
from the vision data, while the term in brackets comes from the encoder increments.
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3.3 Experiments

The control law presented above has been validated by experiments on a unicycle-type mobile
robot carrying a 6{d.o.f. manipulator arm with a CCD camera ([26], [27]). Details on the
real{time control architecture issues appear in [26].

In the experimental results presented below, the control law 17 is used, with the chained
form system controls 18, the simpli�ed version of the delay{compensated arm control 20
and the state approximation 19 by vision data. The controls are evaluated every time new
sensory data become available, i.e. at frame rate (40 msec).

The controls 18 are normalized by reparametrizing their time dependence, so that the
system's trajectory retains its qualitative characteristics (e.g. the number of switchings
before getting close to zero, the maximum excursion in the x{direction), but a �ner tuning
of the magnitude of the controls becomes possible. This allows a better control of the time
traversal of the trajectory and can be useful in avoiding actuator saturation, wheel sliding and
the excitation of unmodeled dynamics. This normalization does not a�ect the exponential
stabilization of the system, only its rate.

Initial experiments used the raw visual data to calculate the state and the controls.
Implementation of such a scheme leads to signi�cant oscillations and jerks during the motion
of the system [27]. To �x this problem, subsequent experiments used �ltering of each of the
state variables (x; y; �). This makes the corresponding trajectories smoother. No �ltering
was used on the visual data themselves. The resulting (x; y){trajectory, as well as the
corresponding controls v; ! are plotted in �gure 2. In the (x; y){plots, the dotted line
represents data obtained by odometry, while the solid one represents data obtained by vision.

Figure 2: Mobile platform (x; y){trajectory and controls v; !

Figure 2 shows that the system gets near the origin after very few parallel{parking{
type maneuvers. At this point, we test whether the system has reached a su�ciently small
neighborhood of the origin and, then, the part of the controls that depend on the state y
is set to zero. If it is not, the system will enter a limit cycle, as shown in �g. 3. In this
�gure, the left plot shows the (x; y){trajectory of the system near the origin, as recorded by
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odometry and the right plot shows the evolution of the states x; y; � of the mobile platform.
Although this limit cycle can be avoided in applications, as proposed earlier, it is of some
theoretical interest, since it could be due to the poor robustness properties of the continuous
homogeneous exponential stabilizers in the presence of unmodeled dynamics not belonging
to the class of perturbations allowed by Proposition 1.

Figure 3: Mobile platform (x; y){trajectory and states x; y; � : Limit cycle

Some advantageous features of this control scheme, stemming from the feedback nature of
the stabilizing controls, are the lack of a need for detailed planning of the system's trajectories
and its reactivity to movements of the target which rede�ne the pose at which the system
needs to be stabilized.

4 Hybrid Time-varying Controls

4.1 Robustness to Model Parameters

Consider the analytic a�ne driftless system on IRn

_x =
mX
i=1

fi(x) ui ; (21)

which is locally controllable around the origin. We would like to use feedback control laws
that stabilize exponentially (as de�ned below) the origin of this system, as well as that of
any perturbed system

_x =
mX
i=1

[fi(x) + hi(�; x)] ui ; (22)

for j�j su�ciently small and with hi analytic in IR � IRn and hi(0; x) = 0: These additive
perturbation terms may correspond to modeling errors due to poor calibration of the system.

Continuous homogeneous time{varying exponential stabilizers, like the ones derived in
[14], [15], [16] and those used in section 3, are not robust in this sense (as shown by
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Lizarraga, Morin and Samson [13]), even though they are robust with respect to less general
unmodeled dynamics, as shown in Proposition 1.

The robust control laws derived by Morin and Samson [18] and used in our experiments
consist in applying periodic open{loop controls steering the system to the origin, which are
continuous with respect to state initial conditions and where the state information is only
updated at the beginning of each period of the controls. In order to de�ne the sense in which
these control laws stabilize the systems 21 and 22, the following system is appended to each
of them, to form an extended system:

_y = (
X
k2IN

�kT )(x� y��) ; (23)

for 0 < � < T; with T the period of the controls, �kT the Dirac impulse at time kT and
y�� the delay operator such that y��(t) = y(t � �): This extra system indicates that y(t)
is constant and equal to x(kT ) on the time interval [kT; (k + 1)T ): Thus, any control,
which, during this interval, is a function of only x(kT ) and t; can be interpreted as a control
u(y; t) for the corresponding extended system. A feedback control u(x; y; t) is an exponential
stabilizer for the extended systems above, if there exists an open set U 2 IRn�IRn containing
the point (0; 0); a real  > 0 and a function � of class K; such that the solutions (x(t); y(t))
of the controlled system satisfy

jj(x(t); y(t))jj � �(jj(x(t0); y(t0))jj) exp(�(t� t0)) ; (24)

for every t � t0 � 0 and for every (x(t0); y(t0)) 2 U; where jj:jj is the Euclidean norm in IRn:

The order notation is used in the sequel, where o(x) denotes a function such that
jjo(x)jj
jjxjj

�! 0 as jjxjj �! 0; while O(x) denotes a function such that jjO(x)jj
jjxjj

� K; for some
K > 0 and for x in some neighborhood of the origin.

The following result of Morin and Samson [18] provides su�cient conditions for a control
u(y; t) to robustly exponentially stabilize the origin of the nominal extended system.

Proposition 2 Consider the analytical locally controllable system of equation 21, a neigh-
borhood U of the origin of IRn and a function u 2 C0(U � [0; T ]; IRm): Assume that
1. there exist �; K > 0 such that jju(x; t)jj � K jjxjj�; for all (x; t) 2 U � [0; T ];
2. the solution x(:) of

_x =
mX
i=1

fi(x) ui(x0; t) ; (25)

with x(0) = x0 2 U; satis�es x(T ) = A x0 + o(x0); where A is a discrete{stable matrix (i.e.
all its eigenvalues are strictly inside the complex unit circle).
3. for any vector of ordered indices I = (i1; : : : ; ik); with k 2 IN+ and i1; : : : ; ik integers from
the set f1; : : : ; mg (possibly with repetitions), with length jIj � 1

�
; the following holds (this

assumption is only needed when � < 1 ):Z T

0

Z tk

0
� � �

Z t2

0
uik(x; tk) uik�1

(x; tk�1) � � � ui1(x; t1) dt1 � � � dtk = O(x) : (26)

Then, given the family of perturbed systems of equation 22, there exists �0 > 0; such that the
origin of the corresponding extended systems (equations 22 and 23) is locally exponentially
stabilized by the control u(y; t) for any � 2 (��0; �0):
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4.2 Mobile Manipulator Pose Stabilization

Consider the 3{dimensional 2{input chained{form system of equation 16 and the correspond-
ing perturbed system with additive perturbations of the type of equation 22. Consider the
sinusoidal control law

u1(t; x) = �
x1

T
+ w �1(x) sinwt ; u2(t; x) = �

x3

T
�

2

T

x2

�1(x)
cos wt ; (27)

where T = 2�
w
is the period of the controls and �1(x)

def
= 1

2

q
jx2j:

It is possible to verify that this control law satis�es the assumptions of Proposition 2.
Indeed, consider the dilation with weights r = (1; 2; 1): The norm �1 is homogeneous with
respect to this dilation, while both controls u1 and u2 are homogeneous of degree 1 and the
closed{loop system 16 is homogeneous of degree zero. Thus, assumption 1 is veri�ed with
� = 1

max ri
= 1

2
:

Assuming that the systems starts at x(0) and by integrating the closed{loop system of
equation 16 with the control law u1(t; x(0)); u2(t; x(0)) over the time interval [0; T ]; we get

x1(T ) = 0 ; x2(T ) =
1

2
[
q
jx2(0)j � x1(0)]x3(0) ; x3(T ) = 0 : (28)

It is easy to see that this satis�es assumption 2 with A = 03�3; which is discrete{stable.
Observe that for a generic x(0) and under this control law, the system does not reach the
origin in one step. This, however, is not necessary for its convergence to the origin.

In order to check assumption 3, one needs to check condition 26 over all vectors of
indices I of length jIj � 1

�
= 2; with indices belonging to the set f1; 2g: The following

vectors need, then, to be considered: (1); (2); (1; 1); (1; 2); (2; 1) and (2; 2): Evaluation of
the corresponding integrals gives:

R T
0 u1(t1; x) dt1 = �x1 ;

R T
0 u2(t1; x) dt1 = �x3 ;R T

0

R t2
0 u1(t2; x) u1(t1; x) dt1 dt2 =

1
2
x21 ;R T

0

R t2
0 u1(t2; x) u2(t1; x) dt1 dt2 = �x2 +

1
2
[
q
jx2j � x1]x3 ;R T

0

R t2
0 u2(t2; x) u1(t1; x) dt1 dt2 = x2 �

1
2
[
q
jx2j � x1]x3 ;R T

0

R t2
0 u2(t2; x) u1(t2; x) dt1 dt2 =

1
2
x23 :

(29)

In all these cases, assumption 3 is satis�ed. Thus, the control u(t; x(kT )); for t 2
[kT; (k + 1)T ) of equation 27 is a robust exponential stabilizer for the 3{dimensional 2{
input chained{form system.

The corresponding control for the unicycle is obtained as described in section 3.1 (equa-
tions 17 and 18) and the manipulator arm is controlled as described in section 3.2. The
approximation of the state from the visual data, which provides the state estimates x(kT )
at the beginning of each new period of the controls, is done as described in section 3.1.

4.3 Experiments

The experimental apparatus described in section 3.3 was appropriately adapted to the ap-
plication of the hybrid time{varying stabilizers described above. The (x; y){trajectory of the
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mobile manipulator resulting from the application of the use of this control law is shown in
�g. 4. The corresponding controls are shown in the right plot of this �gure (the solid line is
v and the dotted one is !).

The control law 27 produces abrupt angular velocity transitions at the beginning of each
new period (due to the cos wt term), which result in signi�cant jerks of the mobile platform.
In order to ameliorate this, the cos wt was replaced by cos wt� cos 2wt:

A method for compensating the vision{induced delays was presented in section 3.2. This,
however, assumes that the delay is exactly known, which may be hard to estimate. The
present control law makes an alternative approach possible, namely to stop the system at
the end of each period of the controls for su�ciently long to overcome the vision system
delays. Then, the vision data, which will be used at the beginning of the next period of the
controls to estimate the state, reect the current state of the system.

The control law is evaluated at intervals of 15 msec and is normalized as discussed in
section 3.3. Normalization of the controls alters their temporal characteristics, in particular
the period T: The detection of the beginning of a new period, at which point the new state
estimate will be applied, becomes an issue. This detection is implemented by identifying the
time instant at which sinwt changes from a negative value to a positive one, while cos wt
is positive. There will, however, always be an imprecision in the identi�cation of this time
instant, which is related to the discretization of the control law. As remarked in [18], this
can result in a degradation of the performance of this class of controllers. This may explain
the persistence of a limit cycle (�g. 5), although of one of reduced size compared to the limit
cycle produced by the continuous homogeneous control law.

Figure 4: Mobile platform (x; y){trajectory and controls v; !

This control scheme retains the advantages of the one in section 3 related to planning
of trajectories and to reactivity with respect to movements of the target. This reactivity,
however, will now appear only when the visual data are used by the control law, i.e. at the
beginning of a new period of the controls, and not during their open{loop phase.
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Figure 5: Mobile platform (x; y){trajectory and states x; y; � : Limit cycle

5 Conclusion

Several schemes for sensor{based control of a nonholonomic mobile manipulator were pre-
sented. These constitute the �rst, to our knowledge, detailed evaluation of time{varying
stabilizing controls when exteroceptive sensing is used to estimate the state of the system.
They can also be seen as an extension of holonomic visual servoing techniques to nonholo-
nomic systems, with particular emphasis on recovering the robustness properties of these
techniques, despite the highly nonlinear nature of the systems involved.

The associated experimental studies have been particularly important in both validating
the existing theory, but also in demonstrating its weaknesses and in suggesting alternatives.

The further improvement of the robustness of these control schemes with respect to errors
in modeling, timing and noise are some of the issues requiring additional research.

The papers [26], [27] and [28] can be found in the URL http://www.ics.forth.gr/�tsakiris.
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