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Abstract
The presence of non-Gaussian ambient channel noise in wireless systems can degrade the performance of existing equalizers
and signal detectors. In this paper, we investigate the problem of blind equalization in noisy communication channels by
addressing the negative e6ects of heavy-tailed noise to the original constant modulus algorithm (CMA). We propose a new
CM criterion employing fractional lower-order statistics (FLOS) of the equalizer input. The associated FLOS-CM blind
equalizer, based on a stochastic gradient descent algorithm, is able to mitigate impulsive channel noise while restoring the
constant modulus character of the transmitted communication signal. We perform an analytic study of the lock and capture
properties of the proposed adaptive :lter and we illustrate its improved convergence behavior and lower bit error rate through
computer simulations with various types of noise environments that include the Gaussian and the alpha-stable.
? 2004 Elsevier B.V. All rights reserved.
Keywords: Impulsive interference; Stable processes; Adaptive blind equalization; Constant modulus criterion; Fractional lower-order
statistics

1. Introduction
The rapidly increasing demand for personal mobile
communications has created an avid interest in innovative services and in new robust signal processing
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techniques, which could better protect and recover the
transmitted information sequence. Extensive research
e6ort has been directed towards propagation impairment abatement and interference mitigation in order
to make eDcient use of the :nite spectral resources of
a physical channel.
The atmosphere and the ocean, playing the role of
the physical channel in wireless communications, can
cause signal distortion due to :nite bandwidth and signal fading due to multipath propagation. Channel distortion results in intersymbol interference (ISI) that
creates high error rates at the receiver. In addition,
the radio channel characteristics are unknown a priori
and they change with time. Hence, an equalizer must
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be adjusted to the channel response in real time. In
the past, an abundance of adaptive linear equalizers
have been proposed, which optimize an appropriate
performance index to adaptively compensate for the
e6ects of the channel [12]. A large portion of the proposed methods assumes the availability of a training
sequence at the receiver for the purpose of initially
adjusting the equalizer coeDcients. However, in applications such as multiuser communication networks
and mobile communication systems, it is desirable for
the receiver to be able to equalize the channel without the use of a training sequence (self-recovering or
blind equalization) [6].
Sato’s original work on PAM signals [16] and subsequently Godard’s generalization on multi-dimensional signal constellations were the forerunners of
present-day blind equalizers [5]. During the 1990s, a
great interest in wireless communication applications
including blind equalization, source separation, and
antenna beamforming has driven research into the development of fast and robust algorithms. Nowadays,
one of the most studied and implemented in practice
blind equalization methods is the constant modulus
algorithm (CMA). The CMA is based on a criterion
that penalizes deviations of the modulus of the equalized signal away from a :xed value determined by
the source alphabet. Strikingly, CMA has also been
successful in equalizing sources not possessing a constant modulus property, such as QAM constellations.
Hence, CMA is a method that may be applied over
the majority of radio communication signals. The
:rst major study of the CMA and its properties was
performed by Treichler et al. [20,26] who analyzed
the capture and lock behavior of baud-spaced CMA.
Recently, a review paper by Johnson et al. [7] summarized the emerging literature on the CM criterion
for blind fractionally spaced equalizer (FSE) design
via a stochastic gradient descent algorithm.
The vast majority of initial studies in blind equalization in general and the CMA method in particular have considered noise-free channels since it was
argued that ISI is the major reason for signal degradation. This argument might be valid in wired communication channels such as coaxial, :ber optic, or
twisted-pair cable, but it does not always hold in wireless channels where the channel medium cannot be
controlled as e6ectively. Lately, Fijalkow et al. [3]
studied the e6ects of additive Gaussian channel noise

to the FSE-CM cost function. They showed that the
noisy FSE-CM cost function is subject to a smoothing e6ect with respect to the noise-free cost function,
resulting in a tradeo6 between zero-forcing gain and
noise enhancement. They modeled the additive channel noise as Gaussian, temporally and spatially white.
By and large, the Gaussian distribution has been
the favorite noise model commonly employed in radio communications mainly because it often leads to
closed-form solutions and to linear processors. However, in wireless channels, multiuser interference, atmospheric noise (thunderstorms), car ignitions, and
other types of naturally occurring or man-made signal sources result in an aggregate noise component
that may exhibit high amplitudes for small duration
time intervals [13,18]. Recent experimental measurements have demonstrated that the ambient channel
noise is decidedly non-Gaussian due mostly to impulsive phenomena (see [25] and references therein). It
has been shown that electromagnetic noise in urban
mobile-radio channels is heavy-tailed in nature and
can be better modeled by using distributions with algebraic tails rather than the Gaussian or other exponentially tailed distributions [9–11].
Detection and estimation algorithms designed
under the Gaussian assumption exhibit various degrees of performance degradation, depending on the
non-Gaussian nature of the noise. This is due to the
lack of robustness of linear and quadratic types of
signal processors to many sorts of non-Gaussian environments [8]. On the other hand, non-Gaussian noise
may actually be bene:cial to a system’s performance
if appropriately modeled and treated [25]. For this
reason, engineers have recognized the need to use
more general and realistic non-Gaussian models and
design robust signal processing techniques that take
into account the heavy-tail nature of the data.
Recently, a statistical model of heavy-tailed interference, based on the theory of alpha-stable random
processes, has been proposed for signal processing applications [11]. The family of alpha-stable distributions arises under very general assumptions and describes a broad class of impulsive interference. It is
a parsimonious statistical–physical model de:ned (in
its most general form) by only four parameters that
can be eDciently estimated directly from the data.
Furthermore, the alpha-stable model is the only one
whose members obey the stability property and the
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2. A model for heavy-tailed interference
Heavy-tailed distributions and processes have been
used in the past to analyze data that cannot be appropriately modeled by the Gaussian density [1,11]. Recently, a particular class of heavy-tailed distributions,
namely the alpha-stable family, has been used to describe phenomena encountered in several communications applications. In computer networking, Taqqu et
al. showed that :le sizes and associated transmission
times over the World Wide Web exhibit heavy-tails
that can be described with the alpha-stable model [2].
Even more importantly for the purposes of this paper, the alpha-stable family has been shown to be an
accurate statistical–physical model for heavy-tailed
noise encountered in wireless communication channels. The stable model was derived from the familiar
:ltered-impulse mechanism of the noise process under
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generalized central limit theorem. For these and other
reasons, explained in greater detail in Section 2, statisticians, economists, signal processing and communications engineers, and other scientists engaged in a
variety of disciplines have embraced alpha-stable processes as the model of choice for heavy-tailed data [1].
In [14], we showed that the presence of heavy-tailed
noise has a negative e6ect on the CMA performance
in terms of its convergence behavior. In this paper,
we propose a novel constant modulus algorithm to address the presence of noise that can be modeled according to the alpha-stable law. The new method is
based on the constant modulus property of the fractional lower-order statistics of the signal of interest
and is able to handle robustly heavy-tailed noise and
interference in the data. In the absence of noise, the
performance of the proposed method is comparable
with that of the original CMA.
The paper is organized as follows: in Section 2,
we give a brief overview on alpha-stable distributions
and the associated fractional lower-order statistics. In
Section 3.1, we summarize the standard CMA method
while in Sections 3.2 and 3.3, we introduce the new
CMA criterion and study its lock and capture behavior.
In Section 4, we demonstrate the robustness of the
new receiver when operating over noisy channels of
a heavy-tailed nature. In Section 5, we summarize the
main results and we present avenues of future research.
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Fig. 1. Symmetric alpha-stable amplitude probability density functions (Pr(A ¿ a)). Dispersion is  = 1 and characteristic exponent
is  = 1:0, 1.5, 1.8, and 2.0 (Gaussian).

appropriate assumptions on the spatial and temporal
distributions of the noise sources and the propagation
conditions to the receiver [11, Chapter 9].
The class of symmetric alpha-stable distributions is
best de:ned by its characteristic function:
’(!) = exp(j ! − |!| );

(1)

where  is the characteristic exponent restricted to
the values 0 ¡  6 2, (−∞ ¡ ¡ ∞) is the location parameter, and ( ¿ 0) is the dispersion of the
distribution. The dispersion parameter  determines
the spread of the distribution around its location parameter . The characteristic exponent  determines
the shape of the distribution (cf. Fig. 1). The smaller
the characteristic exponent  is, the heavier the tails
of the alpha-stable density. We should also note here
that the stable distribution corresponding to  = 2 coincides with the Gaussian density.
Alpha-stable densities obey two important properties which further justify their role in data modeling,
namely (i) the stability property, which states that
the weighted sum of independent alpha-stable random
variables (r.v.’s) is stable with the same characteristic exponent alpha, and (ii) the generalized central
limit theorem (GCLT), which states that stable models are the only distributions that can be the limit distributions of independent and identically distributed
random variables. GCLT implies that if the observed
randomness is the result of many cumulative e6ects
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(as is the case in radio channels where the ambient
noise is due to reMections from many scatterers) and
these e6ects follow a heavy-tailed distribution, then a
stable model may be appropriate.
An important di6erence between the Gaussian
and the other distributions of the alpha-stable family is that only moments of order less than  exist
for the non-Gaussian alpha-stable family members.
The fractional lower order moments (FLOMs) of
an alpha-stable random variable with zero location
parameter and dispersion  are given by
E|X |p = C(p; )p=

for

0 ¡ p ¡ ;

(2)

where E[·] denotes statistical expectation and C(p; )
is a constant depending only on p and . Moreover, if
X1 ; : : : ; Xn are dependent and jointly alpha-stable r.v.’s,
then
E[|X1 |p1 · · · |Xn |pn ] ¡ ∞

(3)

if and only if 0 ¡ p1 + · · · + pn ¡ .
In the theory of second-order processes, the concepts of variance and covariance play the important
roles of norms in problems of linear prediction, :ltering and smoothing. Since non-Gaussian alpha-stable
processes do not possess :nite pth-order moments
for p ¿ , covariances do not exist on the space of
alpha-stable random variables. For a zero location
alpha-stable random variable X with dispersion , the
norm of X is de:ned as
 1=
 ; 1 6  6 2;
X  =
(4)
;
0 ¡  ¡ 1:
Hence, the norm X  is a scaled version of the
dispersion . If X and Y are jointly alpha-stable, the
distance between X and Y is de:ned as
d (X; Y ) = X − Y  :

(5)

Combining (2) and (4), it is easy to see that
d (X; Y )

(E(|X − Y |p )=C(p; ))1=p ;






=


(E(|X − Y |p )=C(p; ))=p ;





0 ¡ p ¡ ;
1 6  6 2;
0 ¡ p ¡ ;

(6)

0 ¡  ¡ 1:

Thus, the pth-order moment of the di6erence between two alpha-stable random variables is a measure

of the distance d between these two random variables. In the case of  = 2 (Gaussian), this distance is
half the variance of the di6erence. In addition, all fractional lower-order moments of an alpha-stable random
variable are equivalent, i.e., the pth- and qth-order
moments di6er by a constant factor independent of
the random variable as long as p; q ¡ . Furthermore,
it was shown by Schilder [17] that for 1 6  6 2,
 ·  de:ned in (4) is a norm in the linear space of
alpha-stable processes. Our proposed blind equalization methodology presented in the following section
uses the notion of fractional lower-order moments to
achieve robust noise suppression and signal recovery.
Compared with existing statistical models for
ambient noise and interference, signal processing algorithms based on alpha-stable models for detection,
parameter estimation, and array processing demonstrate robustness even in the presence of mismatches
in the assumed conditions of noise and interference
[11]. In addition, the use of fractional lower-order
statistics is simple to understand and implement in
real-time processing scenarios.
3. The FLOS-CM criterion for robust blind
equalization
In this section, we :rst recall the original CMA
to provide the necessary background and context before introducing our proposed method that is based
on FLOS. In [14], we studied a FLOS-based fractionally spaced equalizer that exploited the spatial
diversity at the receiver by combining the outputs
of an array of sensors. More examples on important
work on FSE using temporal and spatial diversity
can be found in [3] and references therein. Although
fractionally spaced equalizers have the ability to perfectly cancel ISI caused by a :nite-length channel,
in this paper we consider a baud-spaced (non-FSE)
equalizer since our goal is to address and remedy the
e6ects of ambient noise to the original CM criterion.
Extension of our present work to FSE receivers is
currently pursued by the authors.
3.1. The CM cost function
A multipath distorted communication signal is the
input to the receiver shown in Fig. 2. The signal is
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Fig. 2. FIR :lter con:guration employing the CMA.

down-converted to baseband, match :ltered, Hilbert
transformed into complex form, and sampled according to the Shannon theorem. The resulting signal x(n)
is applied to a :nite impulse response :lter with adjustable complex coeDcients. We may write the complex equalizer output as
where x(n) is the vector of data in the :lter delay line,

tion in (10) and the iterative technique for minimizing
it with respect to the :lter coeDcients.
The most famous member of this family of equalizers is the constant modulus algorithm (CMA)
for which both parameters p and q are equal to
two [20,26]. The CMA attempts to minimize the
(2,2)-variant of the cost function shown in (10) by
following the path of steepest descent. The adaptation
equation is given by

x(n) = [x(n) x(n − 1) · · · x(n − N + 1)]t

w(n + 1) = w(n) − x∗ (n)(n);

(11)

(n) = y(n)(y(n)2 − ):

(12)

y(n) = xt (n)w(i);

(7)
(8)

and w(i) is the vector of adjustable coeDcients, given
by
w(i) = [w0 (i) w1 (i) · · · wN −1 (i)]t :

(9)

The index i indicates that the complex weights are
adapted in time. Although not required, we assume
that the adaptation time i is exactly the same as the
sampling time n.
The CM adaptive equalizer tries to restore the constant envelope property of the communication signal,
which is destroyed by frequency-selective multipath,
additive noise, and suboptimal receiver bandpass :ltering. The constant modulus cost function assigns a
penalty to deviations in the modulus of the controller’s
complex output signal. The original CM cost function
is given by
CM
Jpq
= E[| y(n)p − |q ];

(10)

where p and q are positive integers and is a positive
constant related to the constant modulus of the signal
constellation. Various adaptive equalizers can be obtained by choosing a (p; q)-variant of the cost func-

Naturally, the shape of the cost surface determines
the convergence behavior of a particular stochastic
gradient algorithm. The features of the CM cost surface and the associated convergence of the gradient
descent algorithm are outlined in a review paper by
Johnson et al. [7]. Non-idealities that deform the CM
cost surface, causing convergence problems, are due to
non-constant modulus and near Gaussian sources, insuDcient equalizer length, and additive channel noise.
In particular, channel noise squeezes the CM surface
minima locations towards the origin and moves further away those being far from the origin. In the following section, we address the e6ects of additive, possibly heavy-tailed, channel noise to the original CM
cost function.
3.2. Introduction to the FLOS-CM criterion
As noted in [7], CMA-based blind equalization is
typically successful in moderate noise environments,
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i.e., when the signal power is greater than the noise
power. It was shown that under modest noise levels,
relocation of global minima toward the origin is more
severe than changes in surface curvature around such
minima. On the other hand, the presence of severe
heavy-tailed noise has negative e6ects on the convergence properties of the CMA, as we demonstrate in
Section 4.
By de:nition (see Eq. (10)), the standard CM cost
function (p = q = 2) involves fourth-order moments
of the measurements. In the presence of heavy-tailed
noise, the use of second- or higher-order statistics in
e6ect ampli:es the noise. The new criterion that we
propose mitigates the noise component by employing
fractional lower-order moments of the measurements.
The introduced FLOS-CM cost function has the expression


-CM = 1 E y(n)(p−1) y(n) − y(n)q ; (13)
Jp;FLOS
q
2

where y(n) is the equalizer output and is the constant signal modulus to the p − 1 power. The pair
(p; q) takes fractional values between 0 and , where
 is the characteristic exponent of the alpha-stable distribution that best describes the statistics of the additive noise component in y(n). Furthermore, following
our discussion in Section 2, the product p · q must be
less than  for the FLOS-CM cost function to be well
de:ned, i.e., :nite (see (3)).
Two main reasons motivated us in introducing the
FLOS-CM cost function. First, under the noise-free
hypothesis, the goal of the new criterion should be
the restoration of the CM property of the communication signal. In other words, similarly to the original
CM algorithm, the FLOS-CM criterion should guarantee that at convergence, y(n)(p−1) must be equal
to the signal constant modulus . Second, the new criterion should address the problem of severe channel
noise. Indeed, in the presence of heavy-tailed channel
noise, the application of fractional lower-order moments (as determined by the use of exponents p and q
in the FLOS-CM cost function) to the equalizer output in e6ect attenuates the noise components. The use
of fractional lower-order statistics results to a smooth
algorithmic convergence (learning) curve even in the
presence of severe channel noise, as we demonstrate
in Section 4.
To minimize (13), we use a stochastic gradient descent algorithm that iteratively adjusts the equalizer

weights w(n) as
-CM ;
w(n + 1) = w(n) − ∇w Jp;FLOS
q

(14)

where  is a small positive step size and ∇w is the
gradient operator with respect to the elements of the
-CM
vector w. In practice, the true gradient ∇w Jp;FLOS
q
is replaced by an instantaneous estimate resulting into
the so-called FLOS-CM Algorithm (FLOS-CMA). Ignoring the expectation operator and considering the
constant modulus to be one, the cost function (13)
may be re-written as
Jp; q = 12 (y(n)(p+1)=2 y(n)∗(p−1)=2 − y(n))q=2
×(y(n)(p+1)=2 y(n)∗(p−1)=2 − y(n))∗q=2
= 12 A(n)q=2 (A(n)∗ )q=2

(15)

where
A(n) = y(n)(p+1)=2 y(n)∗(p−1)=2 − y(n)
=y(n)(y(n)p−1 − 1):

(16)

Di6erentiating (15) in parts, we get that [6]
∇w Jp; q = 2

@Jp; q @A(n)q=2
=
(A(n)∗ )q=2
@w∗
@w∗

@(A(n)∗ )q=2
:
(17)
@w∗
After some straightforward mathematical manipulation, (17) can be replaced back into (14) to give the
FLOS-CMA adaptation:
+A(n)q=2

w(n + 1) = w(n) − x∗ (n)(n);

(18)

(n) = A(n)A(n)q−2 (py(n)p−1 − 1):

(19)

We now turn our attention to the choice of parameters (p; q) in the FLOS-CM cost function. As
we have mentioned above, if we are to operate in
heavy-tailed noise environments modeled according
to a stable law, the main condition that (p; q) must
obey is that their product has to be strictly less than ,
the characteristic exponent of the alpha-stable channel noise. Hence, any pair of values (p; q) that obeys
pq ¡  gives a well de:ned cost function. For example, the choice q = 2 implies that p should be
chosen such that p ¡ =2. The appropriate choice of
the FLOS parameters has been extensively studied by
the authors in their previous work. Analytical studies,
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relating the fractional lower-order power to the degree
of data non-Gaussianity (e.g., the parameter ), as well
as heuristics have been proposed [15,22,24].

v(!) = [1e j! · · · e j!(N −1) ]t
ai = vH (!i )w:

Let us suppose that, in a multipath propagation scenario, all of the transmitted communication signals
were originally constant modulus signals. Hence, the
question arises how does the FLOS-CMA know which
signal to lock onto (capture) and which signals to suppress? Naturally, a solution that nulls all but one of the
constant modulus signals corresponds to a stationary
point (local minimum) of the FLOS-CM cost function. Intuitively, it is expected that the convergence of
the algorithm to a certain stationary point should be
a function of relative signal powers and :lter initialization. Indeed, in the following, we address the lock
and capture properties of the new algorithm by :nding the expression of the curve boundaries that divide
its convergence regions into positive lock and capture
zones.
Part of the analytical diDculty in treating this
problem is due to the highly nonlinear form of the
FLOS-CM cost function. In this work, we characterize the lock/capture convergence behavior of the
proposed FLOS-CMA by considering the case of a
noise-free input consisting of only two sinusoids.
This model simpli:es considerably the mathematical
description of the adaptive algorithm and leads to explicit answers to questions regarding its convergence.
The simple results provide insight into the problem
and can be generalized in the future to accommodate
more realistic input signals/noise scenarios, such as
multiple tones and modulated communication signals.
We follow a similar approach as in [21] by supposing that the :lter input x(n) is given by the sum of
two tones with distinct frequencies !1 and !2
(20)

where the amplitudes Ai are real and the phases i
are i.i.d. random variables uniformly distributed over
the interval (− ; ]. According to (7), it is possible to
rewrite the output signal as a function of the two tones
y(n) = a1 A1 e j(!1 n+1 ) + a2 A2 e j(!2 n+2 ) ;

de:ne the frequency steering vector v(!) to be
(22)

then each complex gain ai may be expressed as

3.3. Lock and capture for the FLOS-CMA

x(n) = A1 e j(!1 n+1 ) + A2 e j(!2 n+2 ) ;

887

(21)

where a1 and a2 are the complex gains of the adaptive
:lter at frequencies !1 and !2 , respectively. If we

(23)

With no loss of generality, we assume the signal at
frequency !1 to be the signal of interest. Hence, the
desired :lter output is reached when |a1 |A1 = 1 and
|a2 |A2 = 0.
As described in [21], we proceed by :nding a compact form that compresses the adaptive weight recursion of (18) into a two-by-two recursion on the tone
output amplitudes a1 and a2 . For ease of mathematical analysis, we consider the (p; 2)-variant of the
FLOS-CMA. By taking expectations on both sides
of (18) and by using the independence assumption
commonly employed in the analysis of adaptive algorithms, the ensemble average of the weight vector,
w(n), can be written as
E[w(n + 1)] = {I − H(n)}E[w(n)];

(24)

where
H(n) = E[(py(n)2(p−1) − (p + 1)
×y(n)p−1 + 1)x∗ (n)xt (n)]:

(25)

The independence hypothesis is reasonably good if
the step size is small so as to consider H(n) to be
uncorrelated with w(n). The (l; r) element of H(n) is
given by
Hl; r = E[(py(n)2(p−1) − (p + 1)
×y(n)p−1 + 1)x∗ (n − l)x(n − r)]:

(26)

Since (26) contains fractional lower-order powers of
y(n), we have to use the Generalized Binomial Theorem, which is valid for real exponent values [4] and it
allows us to expand the individual contributions as the
sum of :nite fractional power terms. Furthermore, recalling that 1 and 2 are i.i.d. random variables over
the interval (− ; ], the expectation of all the elements
in the series that contain some power of i is equal to
zero for i = 1; 2. Finally, we obtain
Hl; r = (pP p−1 − (1 + p)P (p−1)=2 + 1)
×(A21 e j(l−r)!1 + A22 e j(l−r)!2 )
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+ p(p − 1)P p−2
−(1 + p)

− (1 + p)P ((p−1)=2−1) |b1 (n)|2

p − 1 ((p−1)=2)−1
P
2

+

×A21 A22 a1 a∗2 e j(l!1 −r!2 ) + a∗1 a2 e j(l!2 −r!1 ) ;
(27)
P = A21 a1 2 + A22 a2 2 :

(28)

As the only non-zero terms are the ones independent
from 1 ; 2 we can now write the recursive equation
(18) as
E[w(n + 1)] = {I − VQVH }E[w(n)];

(29)

where the matrix V = [v(!1 ) v(!2 )] is formed by the
steering vectors at the tone frequencies and the elements of the 2 × 2 matrix Q are given by
q1; 1 = A21 (P p−1 − (1 + p)P (p−1)=2 + 1);

(30)

q1; 2 = A21 A22 p(p − 1)P p−2 − (1 + p)
×

p − 1 ((p−1)=2)−1
P
a1 a∗2 ;
2

(31)

q2; 1 = A21 A22 p(p − 1)P p−2 − (1 + p)
p − 1 ((p−1)=2)−1 ∗
P
a1 a2 ;
2
q2; 2 = A22 (P p−1 − (1 + p)P (p−1)=2 + 1):
×

(32)
(33)

Since the weight vector w(n) is adapted with time,
the complex gains ai will also be updated. Assuming
that the steering vectors, which correspond to the two
sources, are orthogonal to each other, it holds that
vH (!0 )v(!0 ) = N

and

vH (!0 )v(!1 ) = 0:

(34)

In this case, by combining (23), (29), and (34), we
can get a recursion on the two-dimensional vector of
complex gains a(n) = [a1 (n) a2 (n)]t :
a(n + 1) = [I − N Q]a(n):

(35)

If we then de:ne the complex output amplitudes,
b1 (n) = A1 a1 (n) and b2 (n) = A2 a2 (n), as the input
amplitudes scaled by the instantaneous :lter gain at
the corresponding frequency, we get that
b1 (n + 1)
= 1 − N |A1 |2 (pP (p−2) (|b1 (n)|2 + p|b2 (n)|2 )

p+1
2

|b2 (n)|2


+1

b1 (n);

(36)

b2 (n + 1)

= 1 − N |A2 |2 (pP (p−2) (p|b1 (n)|2 + |b2 (n)|2 )
− (1 + p)P ((p−1)=2−1)
+|b2 (n)|2


+1

p+1
2

|b1 (n)|2

b2 (n):

(37)

A close examination of Eqs. (36) and (37) reveals
that, although we would like the two gains b1 (n) and
b2 (n) to be decoupled, they are still linked by the nonlinear crossterms in the transition coeDcients. These
expressions are similar to analogous expressions that
were derived for the CMA in [21]. For the proposed
criterion though, fractional lower-order powers appear
instead of just square powers.
Even so, the two-dimensional model (36) and (37)
allows us to describe the capture and lock behavior of
FLOS-CMA. Starting with the amplitude of b1 (n), we
have that
|b1 (n + 1)|


=|b1 (n)| |1 − N |A1 | pP (p−2) (|b1 (n)|2
2

+p|b2 (n)|2 ) − (1 + p)P ((p−1)=2−1)

p+1
|b1 (n)|2 +
|b2 (n)|2 + 1 |:
2

(38)

Assuming that  is small enough so that

|N |A1 |2 pP (p−2) (|b1 (n)|2 + p|b2 (n)|2 ) − (1 + p)
×P ((p−1)=2−1) |b1 (n)|2 +

+1 |1

p+1
2

|b2 (n)|2
(39)

it is possible to :nd the conditions for which |b1 (n)|
increases (i.e., |b1 (n + 1)| ¿ |b1 (n)|) or decreases
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(i.e., |b1 (n + 1)| ¡ |b1 (n)| with time:
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1.5
POSITIVE CAPTURE

1 + pP

(p−2)

2

2

(|b1 (n)| + p|b2 (n)| )

− (1 + p)P ((p−1)=2−1)



p+1
2

¿0

|b1 (n)| decays;

¡0

|b1 (n)| grows:

|b2 (n)|2

|b2|

× |b1 (n)|2 +

b2 bound curve

1

C

0.5

POSITIVE LOCK

b2 bound curve

(40)

D
b1 bound curve

Using similar arguments, the convergence behavior of
the second tone is determined by

− (1 + p)P ((p−1)=2−1)



2

2

|b1 (n)| + |b2 (n)|

¿0

|b2 (n)| decays;

¡0

|b2 (n)| grows:

0

0.5

1

1.5

|b1|

Fig. 3. FLOS-CMA: Positive lock, positive capture, and zero
capture regions.

1 + pP (p−2) (p|b1 (n)|2 + |b2 (n)|2 )

p+1
2

b1 bound curve

ZERO CAPTURE

0

(41)

Expressions (40) and (41) de:ne the growth and
decay of the two gains. A graphic description of the
two conditions divides the (|b1 |; |b2 |) space to regions
of so-called “positive lock” and “positive capture” that
are shown in Fig. 3. The curve bounds, depicted in the
:gure, are obtained by setting (40) and (41) equal to
zero. The desired lock condition occurs when |b1 | = 1
and |b2 | = 0, i.e., the tone of interest is :ltered by
the adaptive equalizer with unit amplitude while the
interfering tone is totally suppressed. If the algorithm
is initialized in the positive lock region, then |b1 | will
converge towards 1 while |b2 | will ultimately decay to
zero. On the other hand, if initialized in the positive
lock region, the FLOS-CMA will converge to the point
(|b1 | = 0; |b2 | = 1) and interference capture will occur.
Comparing Fig. 3, with an analogous :gure in [21]
that depicts the lock/capture behavior of the original
CMA, one observes that the introduced FLOS-CM
cost function produces a new “zero capture” region
near the origin. When the algorithm is initialized in
this region, |b1 | and |b2 | will be constrained to decay
to zero, i.e., both tones will be suppressed. For this

reason, we need to set the initial weights to provide
an output coordinate away for the zero capture area.
In general, erroneous convergence to zero or interference capture can be avoided with proper initialization
of the adaptive algorithm into the positive lock region.
Capture avoidance guidelines are given in [21] when
provided with (i) a priori estimates of the desired tone
amplitude and frequency, (ii) amplitude but no frequency estimates of both components, and (iii) dynamic environments where an interferer may suddenly
appear. Eq. (39) and the analogous equation obtained
for the second source b2

|N |A2 |2 pP (p−2) [p|b1 (n)|2 + |b2 (n)|2 ] − (1 + p)
×P

((p−1)=2−1)



p+1
2



+|b2 (n)|2 + 1 |1

|b1 (n)|2
(42)

can give a criterion for choosing the step size as the
minimum  value between (39) and (42).
It is of interest to predict the FLOS-CMA behavior
in the remaining (non-shadowed) regions in Fig. 3. To
achieve that, we express the slope of the adaptation
trajectory as a function of the signal-to-interference
ratio (SIR). First, consider the intersection points
C and D of the curve bounds in Fig. 3. Their
coordinates, obtained by equating (40) and (41),
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Various such trajectories described by (45) are plotted
in Fig. 4 for di6erent SIR values. It is clear that, for
a certain SIR, initialization of the FLOS-CMA below
and to the right of the trajectory results to lock of the
signal of interest at convergence. Here also, the di6erence with the original CMA behavior is due to the existence of the zero capture region near the origin. Initialization near that region will trap the solution near
zero, far from the signal of interest or the interference.

1.5
−12 dB

−6 dB

−2.5 dB
0 dB

2.5 dB
1

|b2|

6 dB
12 dB
C

0.5

4. Simulation results
0
0

0.5

1

1.5

|b1|

Fig. 4. FLOS-CMA: Lock and capture boundaries as a function
of signal-to-interference ratio.

In this section, we test the new FLOS-CM adaptive algorithm and compare its performance with
that of the conventional CMA in various noise environments and by using two source constellations,
a =4 QPSK CM signal and a 16-QAM nonconstant

are given by
1=(p−1)


(1 + p)2((p−5)=2) (p + 3) ± ((1 + p)2((p−5)=2) (p + 3))2 − 4p(1 + p)2(p−2)
:
bC; D =
2p(1 + p)2(p−2)
The intersection point C between the lock/capture regions corresponds to the positive sign of the square
root in (43). We can de:ne the borderline between
capture and lock as the trajectory that leads to point C.
This trajectory curve is obtained by setting the slope
between operational points at times n and n + 1 to be
equal to the critical slope between the point at time n
and point C:
b1 (n) − bC
b1 (n + 1) − b1 (n)
:
=
b2 (n) − bC
b2 (n + 1) − b2 (n)

(44)

Using (36) to (41), and de:ning SIR to be SIR=A21 =A22 ,
we obtain the border loci
SIR =

modulus alphabet. Since the success of any stochastic gradient descent equalizer adaptation algorithm is
dependent on a certain degree of stationarity in the received process, in our set of simulations, we restrict
our focus to stationary source and noise processes
and to channels whose impulse response is :xed. We
work with baud-spaced equalizer coeDcient vectors,
although fractionally spaced channel equalization can
be implemented and tested in a straightforward manner [7]. Another point of interest relates to the fact
that the FLOS-CM (like the original CM) cost surface

(|b1 (n)| − bC )(pP (p−2) b1p; 2 − (1 + p)P (((p−1)=2)−1) b1(p+1)=2; 2 + 1)|b2 (n)|
;
(|b2 (n)| − bC )(pP (p−2) b1; 2p − (1 + p)P (((p−1)=2)−1) b1; 2(p+1)=2 + 1)|b1 (n)|

b1p; 2 = p|b1 (n)|2 + |b2 (n)|2 ;
2

(46)

2

b1; 2p = |b1 (n)| + p|b2 (n)| ;
b1(p+1)=2; 2 =

p+1
2

b1; 2(p+1)=2 = |b1 (n)|2 +

(47)

|b1 (n)|2 + |b2 (n)|2 ;
p+1
2

|b2 (n)|2 :

(48)
(49)

(43)

(45)

is unavoidably multimodal. Hence, the choice of initialization a6ects both the convergence time and the
steady-state performance of the algorithm. Here, we
follow the approach suggested in [7] and we initialize
the equalizer with a single spike, time-aligned with the
channel response’s center of mass. In this way, crude
knowledge of the channel impulse response envelope
can be used to aid initialization.
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Fig. 5. Amplitude output of the CMA (a) and FLOS-CMA (b). Signal constellation pattern of equalizer output for the CMA (c) and
FLOS-CMA (d). A =4 QPSK CM input signal is passed through a two-tap channel. Additive SS noise is present with  = 1:85 and
EFSNR = 12 dB.

We use the SS model to describe the additive noise
component. We should note here that although the
moment E[|X |2 ] of a second-order process is widely
accepted as a standard measure of signal strength and
associated with the physical concept of power and energy, it cannot be used with alpha-stable distributions
because it is in:nite. In our simulations, we de:ne
the e>ective fractional SNR (EFSNR) to be the ratio
of the fractional signal power of  over the fractional
noise power of :
EFSNR =

M

|s(k)|
:
|n(k)|
k=1

(50)

Initially, the =4 QPSK CM signal is passed through
a two-tap channel with coeDcients [1 0.5]. The resulting two paths are observed at the receiver in the
presence of alpha-stable noise with characteristic exponent  = 1:85 and a EFSNR equal to 12 dB. We
should note that values of  in ranges around 1.8 have
been observed in the modeling of real data. For example, Stuck and Kleiner empirically found that the noise
over certain telephone lines can be best described by
a SS model with  ≈ 1:87 [19] while Tsakalides and
Nikias have used SS densities with  ≈ 1:74 to model
actual sea clutter data [23]. This choice of  corresponds to a noise process with a moderate degree of
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Fig. 6. Signal constellation pattern of equalizer output for the CMA (a) and FLOS-CMA (b). A 16-QAM non-CM input signal is passed
through a four-tap channel. Additive SS noise is present with  = 1:85 and EFSNR = 22 dB.

non-Gaussianity. To recover the communication signal, we designed an eight-tap adaptive equalizer based
on the CM and FLOS-CM criteria. In the simulations,
we chose the FLOS-CMA step size according to (39)
and (42) and the CMA stepsize according to guidelines described in [21].
Fig. 5 depicts the output amplitude of the CM (5(a))
and FLOS-CM ((p; q) = (1:1; 1:3)) (5(b)) :lters as a
function of time (iteration samples). It is apparent that
the FLOS-CMA has a smoother convergence behavior than the CMA. The :gure demonstrates that occurrences of noise outliers during the adaptation procedure have an adverse a6ect to the learning curve of the
original CMA but do not a6ect as much the proposed
FLOS-CMA. Fig. 5 also demonstrates that the associated received vectors of the adapted FLOS-CMA
method are tightly clustered about the four constellation points (Fig. 5(d)), while the signal constellation
of the original CMA is not as well de:ned (Fig. 5(c)).
The issue of the performance of CMA-variants in
the presence of non-CM source alphabets is unavoidable in communication systems using multilevel constellations. Extensive studies in the literature point to
the fact that non-CM sources tend to raise and Matten
the CM surface (as a consequence of increased source

kurtosis) but do not alter the minima locations [7]. In
our simulations, we also test the FLOS-CMA by using a 16-QAM non-CM signal that is passed through
a four-tap channel with coeDcients [0:2 0:5 1 − 0:1].
Additive alpha-stable noise with characteristic exponent =1:85 is present with an EFSNR equal to 22 dB.
Fig. 6 illustrates that both CMA and FLOS-CMA are
eDcient with non-CM signals, although again, for this
type of non-Gaussian noise, FLOS-CMA results in
signals more tightly clustered about the 16 constellation points.
It should be expected that the performance improvement achieved with the FLOS-CM processing is related to the degree of non-Gaussianity of the additive
noise. To quantify the above illustrative results, we
calculated the bit error rate (BER) versus the EFSNR
for the original CMA and the proposed FLOS-CMA
in the presence of Gaussian noise ( = 2) and SS
noise with  = 1:85. The resulting curves correspond
to the =4 QPSK CM signal and the two-tap channel
model. Fig. 7 demonstrates that the BER performance
of the two methods is comparable for Gaussian environments, with the original CMA holding a slight
edge. But when the noise deviates from Gaussianity,
the proposed FLOS-CMA has a robust performance
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applications in which impulsive channels tend to produce large-amplitude interferences and sharp noise
spikes more frequently than what is expected from
Gaussian channels.
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Fig. 7. Bit error rate (BER) versus e6ective fractional
signal-to-noise ratio for the CM and FLOS-CM equalizers in Gaussian ( = 2) and SS noise with  = 1:85. The curves correspond
to the =4 QPSK input signal and the two-tap channel model.

while the BER of the original CMA increases to unacceptably high levels.
5. Conclusions
We proposed a new method for blind equalization
of communication signals using a constant modulus
criterion based on fractional lower-order statistics. The
introduced FLOS-CM :lter exploits the constant modulus property of the signal of interest to compensate
for the fading and multipath e6ects of a communication channel. At the same time, it uses the heavy-tailed
noise suppression capabilities of FLOS to mitigate
the channel additive noise component. The main advantage of the proposed method is its robustness in
the presence of various noise environments. Truly, by
changing the parameters p and q in the cost function we may obtain a class of FLOS-based CMA :lters, which provides considerable Mexibility that can
be useful for optimization purposes in the presence of
non-stationary noise environments.
The proposed method developed using FLOS has
approximately the same computational complexity as
the existing CM methods. The additional computational load is due to the need for calculating a fractional power (p ¡ 2) rather than a square power. The
technique can be used in commercial communication
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