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Medical Image Fusion using the Convolution of Meridian
Distributions
Mayank Agrawal, Panagiotis Tsakalides, and Alin Achim

Abstract—The aim of this paper is to introduce a novel nonGaussian statistical model-based approach for medical image
fusion based on the Meridian distribution. The paper also
includes a new approach to estimate the parameters of
generalized Cauchy distribution. The input images are first
decomposed using the Dual-Tree Complex Wavelet Transform
(DT-CWT) with the subband coefficients modelled as Meridian
random variables. Then, the convolution of Meridian
distributions is applied as a probabilistic prior to model the
fused coefficients, and the weights used to combine the source
images are optimised via Maximum Likelihood (ML)
estimation. The superior performance of the proposed method
is demonstrated using medical images.

I

I. INTRODUCTION

Image fusion is a technique to combine information from
multiple images of the same scene in a single image that
ideally contains all salient features from each of the
individual input images. Medical imaging offers a powerful
tool that helps physicians in the diagnosis process. As a
result, there exist many distinct medical imaging modalities
that provide important information of the human body (or
parts and functions thereof) for clinical purposes. For
example, magnetic resonance imaging (MRI) provides better
information on soft tissue whereas computed tomography
(CT) provides better information about denser tissue [1].
Fusing these two types of images creates a composite image
which is more informative than any of the input signals
provided by a single modality. For this reason, image fusion
has become a common process used within medical
diagnostics and treatment
Many image fusion schemes have been developed in the
past. In general, these schemes can be roughly classified into
pixel-based and region based. Lewis et al. [2] showed that
comparable results can be achieved using both types of
methods with added advantages for the region based
approaches because they enable more intelligent fusion
rules. On the other hand, pixel-based algorithms are simple
and thus easier to implement.
In our paper, we propose a new image fusion technique
based on Meridian convolution where the combination
weights are optimised through maximum likelihood
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estimation. ML optimisation of weights [3] is much more
reliable than a standard weighted averaging fusion rule [4, 5]
as it does not require using ad-hoc threshold values for
weight selection. In addition, we use the dual-tree complex
wavelet transform, which provides near shift invariance and
good directional selectivity. We provide a novel method for
estimating the statistical parameters of the generalised
Cauchy distribution (GCD) by using Mellin transform
theory. Then, we employ the Meridian distribution, a special
member of the GCD family, to model the wavelet
coefficients of the input sub-bands and for weight
optimisation during the image fusion process.
The paper is organized as follows: Section II gives a novel
way for the GCD parameter estimation. Section III
introduces a new framework for weighted average fusion,
while in Section IV the convolution of Meridian
distributions is derived. Section V presents the weights
optimisation approach. Results are shown in section VI and
conclusions are drawn in Section VII.
II. PARAMETER ESTIMATION FOR GCD
A. The Generalized Cauchy Distribution
The generalized Cauchy density function proposed in [7] is
given by:
f(x) = aγ(γp + |x|p)(-2/p)
(1)
pΓ (2 p )
with a =
. In this representation, γ is the scale
2(Γ(1 p )) 2
parameter and p is the tail constant. The GCD family
contains the Meridian [7] and Cauchy distributions as
special cases with p = 1 and p = 2 respectively. For p < 2,
the tail of the PDF decays slower than in the Cauchy
distribution, resulting in a heavier-tailed probability density
function (pdf). The advantage of GCD models consists in
the availability of analytical expressions for their pdf, unlike
the family of symmetric alpha stable distributions [2], as
well as in the existence of simple and efficient parameter
estimators.

B. Parameter estimation using Mellin Transform
Mellin transform as shown in [8] is a powerful tool for
deriving the novel parameter estimation based on logcumulants [9]. Let f be a function defined over \ + . The
Mellin transform of f is defined as:
∞

Φ ( z ) = M [ f (u )]( z ) = ∫ u z −1 f (u )du
0

where z is the complex variable of the transform.
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By analogy with the way in which common statistics are
deducted based on Fourier Transform, the following rth order
second-kind cumulants can be defined, based on Mellin
transform.

kr =

d rψ ( z )
dz r z =1

(3)

Where Ψ (z) = log (Φ (z)). Following the analogy further,
the method of log-moments can be applied in order to
estimate the two parameters of the PDF function f (GCD).
To be able to do this, the first two second-kind cumulants
are required. These can be estimated empirically from N
samples xi as follows:

1 N
1 N
kˆ1 = ∑ [log( x )] and, kˆ2 = ∑ [(log( x ) − kˆ1 ) 2 ] (4)
i
i
N 1
N 1
C. Log-moments of GCD model
Plugging the expression of the GCD PDF given by (1) into
(2) and after some straightforward manipulations,
one gets:
⎛ s ⎞ ⎛ 2 − s ⎞
⎟⎟
γΓ ⎜⎜ ⎟⎟ Γ ⎜⎜
⎝ p ⎠ ⎝ p
⎠

Φ (z) =

⎛

2

⎜
⎜ p
⎛ 1 ⎞
4 Γ ⎜⎜ 2 ⎟⎟ ( γ p ) ⎝
⎝ p ⎠

⎞
⎟
⎟
⎠

s

⎛ 1 ⎞p
⎟
⎜
⎜ p ⎟
⎝ γ ⎠

(5)

and ψ(z) = log Φ (z), which is the second-kind second
characteristic function of a GCD density. Calculating the
first and second order second-kind cumulants (3):
dΦ (z)
(6)

k1 =

= log γ

d (z)

Z =1

and,

k 2 = F ( p) =
Where ψn (t) =

d Φ( z)
d ( z) 2
2

d

n +1

dt n +1

Z =1

⎛ 1⎞
2ψ ⎜⎜1, ⎟⎟
⎝ p⎠
=
p2

(7)

log Γ t is the poly-gamma function.

( )

III. WEIGHTED AVERAGE FUSION
The proposed weighted average image fusion algorithm
follows similar steps to the ones presented in [3]. First, the
detail wavelet coefficients are fused using a weighted
combination:

w 1D 1

w 2D 2,

IV. CONVOLUTION OF MERIDIAN DISTRIBUTIONS
The Meridian distribution is a member of the GCD family
(when p=1) for modelling heavy-tailed non-Gaussian
behaviour. The pdf of the Meridian model has the form [7]:

P ( x; μ , γ ) =

γ
2(( x − μ ) + γ ) 2

(11)

where μ (−∞ < μ < ∞) is the location parameter, specifying
the location of the peak of the distribution, and γ (γ > 0) is
the scale parameter of the distribution that determines the
spread of the distribution centred on μ. It can be shown that
if two independent random variables X1 and X2 follow
Meridian distributions with parameters (μ1, γ1) and (μ2, γ2),
respectively, then the random variable Y = X1 + X2 follows
the convolution of the distributions of X1 and X2, which is
also a Meridian distribution:

P y; µ, γ

P x; µ1, γ1 P x; µ2, γ2
P x; µ1 µ2, γ1 γ2

12

More generally, the weighted sum of two independent
Meridian random variables, Z w1X1 w2X2, also follows
the Meridian distribution with parameters μ and γ defined as:
µ w1µ1 w2µ2, γ w1γ1 w2γ2
(13)
In this paper, we assume that there are two input images,
which are decomposed in the wavelet domain. Z represents
the weighted combination of the two source images, whereas
X1 and X2 are their corresponding wavelet coefficients.
V. OPTIMISING WEIGHTS VIA MERIDIAN CONVOLUTION

The scale parameter, γ, can be found by solving (6) and we
get:
N
(8)
γ= exp k1 =exp ⎛⎜ 1 ∑ [log( x i ) ⎞⎟
⎜N
⎟
1
⎝
⎠
The tail parameter, p is estimated by computing the inverse
of the function F(p) in (7).

DF

where D1 and D2 are the detail wavelet coefficients of two
source images, DF denotes the fused coefficients, and w1
and w2 are the weights for the two input images,
respectively.
Secondly, the approximation wavelet coefficients of the
fused image is found by taking the mean of the
approximation wavelet coefficients of two source images, A1
and A2, respectively:
AF 0.5 A1 A2 .
(10)

(9)

In this section, we introduce a new statistical optimisation
approach using convolution of Meridian distributions to
combine the wavelet coefficients, in which the distributions
of input images are considered to be Meridian. It has been
found that the wavelet transforms of real-world images tend
to be sparse, resulting in a large number of small coefficients
and a small number of large coefficients [10]. The problem
of fusion can be posed as an optimisation problem of
estimating appropriate combination weights as shown in [3],
so that the composite image highlights salient information
present in the input images. It is therefore sensible to assume
that the fusion process maximizes the sparsity of the
resulting image in the wavelet domain, which emphasizes
the existence of strong coefficients in the transform, whilst
suppressing small values. This should improve the visual
quality of the fused images [11].
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A. Optimization Scheme
The proposed approach intends to maximize the cost
function derived from the convolution of Meridian
distributions. The optimal weights determine how much
each individual source image contributes into the fused
image.
We assume that the distributions of wavelet coefficients
corresponding to the input images are modelled by Meridian
distributions. The pdf of the Meridian convolution is given
below:

P( x; μ , γ ) =

γ1 + γ 2
2(( x − ( μ1 + μ 2 )) + ( w 1γ 1 + w 2 γ 2 )) 2

(14)

where µ1, γ1 and µ2, γ2 are the model parameters from
the distributions of input sub bands, while w1 and w2 are
the weights of the two source images, respectively.
The likelihood expression for Maximum Likelihood
estimation is L
log P x; µ, γ . ML estimation can be
performed by maximizing the cost function [4]:

C ( w1 , w2 ) = E[ L]

(15)

Where the weights w1 and w2 remain always positive and
they sum up to one, and E [·] is the expectation function.
The optimal weights are those giving the maximum value to
(15). After a few straightforward transforms, the partial
derivatives of (15) with respect to w1 and w2 are:
⎧ γ 2Q ( x1 − μ1 ) + 2γ 1γ 2 w2 + 2γ 12 w1 + Q1 ⎫
∂C ( w1 , w2 )
= E ⎨− 1 +
⎬
∂w1
( x − μ )2 + γ 2
⎩ γ
⎭
⎧ γ
∂C ( w1 , w2 )
2Q ( x2 − μ 2 ) + 2γ 1γ 2 w1 + 2γ 2 2 w2 + Q2 ⎫
= E ⎨− 2 +
⎬
∂w2
( x − μ )2 + γ 2
⎩ γ
⎭
(16)
with Q x 1 – µ 1 w1 x 2 – µ 2 w 2,
(17)

Q1 = 2( x1 − μ1 )( 2 w1γ 1 + w2 γ 2 ) + 2 w2 γ 1 ( x 2 − μ 2 )
and ,
Q 2 = 2( x 2 − μ 2 )( 2 w2 γ 2 + w1γ 1 ) + 2 w1γ 2 ( x1 − μ1 )
(18)
where x1 and x2 are the wavelet coefficients of the input
images, while γ and µ are the model parameters defined in
(13). The ML estimation can be implemented through the
steepest ascent method. By using the instantaneous
estimation of the expectation, the updating procedures are
simplified as:
∂C ( w1 , w2 )
⎧
⎪ w1,k +1 = w1,k + η
∂w1
⎪
⎨
∂C ( w1 , w2 )
⎪w
= w2,k + η
⎪ 2,k +1
∂w2
⎩

(19)

where k refers to the iterating index and η is the learning
rate. A value η of 0.05 is used. The above update rule is
applied until the following stopping criterion is satisfied:

wi , k +1 − wi ,k ≤ ε

i = 1, 2

(20)

ε above is the value of the error threshold. It must be very
small and we have used 0.01 in our paper.
The scale parameter of GCD distribution was derived earlier
in section II, where it can be seen that the scale parameter
does not dependent on the tail pararmeter, p. Meridian
distribution is a special case of GCD with p=1, so the scale
parameter of Meridian distribution is same as shown in (8).
In our work, similarly to [3] a square-shaped neighbourhood
of size 7×7 around each reference coefficient is used to find:

X = log D j ( x, y )

(21)

where W refers to the 7×7 window and Dj (x, y) is the detail
coefficient in the jth subband at location (x, y). So the scale
parameter for a square-shaped window is given by:
γ exp mean X
(22)
Since our developments are implemented in the wavelet
domain, we assume that the location parameter μ = 0.
VI. EXPERIMENTAL RESULTS AND DISCUSSIONS
Subjective tests and objective measures are used for
qualitatively and quantitatively assessing the performance of
the proposed methodology. In applications like medical
image fusion, the main goal is to combine perceptually
salient image elements such as edges and high contrast
regions. Evaluation of fusion by visual assessment can be of
paramount importance in many applications like this.
Therefore, we have used MR and CT images to apply the
algorithm, and visually evaluate the enhanced image in
comparison with previously proposed fusion methods,
including the weighted average (WA) method [4], fractional
lower order moments (FLOM) [5], and the Cauchy
convolution approach [3]. The proposed method was applied
to different MR and CT image pairs, giving similar results.
Results for one pair are shown in figure 1.
The proposed method provides improved fusion results
when compared to the other fusion methods. It seems that
our method works like a feature detector, retaining the
salient features that are clearly distinguishable in each of the
two input images. In addition edges seem to be well
preserved in the fused image obtained using the proposed
method.
An objective evaluation criterion should also be applied to
compare results obtained using different algorithms. A
quality measure which does not require a ground-truth was
proposed by Piella and Heijmans [11] where the important
edge information is taken into account to evaluate the
relative amount of salient information conveyed into the
fused image. We use their criterion to evaluate the fusion
performance. The results in Table 1 show that the proposed
method obtains higher metric values compared with the
other methods, indicating that with our approach salient
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features are transferred better to the fused image from the
input images. Thus, the quantitative results agree with the
qualitative results observed when visually comparing the
images.
VII. CONCLUSIONS AND FUTURE WORK
The greatest challenges in statistical image fusion are to find
suitable models, estimators and relationships between
parameters and physical quantities. In this paper we
proposed a novel technique to estimate the parameters of the
GC distribution using Mellin transform theory and we
developed a new image fusion method using convolutions of
Meridian distributions in the wavelet domain.
The important features contained in the input images are
captured and modelled by Meridian distributions, and the
fused coefficients are found by maximizing the cost function
derived from the Meridian convolution which takes into
account this salient information. Maximum likelihood
estimation is used to optimise the weights thus leading to an
optimised fusion process. Future work will concentrate on
using the generalised Cauchy distribution for designing a
more general fusion algorithm.
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(d)
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Fig. 1. Fusion of CT and MR images. (a) Original CT
image. (b) Original MR image. (c) Image fused using
Meridian convolution. (d) Image fused using Cauchy
convolution. (e) Image fused using WA scheme rule. Image
fused using FLOM. (g) Image fused using FLOM-Cauchy.
TABLE I PERFORMANCE COMPARISON USING PIELLA METRIC

Methods
WA

FLOM

0.8053

0.6961

FlomCauchy
0.7199

CauchyConvolution
0.7993
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Meridian
Convolution
0.8219

